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of nuclear weapons. The engineering approach to the preparation of

definitive designs and to the evaluation of requirements for shock isolation

systems is adopted.
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ABSTRACT

The design of shock isolation systems for equipment and personnel

platforms within aboveground and underground hardened structures is

explained in this report by the use of both the shock spectra and the

velocity pulse techniques. Grouni motions are explained and their pertinent

quantities are defined; the effect of the structure supporting the shock

isolation system is considered; a,d methods are presented to obtain the

response of practical isolation systems. Design procedures are outlined

with frequent use of numerical examples; and tolerance levels are summarized,

so that the calculated responses of designed systems may remain within

acceptable limi ts. The report al:30 gives a descriptive account of almost

all the major shock isolation systems that have been installed at various

military facilities.
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SECTION 1: INTRODUCTION

1. 1 Scope

The purpose of this report is to provide design and analysis proce­

dures for shock isolation systemB placed inside hardened structures. The

procedures are intended for the use of engineers in the planning, design

and analysis of installations to resist the effects of nuclear weapons.

The need and requirements for shock isolation systems can be defined

and definitive designs for such Bystems can be prepared through well-outlined

procedures based on principles of engineering mechanics, experimental data,

and methods of translating enginE!ering analyses into the practical design

of isolation systems. Theoretical considerations based on research and the

avai lable data from nuclear and non-nuclear tests wi 11 therefore serve as

the starting point for developi~; design procedures. Many approximations

and simplifications, however, wi:LI be made in order to move out of the do­

main of research and to achieve the main purpose of the report - the

development of procedures by whieh engineering decisions can be made within

the degree of accuracy required for the design of shock isolation systems

for hardened structures. The scope of this report will be governed by this

consideration.

For the use of this report as a design guide, the reader is expected

to have a basic background in engineering mechanics and some knowledge of

the fundamentals of nuclear weapon effects and protective construction.

For those who do not have this background the report will be useful by pro­

viding data and procedures that give the bases for evaluating the scope and

effort involved in design of shoek isolation systems in protective struc­

tures.

L 2 Objective

An introductory treatment of the subject of shock isolation must con­

sider four distinct and interact:lng factors: air blast effects, ground mo­

tion effects, dynamic response, and damage levels of equipment and personnel.
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The objective of this report is to discuss these factors and to develop

methods of design and analysis for shock isolation systems in hardened

structures.

1.3 General Requirements and Procedures

Equipment and personnel within a protective structure may experience

a severe shock resulting from the sudden motion of the structure. Failure

of equipment and injury to personnel may occur even though the structure

will maintain its integrity under the applied loads. The loads to be

considered are those resulting from the explosion of nuclear weapons and they

may be due to direct air blast impingment on the structure or to induced

ground motions.

If the equipment is "hard-mounted" U. e., attached directly to the

structure), it must be ruggedly constructed. Equipment which does not have

the required ruggedness should be "soft-mounted'~ i.e., supported by shock

isolation devices which allow the structure to move relative to the equip­

ment and which transmit accelerations much smaller than those the structure

receives. Shock isolation thus involves the protection of equipment by

isolators interposed between it and the supporting structure.

Personnel housed inside a protective structure must be protected from

injury due to the shock motion of the structure. Impact injury may result

from loss of balance even at low shock levels. Therefore,a shock isolated

platform may be required for adequate protection of personnel when the

structure is subjected to nuclear weapon effects.

Shock isolation systems in hardened facilities may be grouped some-

what generally into four classes as follows:

a. To support entire multi-floor structures often used to house'

personnel and equipment

b. To support floors or platforms within structures

c. To support missiles in their launching structure, either in the

launching position or in a position from which they are elevated to

the launching position

d. To support various individual items of eqUipment.
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Mechanical devices for shock isolation consist of helical springs, pendu­

lums, beams, pneumatic and liquid springs, alone or in combination, depend­

ing on specific requirements.

All input motions to shock isolated systems are associated with mo­

tions of their supports. The support motions depend on numerous factors:

a. Motion characteristics of the structural element which consti-

tutesthe "support"

b. Magnitude of weapon yield

c. Type of burst (air, surface, buried)

d. Distance of structure from ground zero

e. Depth of structure below ground surface

~. Seismic properties of ground

g. Interaction of ground with structure

h. Interaction of blast "ave and structure in structures exposed

directly to blast wave.

A consideration of all the above factors in determining the motion of

the supports of a shock isolated system is necessary, but it is seldom

achieved in a direct manner. Ordinarily the structural configuration and

properties are known and the weapon yield and the distance or the over­

pressure are specified. The magnitude of the yield determines the duration

of the blast wave and the ground motion characteristics. The influence of

the factors f and g often must be estimated or inferred from field tests

or from simplified soil dynamics calculations.

The general procedure in developing a shock isolation system is out­

lined in the following steps.

As a first step, for belo"' ground structures the characteristics of

the soil or rock environment anc the ground motions corresponding to nuclear

attack conditions of interest ~st be known. For above ground structures

the interaction of the air blast with the exposed structure results in a

complex loading profile that mu!:,t be calculated. In the usual case ,the

engi neer starts wi th a knowledgE~ of the yie ld of the nuclear weapon, the

distance of the structure from the weapon or the design overpressure, the

phYSical characteristics of the soil or rock and a conceptual design of the

structure. All parameters of interest such as air blast pressure-time
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histories and soil displacements, velocities, and accelerations, must be

estimated. These parameters are referred to in the literature as the free­

field environment. (tlFree-field" in general refers to the air medium as

well as to the ground.)

The second step is to evaluate the influence of the structure that is

interposed between the free-field and the equipment or personnel to be pro­

tected.

In the third step the survival requirements of the equipment and per­

sonnel must be defined - the degree of structural damage that may be toler­

ated; the tolerance on performance degradation; the possible need for the

equipment to continue to perform during the attack period, or the period

during which its service may be interrupted. These operational conditions

must then be translated into parameters that define the response character­

istics in terms of the physical behavior of an isolation system under shock ­

a tolerance limit on peak accelerations at well-defined natural frequencies,

and maximum relative displacements between the structure and the isolated

equipment or platform.

The fourth step is to obtain the dynamic response of the isolation

system to motions of the structure. Occasionally steps one, rno and [our

must be combined, because the interaction among the free-field, the struc­

ture, and isolation system cannot be readily defined and the analysis must

consider the situation as a total system.

The fifth step is a comparison of the results of the fourth step with

the tolerance limits set forth in the third step. The design is,of course,

revised until the prescribed conditions are met.

There is a sixth step that is most desirable but often ends up as a

compromise - experimental verification of the design under nuclear attack

or under conditions simulating the combined environment of ground shock and

air blast induced motions. A compromise is necessary in the simulation of

the various parameters because seismic disturbances in a given soil for a

given weapon yield, the effect of soil-structure interaction, and, for

above ground structures, air blast-structure interaction can seldom be

simulated in a satisfactory manner.

4



Finally, it is very import,ant to introduce into the design the ability

of the system to survive withirt a range of input values in the vicinity of

the parameters that are accepted as criteria. Survival within a range of

input values is necessary because of many uncertainties in input, response

and tolerance. The specific reasons will become evident in the sections of

the report covering these topics.
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SECTION 2: ELEMENTARY CONCEPTS OF SHOCK ISOLATION

2. 1 Introduction

Design procedures for shock isolation systems are based on basic con­

cepts that use simple mathematical models from which the dynamic response

characteristics of the system are obtained. In this section a brief in­

troduction is given to the method of representing by a mathematical model

an internal system attached to the protective structure, depicting the sys­

tem in terms of characteristics that are susceptible to mathematical analy­

sis. Another model, defining a simple relationship between the structure

and the internal system, is devised by assuming that each unit can be

lumped into a single mass allowing the structure-equipment interaction to

be treated as a two-mass problem.

These simple concepts will introduce the basic mathematical relation­

ships from which may be developed two powerful techniques for analysis ­

the shock spectra technique and the dynamic analysis for ground motions

expressed in terms of a time-dependent function. The techniques in this

section will be used when applying input motions (given in Section 3) to

problems ranging from very simple to complex shock isolation systems (given

in Section 5) mounted in various types of structures (given in Section 4).

Figure 2.la shows an equipment supported on a slab or beam inside

a structure. When the structure is subjected to shock in the vertical di­

rection, the slab tends to deflect as indicated by the dotted line. A

mathematical model such as shown in Figure Z.lb describes the equipment

and the flexible slab as a two-mass system subjected to an input at the

support points of the slab. The equipment mayor may not be supported on

isolator springs. If it is mounted directly to the slab, kZ and Cz repre­

sent the stiffness and damping characteristics of the equipment mount con­

sisting usually of bolts and structural elements. If isolators are used,

the simple model makes k
Z

and Cz characteristics of the isolator device.

For a shock applied in the horizontal direction, the slab may be

assumed to be rigid, and the mathematical model of Figure 2.lc would be

6



a reasonably accurate model for computing equipment response, the shock be­

ing applied directly at the base of the equipment due to rigid body motion

of the slab and the enclosing structure. If the slab of Figure 2.la hap­

pens to be the roof of an aboveground structure and the equipment is mount­

ed to the ceiling, the relatively flexible support of the equipment will be

subjected to the direct effect of air blast forces, and the equipment re­

sponse will depend both on the slab deformations due to rigid body motion

of the structure and to slab responses due to air blast forces applied

directly to the roof slab.

~~E:'- I~

l C::r"''':1>- Equipment

C·· .">->-. Bea. or Slab

Structure with
Internal Equipment

Equipment

Beam or Slab

(a) Vertical Rigid Body
Motion of Structure

(b)

Equipment

Horizontal Rigid Body Motion of Structure

(c)

FIGURE 2.1

The examples of Figure 2.1, a single-mass-one-degree-of-freedom

system and a two-mass system, represent appropriate models for equipments

mounted directly to a structure element not directly exposed to the air

blast force. Some systems, of course, are more complex, and require more

degrees of freedom to define the:.r response characteristics. These more

complex systems will be discussed in Section S.
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(2.1)

2.2 Single-Mass-One-Degree-of-Freedom Undamped System

The response of an undamped one-degree-of-freedom system is of pri­

mary importance because a great deal of reliable ground motion data is bas­

ed on the response of single-degree-of-freedom reed gages designed to cover

the frequency of interest and mounted in buried canisters exposed to nu­

clear weapon detonations. This data has been extrapolated for other soil

conditions and used as criteria for response motions of equipments or plat­

forms attached to the structure.

The equation of equilibrium of a single-degree-of-freedom (SDOF) sys­

tem is written as

rnX = -k(x - x ) = -ky
s

where y is the relative displacement between support and equipment (change

in length of spring), x is the support displacement and x is the absolute
s

mass displacement. (See Figure 2.2.)

x ,x ,x
s s s ..

, x,x,x
..-,---...,- -,

I
m I

L-~_~_.J

FIGURE 2. 2: TYPICAL SOOF UNDAMPED SYSTEM

Equation (2.1) may be rewritten in the form

my + ky
..

-fiX
S

(2.2)

or by placing w2 = kim, the natural frequency of the system, it becomes

.. 2
Y + w Y -xs

(2.3)

It is concluded from this fundamental relationship that

y + x
s

o'

X (2.4)

which is the absolute value of the acceleration of the equipment mass. We
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2obtained by plotting w y or the
w

of the frequency w (or 2IT) of

define the maximum amplification factor as

Iw2y l max ly + xsl max I xl max (2.5)= j Xs I -Ixs I max max IXsl max

A shock spectrum for this simple system is

ratio given by Equation (2.5) aB a function

the system.

As an example illustrating the method, we consider a horizontal

velocity shock, x , equal to an instantaneous step velocity. The solution
s

of Equati on (2.1) by the standal'd methods for solving such differential

equations, is

x =

The relative deflection is

x (t: - .!. sin wt)
s w (2.6)

x
y = ~ sin wt

w

giving

x
s

w

The maximum absolute acceleration is

(2. 7)

xmax =
.wx

s
(2.8)

and the relative velocity is

. .
Y =x =UJ'fmax s male

x
max

=-
w

(2.9)

In Figure 2.3, on a special coordinate system are plotted the maximum

relative displacement, maximum absolute acceleration, and maximum relative

velocity for a particular value )f X. (The velocity coordinate is the
s

true relative veloci ty for a ste'p veloci ty pulse and a reasonable approxi-

mation for other input pulse shapes. Because in the general case it is

only an approximation to the rel~tive velocity, the name "pseudo-velocity"

has been given to the quantity o')tained by the relationships of Equation

(2.9).) The three primitive quantities of motion are then assumed to be

simply related and they are plotted on a special four-scaled logarithmic

9
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coordinate system. The frequency f of the responsive system is the

abscissa, the maximum velocity of the motion is the ordinate, the maximum

displacerrent coordinate is taken in a direction normal to straight lines

with positive slopes of unity, and the maximum acceleration coordinate is

in a direction normal to straight lines with negative slopes of uni ty.

Thus any point P in the coordinate system automatically obeys the relation:

where

X peak absolute acceleration in g's

y peak relative pseudo-velocity in inches per second

y peak relative displa.::ement in inches.

This shock spectrum serves to define the motion of the mass m. Such

spectra are particularly useful 'N'hen the ground motion cannot be defined

analytically. It should be noted that the maximum force applied to the

spring k as a consequence of the shock is m I xI where IxI is deter-max max
mined from Figure 2.3. Correspo:1dingly, the maximum deflection, y ,ofmax
the spring k is also determined from the same figure. For example, if a

single-degree-of-freedom-system has a frequency of 10 cps and the step­

velocity (:Ks ) is 40 in/sec, the peak response is read directly from Figure

2.3, Ixl = 6.5g and y = 0.65 inches. Thus, shock spectra supply
max max

necessary information for the st:rength design of supports for rigid mounted

equipment.and also for the design of springs for shock mounts to limit the

maximum acceleration delivered to the mass of the equipment. The use of

shock spectra is further discussed in Section 2.4.

Damping is normally neglec':ed when the peak response for spring de­

sign is the major consideration. When systems need to be shock isolated

to very low acceleration levels, damping may introduce a significant in­

crease in acceleration response. Also when the time to completely damp out

the motion is important, ti.len th.~ damping in the system cannot be ignored.

Section 5, Shock Isolation Systems, will cover this situation.
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2.3 Two-Mass Systems

In Subsection 2.2 the single-degree-of-freedom system was described

and the interpretation of the shock response spectrum for this system was

given. Many internal systems can be approximated by a two-mass system, the

second mass being the item to be isolated from the shock, and the first

mass being a flexible structural element on which the item is supported.

(Figure 2.4)

m2 Go-- Equipment

m
l

~Structural Element

FIGURE 2.4: TWO-MASS SYSTEM

The equations of motion for a two-mass system are

(2.10)

(2.11)

where xl' xl' x2 ' x2 are the absolute motions of the two masses.

Introducing a coordinate transformation,

x
s

x
s

(2.12)

y = x - x Y2 x2 x2 2 s s

Equations (2.10) and (2.11) can be rewritten in terms of the relative

displacements (Y1 and Y
2

) and relative accelerations (Y 1 and Y2) and the

12



ground acceleration xs

..= -m x1 s
(2.13)

or

..
= -m x

2 s
(2.14)

(2.15)

in matrix notation (see Appendix A).

The solution to these two Eimu1taneous differential equations is

covered by the general case of n simultaneous differential equations which

is given in Appendix A; it is presented in a form that is suited for elec­

tronic computer solutions. In this subsection, however, some simple con­

cepts will be presented based on approximations that will lead to the

calculation of peak responses fOI' mass m
2

when the response of mass m
l

to

a support motion input is known, the latter being readily calculated by

the principles applicable to a single-degree-of-freedom system.

For illustration of the baE,ic relationships, let it be assumed that

the support input is a step velocity pulse. If the mass m
2

is assumed small

relative to ml , the motion of ml becomes independent of the motion of m
2

,

simplifying the analysis considelably.

Considering first the mass m
1

, for which the equation of equilibrium

is written as

and the step-velocity shock input

x (t) = x (constant)s s

we wri te, as in Equation (2.16),

(2.16)

(2. 17)

. ( 1.x = x t - -- SIn
1 s WI

The differential equation of motion for the mass m2 is

(2.18)

(2.19)

Applying the initial conditions ~2 = *2 = 0, when t=O, the displacement of

13



mass m
2

is obtained from the solution of Equation (2.19) and using Equation

(2.18) as:

x = x t2 s (2.20)

The displacement x
2

is thus comprised of two harmonic terms of different

frequencies and different amplitudes, superimposed upon the displacement

x = x t of the support, all three terms being directly proportional to
s s

the velocity change x •
s

The acceleration experienced by the maSs m
2

may now be determined by

double differentiation of Equation (2.20), with respect to time, and by

considering x a constant to give:
s

(2.21)

Since the system is undamped, its motion continues indefinitely. The term

within the parentheses of Equation (2.21) cannot exceed the maximum value

of

The maximum acceleration of the mass m
2

may then be written:

x u;
s 1 (2.22)

but by Equation (2.8)

tion responses of the

dependently to a step

Xs W2 and xsw
l

are, respectively, the peak accelera­

two masses m
2

and m
l

when each mass is subjected in­

velocity shock x. Equation (2.22) may be written
s

more conveniently in the form:

2 2
P'21 max Iw;

w
2 Iwi

WI
(2.23)

_ w2 Al + 2 A
2

1 - w2

where Al xswl
and A2

x
s

w
2

WI {kl/ml
and (1)2 Ik2/m2

14



The Equation (2.23) reduces further to

(2.24)IXzl max - IW
t

W

: Wz
Although the above synthesis was based on a step-velocity pulse input, the

form of Equation (2.23) is also ~lpplicable for use with shock spectra of

other types of input pulses (see Reference 2.1) based on the following im-

portant consideration. If the shock spectrum were known for a single­

degree-of-freedom system, the peak response acceleration of the equipment

could then be expressed in terms of the response acceleration Al and A
2

corresponding to the two respective natural frequencies WI and w
2

• There­

fore, the shock spectra technique may be applied directly to a two-mass

system when ml » m2• This will ce further developed in Sub-section 2.4.2.

Some limiting cases can be obtained from the above equation. If the equip­

ment is "soft-mounted" and w
2
« 011' so that W~ is negligible compared to

2 "" IwI' then Ix2 max Z ~, the response at frequency w2• In thi s case, the

structural element is essentially rigid and participates only in the rigid

body motion of the structure.

If the equipment is "hard-tTounted", then the attenuating effect is

due primarily to the structural element to which it is attached. In the

extreme case if wl « w2 ' then IX2Imax~Al' the structu"ral element will act

essentially as the shock mounting for the equipment.

The following example will show the relationship between the response

spectrum of mass m
2

and the shock spectrum for a specific step velocity

pulse input.

Example 2.1

a single­

Inx.
s

at y = 40max

Let Xs = 40 in/sec and m2 = ml/lO. From Equation (2.9), for

degree-of-freedom system, the response velocity, y ,is equal to
max

Figure 2.5, this response is plotted as a horizontal line

in/sec.

In the same figure are also plotted three curves depicting the re­

sponse of mass m2 when the natural frequency of mass ml is 3 cps, 15 cps,

and 150 cps, respectively. These curves are based on the exact solutions
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Example 2.1 (continued)

given in Reference 2.2 and show peaks of approximately 135 in/sec.

We consider the intermediate condition (f1 = 15 cps). If mass m2
has a natural frequency of f Z = 5 cps, the curve in Figure 2.5 gives a

peak acceleration of Xz = 5g. Direct calculation by Equation (2.23) will

give:

and

... x W ...
s 1

=

40 X 2TT x 15
386

9.76-g
3

...

9. 76 g

3.25 g

L 22 g + 3.66 g

4.88 g ~ 5 g

Other points on the curves of Figure 2.5 may be similarly compared.

There wi 11 be a large discrepancy between Equation (2.23) and the re­

sponse curves of Figure 2.3 as w1.- W2-.

Equation (Z.Z3) shows t~lt when wI ... w2 ' the peak response accel­

eration of m2 becomes infinite when damping is neglected. This condition,

havever, will be achieved only after an infinitely long time, as shown be­

low:

For the region in which w2/w1-1, Equation (2.21) may be rewritten

in the form

t) (2.25)

sin t and cos (2.26)

Equation (2.Zl) then becomes

XsWlwzt cos wIt

I + (wZ!wI )
(2.27)

The acceleration Xz of the mass r1Z thus increases continuously as time t

increases, and the infinite tranBmissibility indicated by Equation (2.23)
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Example 2.1 (continued)

for w2 = wI occurs only after an infinitely long time.

It is also apparent from the physical concept of this condition that

the vibration of the mass m
2

must continue indefinitely if the infinite ac­

celeration x2 is to be reached. This cannot occur, because no energy will

be added after the initial sudden velocity change, and the amplitude xl

therefore must inevitably decrease as the initial energy is dissipated.

The maximum acceleration x2 which is ultimately reached by a system sub­

jected to a shock represents a balance between the excitation tendency and

the operating energy dissipation tendency to decrease the amplitude of mass

mI' The mathematics required to determine such results in general form is

very laborious, and the methods of Appendix A must be used for a general

solution. In Reference 2.1, amplification factors for two-mass systems are

given for various values of damping ratios.

In designing shock isolation systems, it is most important to avoid

situations in which WI approaches w2• For practical situations, when the

input is not given explicitly as a velocity pulse, the above method may be

used for approximate results, observing that the maximum acceleration ex­

perienced by the equipment is reduced by the flexible structural member

only if the natural frequency of the equipment is at least two times as

high as the natural frequency of the member. The maximum acceleration

will continue to decrease as the equipment becomes more rigid; and it is

influenced but little by the degree of damping in the isolator prOVided

that the damping is small. On the other hand, a flexible member is likely

to enhance the peak accelerations of a "soft-mounted" equipment.

2.4 Shock Spectra Envelope

A shock spectrum is a plot of the maximum response of a single-degree­

of-freedom vibrational system to one specific disturbance. The independent

coordinate of the plot is the natural frequency of the responsive system

and the dependent coordinate usually is either the relative displacement,

the pseudo velocity, or the absolute acceleration of the mass of the system.

18



Consequently, a spectrum does not describe the response except in regard to

the maximum value of one or more of the three primitive quantities deter­

mining motions. The times of the occurrences of the maxima are practically

never given, because they are very sensitive to the precise shape of the

disturbance. Attention is called to the fact that the maxima of the three

primitive quantities often do not occur simultaneously, even for a simple

harmonic motion response, and that for many disturbances the time occur­

rence of the maxima may be far apart.

In the analysis of ground shock effects due to nuclear weapons, a

shock spectra envelope is defined as an upper bound which hopefully envel­

opes the response motions to the ground disturbances at a given site. As

a result of many studies and evaluation of test data, shock spectra have

been considered to be a very acceptable way, due to limited knowledge of

free-field motions, for defining upper bounds of ground motions for a given

set of weapon effects and site c)nditions. Shock spectra are used as de­

sign criteria, and if a time-history input is necessary, a pulse (or a set

of pulses) whose shock spectrum generally falls within a prescribed shock

spectra envelope may be used as a basis for determining a more specific

history of the response of parti~ular shock isolation systems.

2.4.1 Shock spectra for elastic systems. The response spectrum corres­

ponding to a step-velocity pulse does not give a realistic picture of the

response characteristics of a system subjected to ground motion, and it

must be modified in accordance with the requirements of the real conditions

observed during tests with nuclear weapons. This modification applies

particularly to the extreme left and right ends of the horizontal line

spectrum shown in Figure 2.5. T~e inference to be drawn from the left end

of the spectrum is that the relative displacement increases without limit

as the natural frequency approaches zero. Actually, the maximum relative

displacement reaches a definite limit which can be described by bending

the left end of the spectrum dow~ along a diagonal line representing the

maximum ground displacement, as indicated in Figure 2.6. Correspondingly,

the sudden change in velocity de)icted by Figure 2.5 suggests that the

acceleration of the responding system increases without limit as its natural
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frequency increases. Actually, the velocity change occurs, not instant­

aneously but over a relatively short time interval, resulting in a finite

upper limit to the acceleration. This is reflected on the spectrum by

bending the right end down along a diagonal line representing an envelope

bound on maximum absolute acceleration.

"c?)
c)"

--------------l
I
i

100

t>
Q)
f/l-til 10Q)

.c ,
t>
C.....

"
>, ()~
+J.....
t>
a

...-l 0
Q) '0:>

~

1

1 1 _

0·5 3 10 Frequency, cps 100 500

FIGURE 2.6: TYPICAL SHOCK SPECTRA

Shock spectra envelopes giving upper bound displacement, velocity,

and acceleration values resulting from free-field motions due to nuclear

blasts have been recommended based on field measurements and studies in­

volving response ofSDOF systems to many types of simple and complex pulse

shapes. The parameters considered are: weapon yield, air, surface or

buried burst, local maximum overpressure, depth of burial of the facility

and soil characteristics. (See Section 3 for specific relationships).
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We now consider a shock sp(~ctra envelope as it is usually defined for

ground motions due to weapon eff'~cts. In the low frequency region,the rela­

tive response displacement,D,is set equal to the ground displacement, d, as

a maximum. In the high frequency region,the response acceleration, A, when

set equal to 2a,wi11 usually bOU11d the response in this region. Also in the

mid-frequency region,a constant pseudo-velocity, V, equal to 1.5v will

usually bound the response. The values d,v, and a are the pea.k ground

di sp1acement, veloc! ty, and acceleration, respectively.

For an example of the use of this shock spectra envelope, assume that

Figure 2.6 defines an envelope which wi 11 bound the shock spectrum for a

ground motion for a given weapon yield and overpressure region and that an

isolator is to be designed to protect the equipment. (The structure is

assumed to move as a rigid body ~Ji th the free-field of the ground.)

It is assumed in this example that tests and calculations have shown

that the equipment can withstand loads equal to 2.5 times the dead weight

loads; that is, the equipment wi 11 withstand 2.5 g. Entering Figure 2.6

on the diagonal line representing a maximum acceleration of 2.5 g, the re­

quired natural frequency on the horizontal scale is 3 cps as determined from

the intersection of the spectrum with the diagonal line representing 2.5 g.

For an isolator having a natural frequency of 3 cps, the maximum deflection

of the isolator in response to the ground motion is approximately 2. 75 in.

as read from the intersection of the spectra envelope with the horizontal

line representing a velocity change of 50 in/sec. The design of the isola­

tor must be such as to permi t th:is deflection.

Many studies of ground mot:.ons due to earthquakes and nuclear weapon

effects (References 2.3 and 2.4) have generally verified that the method

of plotting the spectra envelope described above provides a nominal but

reasonable bound on the response motions. If the ground displacement has

a half cyclic characteristic, thEm SOOF systems with periods of vibration

close to the ground displacement duration will have amplified response

amplitudes which exceed the above envelope due to resonance. If the ground

motion has some oscillatory components, the specific shock spectrum may

21



exceed the above specified envelope in the frequency regions which coincide

with the ground motion oscillatory components. The recommendations in

Section 3.7 will modify the shock spectra envelope factors given in the

previous paragraph to account for these two effects.

Finally, in this introductory discussion of the concept of shock

spectra envelope, a comparative discussion is given on the shock spectra

envelope for direct air blast pressure impingement on aboveground structures

and ground motions. Let us consider the response spectrum for a parabolic

velocity pulse input as shown in Figure 2.7 (from Reference 2.4). The

equation of motion for a support input is compared with the equation of

motion for a force applied to the mass itself.

(1) Support input: y + ~y - xs

(2) Force input x + wx Plm

The two equations are identical in form,and the shock spectrum for case (2)

will be similar to the spectrum for case (1) if the forcing function Plm

(an acceleration) has a shape similar to the acceleration input x in
s
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FIGURE 2. 7: DEFORMATION SPECTRUM FOR UNDAMPED ELASTIC SYSTEMS SUBJECTED
TO A PARABOLIC VELOCITY Pl~SE (REFERENCE 2.4)
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The acceleration pulse, x ., in t'1e insert of Figure 2.7 is noted to have a
s .

triangular shape with an instantmeous rise time. Air blast forces applied

to aboveground structures are also idealized to triangular pulses. There­

fore, the spectrum shown in Figu:re 2.7 can be considered as a good approx­

imation to the spectrum for the~1ir blast loading applied to an SOOF system.

Figure 2. 7 shows that the shock :spectra envelope defined by the three

straight lines, D = (x) ,V = 1.5 (x) ,A = 2.0 (x) ,will also bes max s max s max
an adequate approximation for di:rect air blast loading on structural ele-

ments, assumed to be SOOF system:s. Section 4 takes advantage of thi sap­

proximation in deriving shock spl:ctra envelopes for air blast induced load­

ings.

2.4.2 Shock spectra for two-mas:s systems. An approximate rule may be

developed for the upper bound of the peak response for mass,m2 ,in a two­

mass system (ml » m
2
), if a shock spectrum or spectrum envelope is given for

mass,m1,when the latter is acting alone as a single-degree-of-freedom sys­

tem. This approach was developed in Section 2.3 for a step velocity pulse

input and Equation(2.23)was derived for computing the maximum absolute

acceleration of mass,m
2

,from a g:lven shock spectra envelope, irrespective

of the input function. Equation (2.23) rewritten in terms of natural

frequencies is:

f 2

(x ) = I 22 max f 2 _ f 2
2 1

f 2

A1 + I f 2 ~ f 2
1 2

(2.28)

Figure 2.8 shows a typical shock spectra envelope based on the amplification

factors given in Section 2.4.1. Let us consider the three values of fre­

quency f l ; 1.5 cps, 15 cps, and 150 cps. From Equation (2.28) we can then

calculate a shock spectrum of m2 for given values of fl' The three fre­

quencies, 1. 5, 15, and 150 cps ,rE!present specific cases of mass and stiff­

ness characteristics of m
l

for which the response spectra of m2 are obtained

as shown in Figure 2.8. It is again noted that for frequencies of f
2

approaching £1 a resonant condition exists and the amplified response in­

dicated in this region, i, e. ,fl/'.' ( f 2 < 2f1' may be overly conservative

for damped systems.
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An alternate procedure, in lieu of the spectrum derived from Equation

(2.28), is to construct a response envelope using ampli fication factors

similar to those used for one-m8$S systems thus bounding the response

spectra of the second mass mZ• This method has been suggested in Refer­

ence 2.5, and the procedure is 8.S follows:

(a) From the shock spec tn, envelope used for defining the peak re­

sponse of~compute the I'esponse values, yl' Yl' Xl at the frequency

f l = 2~ Jk1/ml (maximum intensities are implied in this discussion).

The absolute peak motions cf ml are then:

Xl X + Yls.
+ YlXl Xs

-,
Xl (response spectrum calculates absoluteXl

acceleration)

These relationships were discussed in Section 2.2.

(b) We now assume that the absolute motions calculated in (a) are

the peak intensities of a complex pulse input to m2 , and a shock

spectra envelope for m
2

may be defined by the three straight lines:

D' = Xl

V' 1. 5 Xl

A' 2.0 Xl

=

..

Xs + Yl

1.5 (xs + >\)

2.0 Xl

15 cps is then obtained as:

D' Xs + Yl 8 + 0.9 8.9 in

V' 1.5 [85 + (2/3) 85] 210 in/sec

A' 2 x 20 g 40 g

based on the amplification factors recommended in Section 2.4.1.

In Figure 2.9, the above rules are applied for three cases,

f l = 1.5 cps, 15 cps, and 150 cps, respectively. For the intermediate case,

(f l = 15 cps) for example, Yl' Yl , and Xl are 0.9 in, 85 in/sec and 20 g

respectively. The shock spectrun for mass m2 when mass m
l

has a natural

frequency f 1 ..
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The response spectra bounds for nlass~m2,are shown in Figure 2.9 with these

peak values.

Also, for f
1

1. 5 cps, from Figure 2.9,

For f
l

= 150 cps,

D' = 8 + g = 16 inches

V' 1.5 [75 + (2/3) 85] = 225 in/sec

A' 2 x 1.6 g = 3.2 g

It is seen here for f 1 = 1.5 cps that the response displacements of

m
2

are amplified by a factor of L (which closely bounds the spectrum in

Figure 2.8). It may therefore bE~ concluded that two low frequency systems

should not be used in series. Also, the trapezoid in this case has degen­

erated to a triangle wi th a limiting peak pseudo-ve1oei ty of 145 in/ sec at

the intersection of the constant displacement and acceleration lines. Of

course, the apex of the triangle is the region of possible resonance be­

tween the two masses (f
2
~ f 1 = 1. 5 cps) and the value of V' can be in

error due to a hump at the resonant region which the shock spectrum does

not account for.

D' 8 + O. 04 =- 8 in

V' 1. 5 [37 + (2/3) 85] = 140 in/sec

A' = 2 x 90 g = 180 g

In this case the response accelerations of mass, m2, are ampli fied by

a factor of 2 in the high frequency region, but the relatively stiff spring

of the (ml,kl ) system has negligible effect on the displacements of a low­

frequency (m2 ,k2) system; this er~elope in the high frequency region

bounds the spectrum in Figure 2. E, and wi 11 be conservative when f 2» f l'

since x2 approaches xl for f 2» fl. For all practical purposes, if mass,

m2 , is "soft-mounted" (k2 <.< kl ), the first mass acts as an integral part of

the structural enclosure, transmitting the ground motion directly to the

"soft-mounted" system wi thout any ampli fication.

The shock spectra envelope for two-mass systems will be used in

several examples given in Sectior: 4 in which mass,m1,represents a flexible

support structure and mass,m2,is the mounted item.
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2.4.3 Shock spectra for elastic-plastic systems. The shock spectra

envelope defined in Section 2.4.1 is applicable for a spring-mass system

that remains elastic. Many real situations exist where the flexible ele­

ment will yield plastically to many times the yield deflection before the

element fails; therefore it is feasible (and economical) to utilize the

energy dissipation capabi 1i ty of the material in the plastic region. If

the input is specified as a time-history velocity pulse (or acceleration or

displacement pulse) the elastic-plastic response can be determined by the

methods which are given in later sections of this report. It would also be

desirable, however, to estimate conservatively the peak response by deriv~

ing a spectral bound for an elastic-plastic system as a function of the

amount of yielding. This approach was taken in References 2.4 and 2.5, and

the results and design rules are summarized in this section.

The characteristic of the flexible (or spring) element is idealized

to an initial straight line, elastic portion, followed by a plastic region

which increases in deformation without increase in load, (see Figure 2.10).

__COlla
P
:"J

I
I
I
I

y

FIGURE 2.10

Deformation

An important parameter is the ductility factor (~) which is defined

as the ratio of the total transient deflection (y) to the yield deflection

(y ):
e

(2.29)
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Because the failure or collapse of many structural elements is govern­

ed by the amount of yielding capability prior to failure, we write

\.1failure • (2.30)

where y = total deflection at f!:li lure of the element.
m

For example, it is known t~at steel beams in flexure can yield to a

\.1 ~SO before failure. Therefore, the designer must insist on a \.1 of less

than 50 in the design of a supporting steel beam spring element.

Reference 2.4 reports the results of a parametric study where response

spectrums were derived for, a single-degree-of-freedom system with elastic­

plastic spring characteristics. Input pulses with and without ground re­

covery were used. First the respopse of the elastic system was computed as

a function of the frequency parwneter. Then the maximum responses of

elastic-plastic systems were com)uted for a range of ductility ratios of 1

through 10. Figure 2.11 is take':t from Reference 2.4 for one of the input

pulses consIdered and is represe"tative of the relationship between elastic

response (\.1 = 1) and yielding re.gponse (l < \.1 <10). Definite conclusions

can be made concerning the low frequency response and the high frequency

response but the transition region (intermediate frequency region) does not

show a simple relationship betwel,m the peak ground velocity and the peak

response pseudo-velocity.

Low Frequency Region

For any given input pulse, the maximum total relative response dis­

placement cannot be greater than the maximum support displacement. This

holds true for both elastic and elastic-plastic springs. Considering the

response of a range of elastic-plastic systems with different amounts of

plastic yielding, to the same input pulse, the relative amounts.of elastic

and plastic deformation must vary as shown in Figure 2.12. The total de­

formation is constant and the elastic portion is reduced by the factor l .. \.1
This expected behavior is shown :In the low frequency range of Figure 2.11

where it can be seen that the values of y Ix vary approximately as .!.
e s \.1
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In Figure 2.12 the yield deflection (y ) for J..1 = 2 is one-half the yield
e

deflection for J..1 = 1 for the saml: total deflection, and in general

= (2.31)

Since acceleration response in the elastic range is proportional to stiff­

ness times displacement, the acceleration in the low frequency region will

be reduced by ! , as beyond y the stiffness is zero for the elastic-plastic
J..1 e

system. The plastic behavior (in the low frequency region) becomes an

asset for the designer in reducing acceleration but the total displacement

response which governs ratt1espaee requirements remains the same for all

values of [1.

Deflection

Elastic-Plastic Response (J..1 4)

Elastic Response (J..1 - 1)

I----~ Elastic-Plastic Response (J..1 2)

FIGURE 2.12

High Frequency Region

In the high frequency region the bound on the maximum acceleration

response (A) for J..1 = 1 is 2(x ) where(x ) is the peak ground acce1-s max s max
eration. As J..1 increases,the bound on the response acceleration approaches

the ground acceleration, i. e. ,A-.. (x) as l1 increases. The total dis-
s max

placement is not constant as J..1 increases. For a shock spectrum with a

maximum elastic response acceleration equal to 2 x the reduction factor.s max
C, (Reference 2.3) for e1astic-I,lastic response acceleration is given by

the approximation:

31



c
21-1 - 1

(2.32)

Intermediate Frequency Region

The form of the input significantly affects

gion. The pseudo-velocity response is attenuated

the response in this re­
Iby the factor - and in
1-1

some cases the reduction will be greater if the elastic response spec-

trum (1-1 = 1) has a high amplification factor, i.e. ,the ratio(x ~ is

greater than 1.5. For design purposes the reduction factor s max
1- has been recommended by Reference 2.3 for the peak pseudo-velocity in
1-1
the elastic-plastic case.

The above conclusions are shown in Figure 2.13. The smooth curves

are taken from Reference 2.4 relating the elastic-plastic response spectrum

to the elastic spectrum. If the three regions are defined by straight lines

the relationship between the two spectra are shown as dashed lines in the

figure.

2.5 Relationship of Simple Pulses to Shock Spectra

It was already mentioned that a shock spectrum or spectra envelope

does not give information about the times of occurrences of any of the max­

imum primitive response quantities: displacement, velocity and accelera­

tion. Moreover, it is important to understand that for a definite shock

input or pulse train a unique response spectrum always can be computed, but

that a response spectrum does not define a unique pulse shape; it may be

related even precisely to numerous, differently shaped, shock inputs since

it gives only maximum response values.

The waveform parameters that may be predicted by current techniques

described in Section 3 are:

(a) peak ground acceleration (a )
max

(b) peak ground velocity (v )
max

(c) peak ground displacement (dma)

(d) velocity rise time (t )
r
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(e)

(f)

Ct+)positive velocity phase duration

permanent displacement (d )
P

The confidence placed in each of the predictions varies widely. One

further parameter not pr dictable by current methods, but which has been

shown to be important to system response, is the total pulse duration Ct
d
).

In most cases, the magnitudes of these parameters are fixed by such

factors as weapon yield, range, seismic velocity, and depth of burial,

i.e., the same factors that define the shock spectra. Thus, the waveform

in which the designer is interested must be described in terms of these

parameters. The effect of variations in these parameters on the response

of shock isolation systems, i.e., the effect of pulse duration, t d , or shape,

as well as phasing of horizontal and vertical components, can be investi­

gated for a given system when they are considered to be important.

Pulse shapes as functions of the above parameters are defined in

Section 3. In Sections 4 and 5 conditions requiring dynamic analyses using

waveforms as inputs are discussed. A simple pulse will be used here to

illustrate how the pulse can be related to the given shock spectra envelope.

Moreover the response spectrum for this input pulse will be derived and

compared with the given shock spectra.

A ground disturbance, d, described by a half sine wave of duration

t
d

is shown in Figure 2.14.

time

d
.l-I maxc
Q)

8
Q)
()
tU......
p..
rJJ....

Cl

- d d
max

ITtsin
t

d

FIGURE 2.14: HALF SINE WAVE .GROUND MOTION
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The maximum ground displacement (d ) and the time duration (t
d

) are the
max

only two parameters necessary to define this pulse. The maximum displacement

can be assumed to be the respom;e displacement (D), defined by the shock

spectra, and the time to reach maximum displacement (td / 2) is taken to be the

positive phase duration of the velocity (t+). In this particular example

the time duration can easily be determined by taking the first derivative

of the displacement function and equating the coefficient to the peak

ground velocity.

therefore

v =
:rr d

max
t

d

:rr dmax
vmax

V
max

:rr t
cos

t
d

(2.34 )

and v is usually considered to be two-thirds of the peak shock spectra
max

velocity (V).

For shock spectra of a linear system, meaning a system with a linear

restoring force and linear or vj_scous damping force, the magnitudes of the

specific disturbance and the response maxima are linearly related, and only

the shape of the specific disturbance is involved. The maximum relative

displacement D of an undamped responsive system with respect to the ground

can be plotted as the ratio Did against the ratio of the duration t
d

of

the disturbance to the natural period T of the system. (See Figure 2.15

which is taken from Reference 2.6.)
It is noted that for extr.:mte1y short durat ions of the dis turbance

with respect to the responsive system's period, or for slow systems - the

relative displacement rat io is near unity, i. e., the system hardly moves. but

if the period ratio ediT is near 0.7 a maximum of relative displacement

ratio is obtained. As tdlT increases the relative displacement will decrease

and be less than unity for values of tdlT greater than 1.1. Near the period

ratios 2, 3, 4, etc., local bumps or maxima will occur as indicated.



2.0

0·5 l.0

d
max

2.0

FIGURE 2.15

4.0

The parameters of the shock spectra of Figure 2.6 will be used to see how

the shock spectrum for this pulse compares with the given shock spectra

envelope.

d D = 5 inches
max

v 2/3 V = 2/3 x 50 33.4 in/sec
max

t =
:n: x 5 = 0.5

d 33.4 sec.

Figure 2.16 shows the given shock spectra with the spectrum for the

response to the half sine pulse superimposed upon it. This shows that the

response for the half sine pulse exceeds the given shock spectra in the

frequency region above 0.5 cps due to a partial resonance condition.

Therefore if this pulse were considered to be a good representation of the

ground motion the designer would have to accept the amplified response in

this region.

Input waveforms will be discussed in greater detail in Section 3.

36



-,
.WI
~
-

"
--
~:
-:
R,
,'
,~
t
x
:-

,
A-

~1
,
;
-
k
t
;
~
A
7
~

/
..

,
.

_
..
~

.
...

."
.

'\
r

.I
I

~
--

.-
,

}~~
P:t

~.,:.
-'

8."
;'1,

·,1
',~

."'>
.,;

'~',):
j-T.,;

;C.,~"
,-J..D

..-_".
C\,~:-

.+",
/
.~

-
..

j
·X

;/
'X

Y
,

,
.
.

•
',/

'1
.

.1
,.

.
I
)
(

-
,

"
~
-
~
x
Y
,
l
.
<...
/-

.
1

/
:

1:<
W

f.V
:
-
,
,
/

/
.

".
,
',

/
J
~
~
~
f
)
~
.

1,
.1

;
1

/
;
"

'
.
,
'
"

'~
~X

;'
)'

~"
':

-+.;:
~;-

:...
.."~

-.
~
~

.•~',
;r¥:

'~.-
..i/

,-(
'/1

<
~{
'-
<!
.)
/'
,

~
>c
):
,~
,

I
,,

'f'
re

q
u

e
n

c.
y

(~
ps

)X
,.j:

-
l~
I.
,t
~,
'

J
'
\
J
.

/
'
.
•

,
:xc

'v
IV

:J
<

,/
'

l.
"

il
(
"

x
'-'

..,
1

'>
<

1
'.

<
/'

'
"
'f

:
,
,
"

/'
1

',
/

,J
,.

t:
II

I
"'

iX
','
A
;
~

..~).
.t.L

:..;
d

...
...

J.
J.

l¥
.'L

.
-'

,.
~,

~.
_.

.i
•.

.L:
l-

,_
;'

\:
;x

"t
~.

29
.'

.U
b~

.:
.~

.~
-M

u~
0.

.2
';:

.3
:
~
4

0
6

'1
.8

;
Z

;
,

4
•

~
wJ

.ro
1

(;
4

(j
1

i
Q

!
1

)
10

0
ax

.
X

X
;-

o
J

FI
G

U
R

E
2

.1
6

:
C

O
M

PA
R

IS
O

N
O

F
G

IV
E

N
SH

O
C

K
SP

E
C

T
R

A
A

N
D

SH
O

C
K

SP
EC

TR
U

M
FO

R
H

AL
F

SI
N

E
D

IS
Pl

A
C

E
M

E
N

T
PU

L
SE

i
-IO

f'>
<=

...
....

.V
-
-
-
.
.
.
.
,
.
·
d
-
'
'
'
'
'
'
.
<
+
-
-
-
t
A
-
<
~
-
'
'
1
:
r
j
A
,
{
~
'
*
~
-
V
-
-
-
t
r
-

..·
,
+
-
~
-
!
r
~
'
'
'
'
"
'
p
<
,
j
<
-
*
;
:
p
.
.
'
'
'
V

!'
''
d

....
·I-

-v
-.e

-,
-
-
-
Y
~
y
f
)
(
~
'
\
.
r
-
-
-
~
;
-
~
-
f
·
-
-
'
-
'
'
'
.

'
t
.
L
_
.
~
*
~
4
0

( ! ...
~
:
'
X
.
.
.
J
.
.
~
~
l
.
4
-
-
~
.
~

.....
(
~
~
~
-
+
-
~
7
"
.
/
;
K
,
f

~
>
t
x

.x
'
~
x
'
1
x

A
y

-
i
1
,
-
~
-
~
~
~
~
+
1
.

,"'
",'

S'
l'.:

4)
l;,

V
\"

,
~

.
~
§ ..

J
2

0
~

10 S 6 4



2.6 Response Analysis Using a Waveform as the Input

The response of a simple system subjected to the indefinite type of

input and resulting in the form of a shock response spectra has been

described in the previous sections. In some cases a time-history response

may be necessary to gain sufficient confidence in the design. For example,

a single mass may be supported eccentrically) so that for a.simultaneous

horizontal and vertical input its response acceleration and required

rattlespace can only be determined by computing its time-history response.

Examples of real situations with numerical examples for complex systems will

be given in Section 5, Shock Isolation Systems. A numerical integration

technique which is applicable to a computer solution of a mu1ti-degree-of­

freedom system will be illustrated in this section by taking a single-degree­

of-freedom system and applying a time-history input to the support thus

obtaining the time-history response.

Starting with the sing1e-degree-of-freedom system described in Section 2.

with viscous damping included and using the same notation as in Section 2.2,

Equation (2.2) can be rewritten in the following form (see Figure 2.17):

x )x ,x
s s s

" . ~
rnx + ky + ey = -rn ds t

FIGURE 2.17

('"c._

Multiplying both sides by dt and integrating between corresponding values

of t and y:

+ ky + cy) dt
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the impulse and momentum relatio':lship is obtained:

(2.37)• m (Yz - Y). . 1
ft2F dt _

t
l

where F = (rnx + ky + cy) is the systemic force during the time interval
s

t 2 - t
l
• For small intervals of time the area under the force-time curve

can be approximated by:

6t (2.38)

We now can relate the response at time t 2 to the response at time t l • This

permits a stepwise process in calculating the time-history response wherein

the calculated values at the end of one time interval are used as initial

condi tions for the next time interval.

The response relative acce:.eration y, velocity y and displacement y

can also be related between time intervals by the same averaging technique

in deriving Equation 2.38. Thus ~I

. 2
(Yz - Y )

.
Y2 6t - Yl1

and
2 <Y2 - Yl )Y2 t.t Yl

(2.39)

(2.40)

Making the proper substitutions into Equation (2.37), the following

expression is obtained for computing the relative displacement (Yz) at time

t
2

with respect to the known response at time t l

(~~ + 2c + k t.t) YZ = (~~ + 2c - k t.t)Y l + 4m Yl - 2m (xs2 - xs1) (2.41)

The accuracy obtained depends on the time interval chosen. The shape

of the forcing function and the r,atural period of the system should be con­

sidered when a time interval is selected for computation. Usually an inter­
1val equal to 10 of the natural period will prOVide sufficient accuracy for

most purposes.
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The above method is a direct approach requiring only one step solu­

tion per time increment; iterations or corrections are not made. Although

Equation 2.41 uses the input in the form of a velocity pulse, other forms

for specifying input, e.g.,acce1eration time-history, may be used without

any great advantage of one method over another.

A brief description of the @-Method (an iterative numerical integra­

tion method) is now presented since it is widely used in solving civil

engineering dynamic problems. It is more accurate than the one step method

presented above because of the iterative nature of the procedure (Refer­

ence 2.7).

r x

x ,x,x t""l\AA~
S S ~~ ,., ••,~

(a)

Support Input

FIGURE 2.18

IX .
t:J\~~ pCt)
~ v,<yv'U---

(b)

Force Input

Figure 2.18 shows the two typical conditions for (a) input at the

support and (b) force applied to the mass. If relative motions are consid­

ered in case (a), then the equations of motion are of the same form for the

two cases.

(a) my + ky rnX (t)s

(b) rnx+ kx P(t)

The generalized form of the integration equations are:

(The subscripts refer to time period,l and 2,respectively.)
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·.
y =2

x =
Z

Nt) - kxZ
m

(2.42)

yz (2.43)

xZ=x
1
+ ~txl+(6t)Z(l/2-~)Xl

+ (~t)2 l3 Xz (2.44)

The steps are:

Assume Yz (a first guess of y = Yl is usually assumed)Z

Compute
.

from Equation (2.43 )YZ

Compute yz from Equation (2.44)

Compute .. from Equation (2.42)yZ

(a)

(b)

(c)

(d)

In the above equations the paramE:ter ~ must be chosen and it is associated

with the acceleration-time curve. The ~ value equal to 1/6 assumes a linear

variation in acceleration over tr~e chosen time interval. This value has

been widely used in solving structural dynamic problems. The reader is re­

ferred to References 2.7 and 2.8 for a complete discussion of the proper

value of l3 for specific applications.

The equations are solved by successive approximation over each time

interval.

(e) Compare yz from step (d) with assumed value in step (a).

Use step (d) computed value of yz as new assumed value and

repeat steps (b) through (d) until the computed value for yz
agrees with the assumed value of Y2 to the desired occupancy.

The above methods (and similar but more accurate numerical integra­

tion methods) can be used in computing the response of multi-degree-of­

freedom systems. A predictor-corrector method is described in Appendix C.

Instead of one equation, ,such as Equation (2.41)~ a set of simultaneous

equations are solved for the ste~Nise response. The numerical integration

method is very laborious if a slide rule or desk calculator are the only

tools available, but with high sp=ed electronic computers this form of

solution is feasible. Although Equation (2.41) is for a constant spring
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rate, k ,over the whole range of response, a non-linear (elastic or

hysteretic) spring can be averaged for each time interval in the same way

as the load function was averaged over each time interval. The following

example illustrates this technique using the one step method.

Example 2.2

Given: f

m

c

k

1 cps

1 lb. sec
2
/in

2 lb. sec/in

39.4 1b/in

and the velocity pulse shown in Figure 2.19
, 1.05 secrt--
r-\~-- 50 in/ sec

\\
\

\--_.---- _.~--~

-1-~"
. 05 sec J~~~c
0.3 sec -

~--- - - - .---- .-. -~- ". _.

I 1.2
>----
I

FIGURE 2.19

0.9
sec

15 in/sec

sec

t

Substitute the above constants into Equation (2.41) .

Use £'It

6t

. 05 sec for the first two time steps and

.1 sec thereafter

Steps (l and 2)

Steps (3,4,---)

.9541 Y1 + .0465 Yl - .0233 (xs2 X 1),s

Table 2.1 gives the response values for 13 steps and Figure 2.20 is a plot

of the relative displacement and velocity of the mass.
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Example 2.2 (Continued)
TABLE 2.1

STEP TIME xs2 - x
INTERVAL sl Yl Y1 Y2 Y2

1 .05 50 J 0 - 1. 1650 - 46.6000

2 .05 0 - 1. 1<:>50 - 46.6000 - 3.2784 - 37.9360

3 .10 - 25 - 3.2784 - 37.9360 - 4.8607 + 6.2900

4 .10 - 25 - 4.8607 + 6.2900 - 2.4946 + 41. 0320

5 .10 - 15 - 2.4946 + 41. 0320 + 1. 9631 + 48.1220

6 .10 + 1. 8750 + 1. 9631 + 48.1220 + 5.5755 + 24.1260

7 .10 + 1. 8750 + 5.5"755 + 24.1260 + 6.5928 - 3. 7800

8 .10 + 1.8750 + 6.5928 - 3. 7800 + 5. 1156 - 25. 7640

9 • 10 + 1.8750 + 5. 1156 - 25. 7640 + 2.0477 - 35.5940

10 • 10 + 1. 8750 + 2.01/.77 - 35.5940 - 1.3356 - 32.0720

11 .10 + 1.8750 - 1. 3:156 - 32.0720 - 3.8689 - 18.5940

12 .10 + 1.8750 - 3.8689 - 18.5940 - 4.8616 1.2600

13 .10 + 1.8750 - 4.8616 1.2600 - 4.2454 + 13.5840

7.0

60 6.0

40 4.0 ----~--

r-.
20 ":2.0 ~-.

() t::
Q) .....
(/) '-'-t:: 0

.4J..... r::
'-' Q)

:>.
e
Q)

+J ().....
~-2. 0() -20

0 p..... (/l
Q) ....
:> Cl

-40 -4.0

-60 -6.0

I

-+-

t
I

_.._~.....
i
I

,

i
! i I

I I __I

/1
I I

- . - ---j--
I

i
-t

j

FIGURE 2.20
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2. 7 Texts on Principles of Shock Isolation

In Section 2 only some of the basic concepts on shock isolation have

been included. These concepts are developed further in subsequent sections

and are applied to the design and analysis of systems that must survive the

air blast and ground induced motions. Section 3 covers the ground motions

resulting from weapon effects. The air blast characteristics are based on

the work by Brode (Reference 2.9) and applied in the report by direct refer­

ence. Section 4 considers the structure response to both the air blast im­

pingement and ground motion in arriving at a resultant motion to equipment

or platforms attached to the structure. Shock isolation system design and

analysis methods are discussed in Section 5 and the types of spring isola­

tors used in shock isolation systems are covered in Section 6. The reader

should consult texts on principles of shock isolation and vibrations for

additional background. References 2.6, 2.10 and 2.11 are particularly

recommended.
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SECTION 3: GROUND MOTIONS

3.1 Introduction

Structures located on or extending to the surface will experience

loadings due to the air borne shock wave as well as to seismic or ground

borne disturbances coming through its foundations, but a fully buried

structure will receive only seismic disturbances.

Our knowledge of air borne or shock wave overpressures for different

types of nuclear weapon bursts, yields, times and locations from ground

zero is relatively precise. The corresponding particle or wind velocities

and the reflection pressures may be obtained from numerous references

(cf Ref 3. I and 3.4). This section relates only to ground motions.

Seismic disturbances emanate from the initial, almost instantaneous

and almost point pressure source located above or below ground zero as well

as from an expanding, relatively narrow, and intense air pressure ring load,

coincident with the moving air shock wave front and followed by a less in­

tense air pressure area load. The "point" pressure at ground zero initiates

a direct seismic wave disturbancl~ that may be reflected and refracted by

underlying strata before it arri,res at the structure, but the expanding

narrow and intense ring load on the surface will continue, as it expands,

to generate or induce seismic wa,'es of dimishing intensity. Since the pro­

pagational velocity of the expanding ring loading gradually approaches the

acoustic value in air it is certain that the initial direct seismic wave

generated by the "point" load frelm ground zero as well as the ring load

induced seismic wave will outrun the air shock front if the effective seis­

mic velocities of the ground are significantly higher than the air shock

wave's terminal velocity of about 1100 fps. In fact outrunning occurs

whenever the near surface seismic velocity is greater than the velocity of

the air blast front. Since seismic motions attenuate more rapidly with

distance from ground zero than the overpressure, the air blast and the in­

duced seismic waves will be of primary concern at large distances. At

closer in regions where only buried facilities are feasible the direct

4~·



seismic disturbances will gain in importance.

There are three basic ground motion characteristics that must be

known in order to define adequately the input motions to shock isolated

systems: (a) the times of arrival of air borne and seismic waves from

which the phasing of the various loading phenomena may be determined; (b)

the peak intensities of the dynamic stresses and motions associated with

the various sources of excitations, and (c) the time-dependent functions

defining the buildup and decay of stresses and motions.

Ideally, a general solution giving the values of all three sets of

data would be the most consistent and unified method by which the ground

motion characteristics could be defined. Only partial progress has been

made, however, along these lines, and solutions are available only for

idealized conditions that do not correspond well with the real situation

in a rock or soil medium. The results are not, therefore, applicable

directly to the design of shock isolation systems. The approach that will

be taken in tms report is semi-empirical. Mathematical elegance is sac­

rificed where warranted in order to arrive at results for which fairly

adequate substantiation exists from field test data. Also, rather than

seeking a general solution that gives the complete time history and in­

tensities of stresses and motions of ground environment, three separate

and more or less independent methods will be used to arrive at the three

basic sets of data, which, briefly stated, are the times of arrival, peak

intensities, and waveforms of the ground motions and associated stresses.

The justification for this simpler approach is the fact that empirical data

may be used for each set of data without affecting the other two, thereby

making the best use of the limited amount of information available from

tests. The resulting inconsistency in the mathematical techniques for the

three areas of interest is more than offset by achieving results that are

consistent with test observations in real media.

This section Will, therefore, be developed in three parts: by prin­

ciples of wave propagation the times of arrival of airborne and seismic

waves will be obtained; by using simple empirical relationships and test

data the peak intensities of displacement, velocity, accelerations, and

stress will be calculated; and by intuitive reasoning and test data, simple
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mathematical relationshipsJdepicting the ground motion time history;will be

given. The most useful part of this section, 3.5, dealing explicitly with

numerical values of ground motiO'll, can be readi ly understood.

In other sections of the report, the use of these parameters in cal­

culating the motion of the enclosing structure and in obtaining the re­

sponse of shock isolation systems will be explained.

For some practical purposes of ground motion application to design

problems it may not be necessary to read Subsections 3.2, 3.3, and 3.4
_.'---~---~-'""-'~--~_._----' ._-- •..._--

since these sections have been included so as to provide a deeper under-

standing of the phenomena than normally can be expected of people whose

practical design duties do not warrant the effort required to have compre­

hensive understanding.

3.2 Times of Arrival of Ground Di sturbances

3.2.1 Multiple seismic waves. An understanding of seismic wave propagation

is necessary for assessing the input motions and to gain inslght as to the

arrival sequence or phasing of the initially upward motion of seismic origin

and the initially downward moticn of air pressure origin. Some facilities

are very sensitive to initially upward accelerations. A secondary purpose of

the study is to show that the effect of a multi layering system, exhibiting

seismic velocity increases with depth, is to channel or to redirect nearly

all the half space energy flux to the surface, thereby reducing the dis­

persive attenuation of dilatational and shear waves to one of two dimensions

rather than of three. The following terminology will be used:

a. Direct seismic waves originate instantaneously at ground zero GZ or

near the edge of crater, they propagate entirely through the ground

to the station in question, suffering reflections and refractions "at

material interfaces.

b. Induced seismic waves originate continuously at the leading edge of

the expanding ring load of the air pressure, they propagate entirely

through the ground to the station in question, suffering reflections

and refractions at material interfaces.



c. Dilatational or push-pull seismic waves involve periodic changes in

the volume of the half space material through which they propagate.

d. Distortional or shear seismic waves involve only distortion of the

half space material through which they propagate. Their displace­

ments are transverse to their direction of propagation.

e. Surface or Rayleigh seismic waves involve dilatation as well as

distortion of the half space material through which they propagate

relatively close to the surface. They exhibit elliptical displace­

ments in vertical planes.

Due to the fact that many facilities are very sensitive to initially

upward impulsive motions and such motions will result from refracted­

reflected phenomena in stratified half spaces, it is of importance to

determine whether or not these upward motions will arrive at a specific

location before the arrival of blast overpressure. If this occurs the

seismic waves are spoken of as outrunning the overpressure, and phasing of

the two motions will be required.

A very rough qualitative idea of the multiple possibilities of seismic

waves arriving at various locations in a stratified half space can be obtain­

ed by considering Figure 3.1 in which four facilities have been located. A

more quantitative treatment of seismic wave travel will then follow.

In Figure 3.1, the symbols are defined as:

T
n

R
n-m

TR
n-m

transmitted or refracted wave from layer n

reflected wave from interface n - m

critically refracted-reflected wave through interface n, m

p overpressure wave

This schematic diagram does not include either shear wave or Rayleigh

wave generation at interfaces or near the surface. Four facilities,

differently located with respect to ground zero and surface are shown with a

few of their seismic ray paths indicated. Depending on geological stratifi-

*cation and on the yield of a nuclear burst, the direct and/or the

blast front induced seismic waves may outrun the expanding blast wave front.

A very rough qualitative tabulation of possible waves at the four facilities

*Direct seismic waves will also be referred to as crater induced.
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FIGURE 3.1

is shown in Table 3.1. The indicated degree of importance is relative with

respect to each facility and category of generation, moreover, it will depend

on the quantitative aspects of the stratification.

3.2..2 Generation of Seismic Waves by a "Stationary Point" Source on the Surface

of an Elastic Half Space

3.2~2~lTypes ofseismic waves generated~ A suddenly applied, norma1)point

load wi 11 cause rupture or crateri ng at its point of application on the sur­

face and thereby generate displa.::ement disturbances in the surrounding

unruptured elastic half space. Dilatational or volumetric change types of

elastic waves as well as shear or purely distortional change types of elastic
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waves will then radiate away fr,~ the rupturing region into the half space.

Seismic waves generated by a st,gtionary point source are idealized cases of

direct seismic waves from ground zero of a nuclear detonation.

Due to the fact that the degree of confinement of the elastic material

in the half space is a function of its nearness to the free surface, the

dilatational and shear waves will experience changes in environment as they

approach the surface. Demanding that normal forces as well as shear forces

must vanish at the unloaded sur::ace of the elastic half space, Lord Rayleigh

in 1887 demonstrated that it is essential to have waves of a different type

from dilatational and shear waVE~S. These waves are propagated over the

surface, and they penetrate only a small distance into the half space. They

are similar in type to waves prclduced on a smooth surface of a pond by an

object falling into the water. Since these Rayleigh waves may be considered

two dimensional they wi 11 attenuate less wi th distance than three dimensional

waves, and therefore they will gain in relative importance with respect to the

former as the distance from the stationary point source increases.

It wi 11 be shown later thE.t the three dimensional dispersion of di lata­

tional and shear waves in a layered half space is greatly modified by the

seismic velocity properties of the layers. Since in general the seismic

velocities increase with depth, the effect is to refract the seismic energy

in such a way that travel paths initially downwards will be bent upwards and

reach the surface at various distances from their point of origin. This

phenomenon therefore tends to make the seismic phenomena of importance two

dimensional or quasi-two dimensional in explosion dynamiCs.

3.2.2.2 Seismic propagational velocities.

Let E modulus of elasticity of medium

)) Poisson's ratio of medium

G = modulus of shear of medium

p = mass density of medium

c seismic velocity of dilatational waves

c seismic velocity of shear waves
s

cR = seismic velocity of Rayleigh waves
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The propagational speed of the dilatational or axial wave in an elastic

rod is given by (E/p )1/2, but in an elastic space it is:

[
20 - V )) 1/2 ,...-:­

c.. 1 _ 2)) I Ii G/f =

rL 055 .') c -'
= ! 1. 095 r-.)E/p for V

\. 1.161 jv

[(1+ I

= {~:~~}
0.30

0.0

Moreover, it can be shown that

In other words, the spatial "confinement" will increase the Spef",rj c

from 6 to 16 percent. Unlike the dilatational wave the distortional or shear

wave has the same propagational speed in one, two or three dimensions,

1 ( G/e ) 1/ 2• h 1 fname y c = T e propagationa speed 0: the Rayleigh surface waves

is given by c = 0.919 c forR s
the ratio of the horizontal to the vertical displacement of the Rayleigh

waves is constant and equal to 0.681 for V = 0.25.

3.2.2.3 Reflection and refraction. In general an incident wave at a

boundary, of either the dilatational or the shear type, will produce a pair

of reflected and a pair of refracted waves. Each pair will consist of a

dilatational wave and a shear wave. The angle of incidence together with

the four constants of wave velocities in the two media adjacent to the

boundary will determine the two angles of reflection and the two angles of

refraction as well as the amplitude relationships of the four generated

waves. The boundaries between half space media are considered to be in­

finitely thin, slip free, horizontal planes, and two boundary conditions

arise:

a. Free boundary, i.e. second medium a vacuum or air.

b. Interface boundary between two media.

Two angle of incidence situations, relating to interface boundaries,

are pOSSible:

a. Ordinary refraction-reflection (angle of incidence f critical).

b. Critical refraction-reflection (angle of incidence = critical).

Referring to Figure 3.2 let c
l

and cslbe dilatational and shear wave

speeds in medium (a), while c
2

and cs2 relate to similar speeds in medium (b).
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0.2)

FIGURE 3.2 DILATATIONAL KAVE CRITICAL REFRACTION-REFLECTION

For a dilatational wave of amplitude A incident at angle a the re­

lationships are:

sin a sin a l sin 131 sin cr.z sin 13
2---=---c l c l c sl Cz c

sZ
where a

l
and a

Z
are the angles of reflection and refraction of the dilata­

tional conponent!'! respectively al1d 13
1

and 13
2

are similar angle!'! for the

shear components.

When u2 = 900 criticality occurs, then if

c l 1000 fps, csl= 633 fps

Cz ZOOO fps, c sZ= lZ67 fps

sin u.

1000

sin Uz 1

ZOOO = 2000 C:J:'i tical! ty occurs when a = 30°

sin a

1000

sin 13
1

633
sin 13

1
0.3165 13 = 181 0

1 2

·sin u
--=-==-- =1000

sin 132
1267 sin

Consequently for c/c
Z

= O.S the critical angh of incidence for the

dilatational wave is 300
•
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FIGURE 3.3 SHEAR WAVE CRITICAL REFRACTION-REFLECTION

Referring to Figure 3.3, consider a shear wave of ampli tude As

incident at angle 13. Then

sin 13 sin 13 1 sin 00 1
c

s1
c

1
(J.3)

900 criticality occurs, then if

c = 1000 fps, c .. 633 fps
1 sl

c '" 2000 fps, c .. 1267 fps
2 s2

It is seen that 13 = 13
1

, and

sin 13 sin 00
1 1

633 1000 1000

This means that 13 = 39°. Since

sin 13 sin 0,2 sin 13 2
633 2000 1267

(J2 and 13
2

are not reaL Therefore, total reflection of the shear wave

for cs /cs2 00 0.5 will occur when 13 .. 39
0

•
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For angles of incidence larger than the criticals the reflection­

refraction phenomena become rather involved.

The critical situation, E!specially for the incident dilatational wave,

is of considerable interest in a study of input motions.

3.2.2.4 Simplified dilatational wave travel for layered space.

0
-".- ..

780

200 -
300

1000 ft ,o-f
I
I

S

/ t
I

"'If' 100 ft

1000 fps / I

.-1
b

c2 = 2000 fps

FIGURE 3.4

Figure 3.4 shows a two layered space. At time t = a a disturbance

occurs atpoint O. If surface waves are neglected the direct wave arrives at

station S, 1000 feet away from C, in 1 second. The first reflected wave, at

incidence angle of 780
, will arrive at S in (lOOO/cos 780 )/1000 = 1.02

seconds. At the critical incidence of 300 the first reflected wave will

reach the surface at Sf in 2 (lOa/cos 300 )/1000 = 0.231 seconds. But the

critically refracted wave, a layer-interface-wave, will travel from a to b

with the speed of the lower medium, or 2000 fps. The distance a b is 1000 ­

200 tan 300 = 984 ft. Accordingly the arrival time at, S of the cri tically

refracted wave, following the path 0 a b S, will be

0.231 + 984/2000 = 0.23/+0.492 = 0.723 seconds

or 0.277 seconds ahead of the direct wave from 0 to S.

For smaller angles of incidence than the critical, say for 200
, the

"first reflected wave will reach the surface at S in 0.213 seconds, and its

refracted part, entering into th,: 2000 fps. medium, will not reach the

surface unless it is reflected hom a lower layer.
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The capability of an underlying, faster stratum to transmit a wave dis­

turbance to station S ahead of the direct wave is of considerable importance

in a study of input motions since it governs outrunning and consequent

phasing of disturbances.

Wave travel curves in two layer space may be plotted as shown in

Figure 3.5.

-4 X - -._-" _._.. -_._--.~

t
I S

-p 0
,\' ----'7 J

h
,

\ C
l h

a~ .::.../

~
~

f
b Cza

FIGURE 3.5

Waves are sent out at 0 and arrive primarily by three paths at location

S, x feet distant from 0:

direct wave, 0 to S, requiring x/c l or t d seconds

first reflected, OfS, requiring _1__
c

l._---
critical, DabS, requiring t seconds

cr

Example 3.1

Let c
l

= 1000 fps c2 = 2000 fps h = 100 ft. x 450 ft.

Figure 3.6 shows the seismic wave travel diagram for Example 3.1.
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Example 3.1 (continued)

F[GURE 3.6

• 7

.6

!II
'0 .5s::
0
(J
OJ

tf)

s:: .4-.....
OJ
8..... .3 -.H

t

1st Reflected

400 600

Direct

800
Distance in ft.

r

The critical distance r is the distance at which the direct wavecr
traveling at velocity c

i
and the critical refracted-reflected wave arrive

simultaneously, it is given by

-1' ~__,,_.____

2 h
Cz + c

l 350 ft. 0.4)r \cr c2 - c li

The critical travel time from 0 to S is

2 h 2 2 + _x_ .. 0.4 sec 0.5)t .. c2 - c lcr c l c2 c2

this wave therefore arrives at the target S ahead of the direct wave as is

seen from Figure 3.6.

Example 3.2

Figure 3.7 shows a multilayered half space in which critically re­

fracted wave travels occur and in which the intercept constants C1 , CZ' C
3

,

and C
4

are given by:
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Example 3.2 (continued)
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FIGURE 3.7
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Example 3.2 (continued)

The distances at which the slope changes will occur (i.e. the dis­

tance at which the direct wave traveling in layer I and a critical-refract­

ed wave will arrive simultaneously at the target S) are expressed by:

Cl - 0 C
3 - C

(r ) - (r
cr

) 2
llc l l/c2

...
I/c3

llc -cr 1 3 4

C2 - Cl C4 - C3
0.7>

(r ) ... . (r ) ...
cr 2 l/c2 l/c3

t cr 4 l/c4 llcS

The procedure for constructing Figure 3.8 is to calculate the C inter-

cepts and plot them along the time axis. Then from each intercept C. draw
1

the corresponding slope l/ci + l , noting that the intercept Co acts as the origin.

The slopes will then intersect at the abscissas r • The analytical
cr

expressions for rare superfjluous if accurate drafting is done.
cr

The wave travel diagram for this 5 layered space is shown in Figure 3.8.

I
~41-_·· .-- ..-.---
3 ... -­C -
2 _--

Cl

-~~--------_ ..-.
1

c4

(r
cr

)
4

r, distance from 0 in feet
FIGURE 3.8

Example 3.3 .~

Another example is given in Figure 3.9 for a seven layered medium with ~

uniform seismic velocity increases from 1000 fps at the first layer to 7000

fps at the seventh layer. The method of obtaining the curve for the blast

front will be given in Subsectioll 3.3.
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Example 3.3 (continued)

The critical angles indicated in the path diagram of this numerical

example are given completely by the seismic velocities and the r values
cr

Layer (1) sin a - c l !c2- 0.5; sin a = c l !c3= 0.33; sin a = c
I
!c4

0.25; etc.
1 2 3

Layer (2) sin a = c2!c3= 0.67;51n a = c
2
!c

4
= 0.50; sin a = c2!cS = 0.40; etc.

2 3 4

Layer (3) sin ~ ... c3!c4= 0.75;sin a = c3/cS- 0.60; sin as'" c3/c6 = 0.50; etc.4

Layer (4) sin a= c/cS= 0.80;sin a = c4/c6= 0.67; sin a = c4/c7
0.57; etc.

4 5 6

Layer (5) sin a= cS/c6= 0.83;sin a= c S!c
7
= 0.72;5 6

Layer (6) sin a = c
6
/c 7= 0.86

6

The procedure for constructing Figure 3.9 is to draw the distance ­

time diagram first, then to calculate the a values for the various layers

and then to combine the distance - time diagram with the distance - depth

diagram as follows:

For the top stratum the critical angle a l is 30°, lay it off from the origin
, "to depth 100 and from (r )1 = 346 to depth 100 as shown; the distancecr

a to b is then the distance the critically refracted wave travels with the

speed of 2000 fps. Similarly fl)r the second stratum, layoff angle (t2 or
o 020 to the 100 ft level and angle a

3
or 42 to the 200 ft level as shown.

The critically refracted wavet:ravels from c to d at 3000 fps.

Figure 3.9 shows clearly ':hat a large part of the energy radiated to

the half space from point zero 'vill be directed to the surface within a

circular area of approximately 1500 ft radius.

The seismic energy flux pf~r unit area comprising a dilatational and a

shear component is very involved, and a qualitative discussion of it is

beyond the scope of this study. The important aspect of the above presenta­

tion is the fact that a half space whose seismic velocities increase with

depths will direct a very large part of vibrational energy generated at

ground zero to the surface wi th:ln a relatively small area.

So as to get an idea of the outrunning and phasing phenomenon in

variously layered soils the foUowing eight examples have been worked

out.
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Examples 3.4 - 3.11

Soil A is homogeneous with c .. 1,000 fps
I

B is 11 layered, ~h 100 1,000 ....:. c ...... 11 ,000
I

C is 6 layered, ~h .. 200 1,500 '::.: c <. 11 ,000
I

D is 4 layered, ~h - 300 2,000 <: c f/l:::..~ 10,667
•E is 3 layered, ~h 400 2,500 "~" c ...:::-.. 10,250
I

F is 3 layered, 6h .. 500 3,000 "''''' c ~ 11 ,000
I

G is 2 layered, ~h .. 1000 5,000 c -'- 11 ,000

H is homogeneous with c .. 11,000

Table 3.2 shows the seismic velocity values of six of these half

spaces. The values have been chosen so as to obtain an idea of the effect

of averaging seismic velocities over two or more layers.

Figures 3.l0a and 3.l0b are identical wave travel curves plotted to

different scales. These curves show that averaging seismic velocities of

the 11 layered space may give rather different results.

It should be noted that the travel curves of Figure 3.9 and 3.10

relate to specific geophysical stratifications. Thus if a 100 ft layer with

c .. 1000 fps is underlain by an infinitely deep layer wi th c = 10,000 fps

the applicable travel curve cannot be inferred from Figures 3.l0a and 3.l0b.

It would in this case be necessary to compute the applicable intercept from

-4
2 x 10 seconds

Equation 0.6) namely

2 hI '\ I 2
C

l
2 ZOO

= -- \' c - c l 103x 104clcZ ~ 2

and the two applicable slopes of 10-3 -4and 10 sec/ft. respectively.

Use of Figures 3.l0a and 3.l0b will be made later in conjunction with

blast wave front travel curves so as to ascertain at what location and at

what time seismically generated waves will outrun the blast wave front.
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Table 3.2 Showing Seismic Properties

of Six Multilayered Soils
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3.3 Blast Wave Travel Time

3.3.1 Basic relationships. The theoretical work of Brode (Reference 3.1)

as well as a limited amount of experimental data constitute a basis on

which the following empirical relationships have been developed. The co­

efficients are not constants over the entire range of scaling, but within

some indicated ranges,see Figures 3.11 and 3.l2 J they may be treated as such.

Let W yield in MT

t arrival time in secondss

r = distance from G. Z. to blast front in feetp

Pso overpressure at r in psip

then assuming a single exponent representation over the six order range of
3

W from 1 KT to 10 MT, it is found that

1 1 1 1

6 x 103 w6 t 2 4.3 104 ;S -"2
ftr x Psop

1 2

51 4 wI t -1 = 1. 85 x 109 wI r -2 psiPso • s P

0.8)

0.9)

Figure 3. 11 shows on log log paper the linearized plot of Equations

(3.8 and 3.9) as well as the theoretical curve due to Brode. It is seen

that the two plots coincide only at the two specific points

192 ft (1 KT)

(1) 1920 " (1 MT)
--.. with 500 psir "'- Psop

(10
3

MT) ,19200 "
,

3770 ft (l KT)l
I

(2) r I 37,700 " (1 MT ~. with Pso 1.3 psi'\p ,
(l03MT) IL377,000 "

So as to show the effect of the linearization of Equations (3.8 and 3.9)

on the overpressure, a correction curve, giving the overpressure due to

Brode (p )B divided by the linearized overpressure (p )L is presented inso so
Figure 3.12. Thus, if at the yield of 1 MT a linearized overpressure of

100 psi is obtained, the correction factor is about 0.75, meaning that the

pressure by the Brode analysis will be only 75 psi. If the (p )L forso
1 KT is 100 psi, the correction factor is 1.1 and (p )B = 110 psi.

66 so



1
.0

@
:

jI
}

i

(p
so

)
B

(
)

P
so

L

FI
G

U
R

E
3.

11

.-
T

'
4

.
-

...'
.
/

..
..

.
-.

.-
_

/
..

i
2

O
v

er
p

re
ss

u
re

(p
)L

in
po

un
ds

p
er

in
ch

:
s
o

,
I

--
--

,-
.-

.-
--

..
--

--
--

--
--

--
r-

--
·-

--
--

·-
--

--
-·

·-
t-

--
--

--
.-

--
-r

-

1
10

10
2

5x
1Q

2
10

1
02

10
3

5
x

l0
3

10
2

10
3

10
4

5
x

I0
4

F
IG

U
R

E
3

.1
2

c
o

rr
e
c
ti

o
n

F
ac

to
r

fo
r

u
se

in
L

in
ea

ri
ze

d
E

x
p

re
ss

io
n

s,
3

.8
an

d
3

.9

0'
-1

10
(
l

K
T

)
1

(
l

M
T)

10
(1

0
3

M
T)

,
/

_
/

.2
'

-
-
-

.4
-
-

•6
:-

--
.-.

--
--

-
--

.8
1'
-

-
.
_

-
-
-

1.
2

-· \

1
.4

-
.

1
-2

=
43

P
so

o--B
ro

d
e

fo
r

\
\

1
M

T

..
._

_.
~ \\

~

\ \ \,
10

3

0:+
----

1--
----

----
--·

--1
0-

\),
L

·

S
ho

ck
ra

d
iu

s,
r

in
k

ft
p

4
1O

--
-\

-
_

\_
-

...
__

\
'

N
..c C

) s:: .... .. (j
j

J.l ::l 00 ~
I

J.l
i
10

.
0

.
-4

-
.

J.l (j
j 6J.l (j

j 0
.

00 "g g
2

0
.

:1
0

s::
!

0
'_

1
.....

.
,

0
:

00
1

o
.!



Figure 3.13 shows six linear log-log plots of r , t , and p for the
3 p s so

three yields, 1 KT, 1 MT, and 10 MT. The linearity approximation for the

1 MT yield may be compared with the curve labeled Brode. The linearity

constant of 6 x 10
3

for a 1 MT yield is precise at two times only, namely

at t = 0~103 seconds and at t = 39 seconds.

The logarithmic linearizations employed in representing the relation­

ships of r ,p ,t, and Ware sufficiently accurate for many purposes and
p so s

give a clearer appreciation of the situation than the actually non-linear

is about 1900 ft and the over­
-2of 10 seconds

logarithmic relationships given by References 3.1.

The use of Figure 3.13 is indicated by the dotted lines and the

arrows pointing toward the rand p coordinates. Thus for a 1 MT burst
-lP so

with arrival time t of 10 seconds, the rs p
pressure is about 500 psi. For a 1 KT with arrival time t

s
the r is about 190 ft and the overpressure is about 50 psi.

p
If rather complete knowledge is available or assumed in regard to the

magnitude of W, its point of burst, and the properties of the cratering

material, use of the curves given by the above references will lead to re­

sults that are without doubt in better agreement with reality than is ob­

tainable from the simplified expressions that will be used for illustrative

purposes in all the following subsections.

3.3.2 Use of blast travel curves for stationary or GZ source. A replot

using linear coordinates of the r ,t relationship for the 1 KT yield of
p s

Figure 3.13 is shown in Figure 3.14 for three downscaled constants of:
3335 x 10 , 6 x 10 , and 7 x 10 , giving:

t l / 2 feet

i·1580·~

~ 1900 (
: I
'2220 I

r
p

.7 x 10
3 1

~ 6 x 103 ~ (10- 3) 1/6 t l / 2
I

!5 x 103 I:. J

The reason for plotting the three curves is to show the effect of a reason-

able spread in the constant 6 x 103 wl
/
6

•

If the 6 layer soil (C) is assumed, the outrunning distance r a
(measured from G.Z.) at the surface can be obtained simply by superposing

Figure 3. lOa on Figure 3.14 in such a manner that the origin,O,of Figure

3.l0a coincides with the origin of Figure 3.14. The soil (C) curve then
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is found to intersect the three blast travel curves at the respective dis·

tances 1050, 1340, and 1630 feet from G.Z. giving outrunning distance

spread of

131~0 ~ 290 feetr
o

to which correspond overpressures computed by Equation (3.9)

.. 1 85 x 109 (10..3)2/3 -2Pso • r p

psi

psi

• 1. 85 x 107 r -~~
p

r16. 81
\ 10.3 r
L 7.0 i

The conclusion can be madE~ that uncertainty will exist in the sur­

face outrunning distance even if the seismic wave travel curve is precisely

known. If a three layer soil (E:) is assumed, the outrunning distances from

G.Z. are 800, 1200, and 1520 ft respectively for the three assumed con­

stants in the blast travel curves, and the corresponding overpressures

amount to 29, 13 and 8 psi respectively.

Figure 3.15 is also taken from Figure 3.l3,but it uses only the con­

stant 6 x 103 wl / 6 as referred to 1 MT. Thus for superposition of the 10

MT curve of Figure 3.15 with the seismic wave travel curve for the 6 layer­

ed soil (C), of Figure 3.10b, surface outrunning will be found to occur

at 6400 ft. from G.Z.) and for the three layered soil (E), of Figure 3.l0b,

at 5800 ft. from G.Z. The corresponding overpressures are given by

Equation (3.9) for the 10 MT burst

9 -2
p = 8.6 x 10 x rso p

or 210 psi for soil (C) and 256 'lsi for soil (E).

It should be pointed out that the curves 3.l0a and 3.lGb relate only

to seismic wave travel emanating from a point source located at the sur­

face to a station on the surface" Since a surface burst creates a crater

of considerable dimensions it C~lnot be considered a point source located

precisely on the surface. For buried stations, and for estimated depths

of the source point the diagrams shown in Figures 3.8 and 3.9 will indi·

cate how the seismic travel curves may be modified to take into account

depth of location.
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3.4 Generation of Seismic Waves by a "Moving Line" Load on the Surface of

an Elastic Half Space

The two dimensional problem is a simplification of the radially ex­

panding circular line load but it gives a sufficiently accurate idea of the

situation. The moving line the:1 corresponds to the front of the air blast,

inducing seismic waves as it pr,)pagates on the ground surface.

It will be assumed that the deformations are elastic and that the

seismic velocities are unaffected by the dynamic stress level.

Three regimes wi 11 be conHidered

a. Superseismic, i.e. lir~ velocity u> c > cs

b. Transseismic, i.e.

c. Subseismic, i.e.

c:>u;;:-cs

For a homogeneous elastic half spaceJand for a slowly decreasing

velocity U of the loading lin~ the dilatational and the shear wave fronts

will appear as straight, inclined lines. Let c 2000 fps and

c 1250 fpss

The 5 diagrams shown in Figure 3.16 are self explanatory. Thus, in

the superseismic case no disturbance is felt at stations S and Sf. In the

first case the dilatational wave front will arrive at S simultaneously

wi th blast wave front but the sh'~ar wave front lags behind. In the third

transseismic case the shear wave front arrives simultaneously with blast

"wave front at S but the dilatational front has already passed through S

"1:lhd Sf. In the subseismic case hoth wave fronts are "outrunning" the

loading line front.

In all cases it is seen that an object of appreciable size and buried

in the half space will experienCE: differential loadings due to the finite

travel times of disturbances in the elastic medium of the half space.

A combination of the critical path diagram and a wave front travel­

ing at constant speed is shown in Figure 3.17 for a two layer half space.
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520' -------~L
2000 fps

i
~-

I

1200 fps

1000 fps

a

2000 fps "'-._ 2000 fps

,
520

I"IGURE 3.17

t
246 -- !

Assume that the traveling wave front in Figure 3.17 is located at

o at time zero and that its con:stant speed of 1200 fps is superseismic with

respect to the top layer's di1a·~ationa1 speed of 1000 fps, but not with

respect to the second layer's ~)eed of ZOOO fps. Accordingly a direct,

i.e., a horizontal, disturbance in the upper layer will always lag behind

the line load as shown by the wave front; its angle of 560 is determined by

the arcsine of 1000/lZOO. SincE! a critical refraction angle of 300 for

dilatational waves corresponds to the arcsine of c/cz, part of the dis­

turbance originating at t - 0 will travel along the critical path OabS
l

by which it will arrive at 51 in the time

t
o

...
x

o+­
Cz

Equating this time to the travel time of the line loading, x /V, it is
o

found that

2h \r~-2 2 U O. 10)x ... -- - C
0 c 1 1 c - VZ

If h ... 100 ft, c 1
= 1000 fps, c2 ZOOO fps, U ... lZOO fps

x ... 520 ft and t 520/1200 0.433 sec.
0 0
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Therefore the disturbance following the critical path will begin to outrun

the traveling line load in 0.433 seconds. Moreover when t = 2 t 0.866
o

sec. the line load will have moved an additional 520 ft. and the correspond-

ing critical path disturbance initiated at 0 will emerge at 52 or 1286 ft.

from 0, i. e., 246 ft. ahead or the line load.

Example 3.12

As an illustration of the use of blast travel curves for a moving

origin, the six layered soil (C) will be investigated for surface outrunn­

ing due to blast front induced seismic waves. Assume a 1 KT burst, then

from Equation (3.9) and (3.10) the blast travel curve will be given by

r
p

1/2 7 -2
1900 t ft.;and Pso = 1.85 x 10 r p

This curve, similar to the middle one in Figure 3.14
1
is drawn in Figure

3.18. Then six translated replots of the soil (C) curve from Figure 3.l0a

have been superposed on the blast travel curve, beginning with the one at

the origin O. The following table gives the results:

origin at outrun at by way of overpressure

0 ft 1340 ft 4-5 layer 10.3 psi

200 1320 3-4 layer 10.6 psi

400 1300 2-3 layer 10.9 psi

600 1312 1-2 layer 10.9 psi

800 1290 1 layer 11. 1 psi

1100 1100 1 layer 15.3 psi

It is seen that due to the sudden slope change in the seismic travel

curve from layer 1 to 2, and the more gradual slope changes for deeper

layers, all the paths outrunning at the surface through deeper layers will

occur within a small variation of r , so small that for practical purposes
a

r may be considered invariant.
a

The horizontal push-pull wave through layer 1 will have a minimum

outrunning distance when the slope of the blast travel curve is the same as

the slope of the first layer travel curve. This occurs when roN 1100 feet.

For larger yields the curves in Figure 3. lOb can be superposed on

those of Figure 3.15 to give minimum outrunning distances.
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Figure 3.15. The following translated dis-

the corresponding outrunning distances.

500 1000 1500 2000 3000 4000 ft.

6050 5900 5870 5850 6050 6500 ft.

of 5850 ft. results from the wave generated at

Example 3.13

As a second example consider a burst of 1 MT occurring at the surface

of soil C. Equation (3.9) then gives r = 6000 t l / 2 and this curve,
p

plotted in Figure 3.19 to the same scale as the curve for soil C, Figure

3.l0b, is then superposed on

tances of superposition give

Translated distance 0

Outrunning distance 6200

The smallest distance

r ~ 2000 ft, but for all practical purposes the one generated at G.Z. may
p

be considered the first to outrun in Soil C.

3.4.1 Outrunning or phasing of shocks. In view of the preceding discuss­

ions in Sections 3.3.1 - 3.3.3, it is apparent that a precise determination

of the distance at which the disturbance will arrive simultaneously with

the blast front involves specific knowledge of the seismic properties of

the ground as well as reliable knowledge of the magnitude and type of the

nuclear burst. For these reasons it is difficult to predict the phasing

of the seismic, initially upwards shocks with the downward slap due to the

blast front. Consequently rather arbitrary phasings are usually assumed,
+

ranging from leads and lags up to one third of the duration D of the posi­
p

tive phase of the overpressure.

A few pointers are given by Reference 3.2 in regard to the over­

pressure p 'at which outrunning or zero phasing of the G.Z. induced mo­
so

tion will occur in a homogeneous soil of seismic velocity c. The informa-

tion relates to the range of overpressures from 200 psi upwards and is:

outrunning will occur at 318 psi which

2

Pso ' ~ [280cfps1
Thus, for a soil with c = 5000 fps,

for c ~ 4000 fps (3.11)

.. 5160 ft.

corresponds to a blast front radius,Equation (3.8» of

1 1 1

4.3 x 104 w3 p:02 ~ 2.4 x 10
3 w3r r "',

o p

Therefore if W.. 10 MT, r
o
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Since soils are seldom homogeneous, and since an equivalent seismic

velocity for several layers is almost impossible to estimate, the above

~lc1.!}.~t~?I1~_beco~~~:Er.!mpreCis~for actual soi I conditions.

Only minor seismic effects are transmitted ahead of the blast front

by the dilatational waves, but major seismic effects will result when the

shear waves are outrunning the blast front. Thus at the 300 psi over­

pressure level the shear wave velocity,c ,will have to be approximately
s

5000 fps which means that the dilatational wave velocity must be close to

10,000 fps. Therefore this situation will seldom occur in ordinary soils.

At the 1000 psi overpressure level dilata~~~n~~_?~~ru~~~ngwill

occur if

c ~~ 280 l1000 = 9,200 fps

and if c ~ 18,000 fpsJshear wave ou~~~~~L~g will take place. This requires

a very hard rock medium.

The phasing or time differential ~t between the outrunning seismic

wave and the blast front at a target located at distance,r ,from G.Z. is
p

given approximately by Reference 3.7 and reads

0.024 W-l!2 r (l)2.5 _ (~)2.5l r - r
lit

p 0 seconds O. 12)"-'
L 1000 1000 J c

Thus if W = 10 MT; r = 5,160 ft; and r 8,000 ft.
0 p

LIt A. 0.011 (8
2

•
5 O. 77 sec.

The dilatational wave therefore will arrive 0.77 seconds ahead of the blast.

The corresponding overpressure at 8000 ft. will be

= 4.65 x 109 R-2 = 72.7 psi

The shear wave in a medium with c /V 5000 fps, i.e.,with c ;::;.-. 10,000
s

fps also will have ~t = 0.77 sec. The duration of the positive phase of the

overpressure for a 10 MT burst is found from Brode's Figure 24 in Reference

3.1 to be about 2.15 seconds. Accordingly the numerical example will have a

phasing time of about one third of the positive overpressure duration.
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3.5 Ground Motion Quantities

3.5.1 Motion of free-field particles. The propagational velocities of

seismic disturbances in elastic half spaces are independent of the stress

levels, but in real half spaces or soils the moduli of elasticity vary with

stress and thereby make thepropagational speeds variant even within each

stratum. If the moduli usually decrease with stress, the propagational

speeds are reduced and the seismic wave travel curves therefore will over­

estimate the distances traveled.

The intensities of seismic disturbances generated and propagated in

layered elastic half spaces are amenable to closed form solutions by a

very involved rational analysis. In real half spaces or soils, especially

near the surface as well as further down for high stress levels, the be­

havior of the media, is far from elastic, making a rational approach very

difficult. Accordingly the knowledge of seismic intensities stems almost

wholly from empirical data.

Since nearly all field tests relate to small scale events, many of

which were carried out by high explosives, H. E., the accumulated body of

empirical knowledge must be normalized or referred to scaled parameters.

The conversion factors for relating free field motions resulting from H E

tests to those from nuclear test:; are very uncertain, being in the order

of 20 percent, and similarly the conversion factors from fully contained

bursts to surface bursts, which are in the order of 2 to 5 percent, are

also open to serious question. Accordingly a relatively large uncert?in~

is pr~sent_ in~!..ffi~!i~_~~~_~__ gr_eal: deal of the t~_~.!-9~_~.~.

The free field motion of a particle located in or on the surface of a

half space is completely defined by its radial, tangential, and circumfer­

ential components of either an acceleration, or a velocity, or a displace­

ment time record. However, such a record is invariably complicated and

difficult to describe and normalize. Therefore only the most pertinent

measurements are considered, name:ly the peak acceleration, peak velocity

and peak displacement. If these three quantities are known then it is

assumed that the free field intensity is defined sufficiently well for

practical purposes, in other words, the time element defining the shape of

the motion is left out.



3.5.1.1 Compatibility criterion. A necessary criterion for the relation­

ship or compatibility of peak acceleration a, peak velocity v, and peak

displacement d will now be stated, namely

2
ad?:::. v 0.13)

A simple demonstration of this necessary but not sufficient criterion

for compatibility of a, v, and d can be shown as follows:

Assume a symmetrical triangular velocity pulse of peak value v and

duration T as shown in Figure 3.20.

v

!
~

T

-_./~ -- ---

FIGURE 3.20

Since T
l

= T
2

= TI2 the slopes or accelerations are constants with values

of ~ 2 vlT and the final displacement is a peak value and equal to v T/2.

Accordingly

a d
1

2 vi I'v Til'TI' -2-
2

v

Now if T
l

~ T
2

then the peak acceleration corresponding to the smaller

value of T will be larger than 2 vlT while the peak displacement remains

v'f'/2. Therefore if T 1 ~ T 2

a d I:1
It may therefore be said that even the smallest imaginable asymmetry

or skewness of the triangular velocity pulse will make
2

ad> v

The same reasoning can be applied to differently shaped but symmetri­

cal velocity pulses, and the general observation can be made that a, v, and

d are not compatible unless ad:> v
2

• In nearly all field tests this in­

equality is considerable.
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directly transmitted ground motion, including outrunning of

blast front

The following types of free field ground motions wi 11 be di scussed

briefly:

1.

2. air blast induced motion

a. superseismic or air shock wave

b. subseismic air shock wave, outrunning ground shock

a
r

3.5.2 Directly transmitted ground motions. Using the results of the con­

tained nuclear explosive tests in tuff from Rainier Shot of Operation

Plumbob as a basis for extrapol~ltion, Newmark, Reference 3.7 found that the

maximum peak radial acceleration,a ,can be represented by
r

4
2300 g (~~) (100 ft)

1 KT R

where R = radial distance from C. Z. Furthermore, taking into account the

a, v, and d compatibility criterion as well as results from other sources]

the following expression has been devised:

'J 5/6 100 ft 3.5
ar = 1600 g (rKT) (R)

Employing the highly conjectural equivalence or conversion factor of

5 percent to convert from a fully contained explosion to a surface explosion,

and relating the yield to an MT basis and the distance, R,to kilofeet, it is

found that for Rainier tuff:

, " w 5/6
(1000 ft)

3.5
---/~ a 13 g (1 MT)/ r R

r/" or

a 13 w5/ 6 R-J• 5
g'Sr

It is to be kept in mind t':lat the above _e.~J2r~~_~l?_n__~Jor_ a particu­

la.!._medi~~...!.__c:: tuff, with a seismic dilatational velocity, c,of a~~u~,,~OO~

fps. Elementary considerations indicate that the particle acceleration~n

2
a medium should be proportional to c. Making this assumption Newmark

" .....
Reference 3. 7 found that the rep:resentation of peak values of radial accel- ","""

eration, velocity, and displacem(:nt on a log-log plot with distance, or

wi th scaled slant range R, requi:~es a bi-linear plot in which the lineari ty
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transition occurs at the scaled slant range of 2.5 kilofeet, i.e.

R = 2.5 wI
/
3

with W expressed in MT. Using c in kilofeet per second the

representation is

For R .e::::. 2.5 WI / 3 kilofeet

0.4 wS/ 6 R-3• 5 2 in g'sa cr
(3.l4a)

v 12 WS/ 6 R- 2• S
c in inches/secr

d 4 wS/ 6 R-l. S in inchesr

But for R ~ 2.S wl / 3 kilofeet a slower rate of attenuation must be used,

namely

0.081 wl / 4 R- l • 75 2 ina c g'sr

v 4.8 wl/2 R-l. 5 c in inches/sec O. I4b)r

d 3.2 W3/ 4 R- L25 in inchesr

These relations of a , v , and d satisfy the compatibility relationships,
r r r

Equation (3.14) so that for the close in representation (Equations 3.l4a)

1.6 g W5/ 3 R-5 c2 = 620 W5/ 3R- S c2 ;>144 W5/ 3 R- 5 c2

and for the further out representation (Equations 3.l4b)

0.26 g W -3 2R c

In both cases the left side to right side ratio of the inequality is

4.3, indicating that considerable asymmetry is present in the velocity-time

relationship or that peakedness is present in the acceleration-time rela­

tionship.

The above relationships of a ,v ,d with R are plotted in Figuresr r r
3.21, 3.22, and 3.23.

3.5.2.1 Comparison of expressions. It is of interest to compare Ne~mark's

representation ~ith recently published results by Stanford Research Insti­

tute (SRI), Reference 3.3. Since the SRI data relates to contained shots

the use of conversion factors will be required. Moreover, most of the SRI

reported data was obtained from small detonations.
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in kft/sec

10

Reference 3.3
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Velocities of Ground, Scaled to 1 MT Yield I

Equations 3.14a and b '
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Peak Displacement cue to Crater Induced Shock at Locations
R from G.Z., Scaled to 1 MT, Equations 3.14a and b

Displacements are independent of values of c.
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Figures 3.24 and 3.25 show the SRI results for four media replotted

from the reference to the same scale as the Newmark expressions. Confining

the attention to the tuff found at Nevada Test Site, i.e. Rainier tuff,

and assigning the seismic velocity value of 6 kft/sec to this medium, it is

found that at the transitional slant range of 2.5 W1/ 3 kft the results are:

Newmark

a 0.6 g (Fig. 3.21)r

v 7.2 in/sec (Fig. 3.22)r

d LO inches (Fig. 3.23)r

SRI

75 in/sec

8.0 inches

(Fig. 3.24)

(Fig. 3.25)

Since Newmark's representations (Equations 3.l4a,b) give identical

values of a ,v and d at R = 2.5 kft., the scaling relationship of yield)r r r

which is wl/~ offers two possibilities of inferring the value of the

(surface shot)/(contained shot) equivalence yield factor, namelY,either by

scaling up Newmark's results or by scaling down the SRI results. Let the

equivalence factor be denoted by a, then a yield of a MT(contained) pro­

duces the same effect as 1 MT on the surface. Scaling up Newmark's results,

Figure 3.22, to give the SRI value of 75 inches/sec it is seen that the

slant range must be reduced from 2,5 kft to about I kft. The yield must

then be increased from 1 MT to (2.5/1)3 MT or 15.6 MT from which a is in­

ferred to be 1/15.6 or 0.064. By scaling down the SRI results, to give the

Newmark velocity value of 7.2 inches/sec, Figure 3.24, the slant range must

be increased to about 14 kft. The yield must therefore be reduced to (2i1)3
MT or to 0.0057 MT from which a is inferred to be 0.0057. This seemingly

poor agreement of a with 0.064 is not unexpected, considering the small

scale tests from which the curves have been drawn.

A similar scaling up of Newmark's displacements gives an a value of

0.018, and a scaling down of SRI data gives a = 0.021, an almost 'perfect

agreement considering the sensitivity of a with the third power of R.

In spite of the relatively unsatisfactory agreement between the New­

mark expressions and the SRI reference it is recommended that the curves in

Figures 3.21, 3.22 and 3.23 be used for determining peak free field inten­

sities of directly transmitted ground motions originating from GZ of a
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surface burst. Some caution should be sounded in regard to applying the

curves to outrunning at the surface where the free field is considerably

modified by the medium's inabiHty to act in tension. Since the curves

3.21 and 3.22 relate to soils which have a single seismic velocity, the

surface layering commonly found may also modify the intensities consider­

ably. In short, E'igu~_es 3. 21 ,.l~3_~_ an<!_~~c8:~E_~_~~_.exp~g~~~LJ::C? giye_

much mo.!~_~~~_~:r:~.cy'_.!:ha.~_~!!~ __~<?!!.~_~! __C1!E_~!_.-Ei_~~_8.1!!-t..':l~_e._ o~._~!"~.e:Ji.e!d i n­

tensity.

3.5.3 Air blast induced ground motions. These motions originate contin­

ually at the air blast front as initially downward disturbances. They are

very sensitive to the near surface elasto-plastic and/or elasto-locking

properties of the soil.

3.5.3.1 Superseismic or direct downward slap from blast front. The de­

scending compressional wave due to the traveling blast front is referred to

as the direct downward slap, and it is by all counts the most important

disturbance occurring near the surface at overpressure levels below 1000

psi.

A simplified one dimensional theory of the dynamic vertical displace­

ments has been developed in Refe::ence 3.2. It is based on the inelastic

behavior of soil and involves the consideration of a linearized stress

strain curve as shown in Figure :1.26. The initial tangent modulus of de­

formation M. is assumed to govern the propagational velocity c. of the
1 1

initial part of the wave front,i.e.

2
c.

1

M.
1

= - (3.l5)

The peak strain or the peak of the wave front is propagated at a lower

velocity c given by
p

2
c

P

M
= ...£

f
0.16)

and the unloading strain part of the disturbance has a velocity related to

M Secant Modulus of the loading curve to the peak stress value
p

M • Secant Modulus of the unloading curve
r
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Figures 3.27a and b show the two stress wave fronts in a layered

medium for the comparatively close in situation where U is superseismic,

and for the far~her out where U is subseismic with respect to the dilata­

tional wave velocity,c.

The problem of assigning meaningful values to c. and c iscomplicat-
1 p

ed by the fact that the stress strain curve of most soils is affected by

the rate of loading as indicated schematically in Figure 3.28. Stanley D.

Wilson and Earl A. Sibley in Reference 3.5, show, on a semi-logarithmic

plot, Figure 3.29, the experimentally obtained tangent moduli of deforma­

tion of a Playa silt when the medium is loaded in two confined conditions

characterized by the lateral to axial stress ratio,y. The scatter for slow

and for fast loading was considerable, but the slow loading results fell

primarily in the left half of the band, the fast loading results fell to

the right, and the medium loading along the median of the band. When the

medium is vibrated in the two confined conditions a somewhat small range of

results is obtained. Finally for the situation where the modulus is com­

puted from a seismic velocity sur~ey the discontinuous curve is obtained.

The numerical range of the modulus is seen to be very large, at the sur­

face from 6,000 to 60,000 psi, and at the 200 ft. level from 15,000 to

200,000 psi. To these moduli correspond computed propagational velocity

ranges of 500 to 1500 fps at the surface, and 780-2800 fps at the 200 ft.

level for a soil weighing 115 pouads per cubic foot. Since the degree of

saturation as well as the overburden stress will also affect the moduli,

only a general conclusion can be made, namely that:

M >-seismic M ib . 1'> M t .v ratlJna s atlc

and from this it follows that the seismic velocity c will be larger than

the initial stress front velocity,c i ; and c i will be larger than the peak

stress front veloci ty ,cpo Moreover, cp may be assumed to be about equal" ..

to the veloci ty computed for the vibrational tests; it is defini tely larger""",,,
~"

than the nominal velocity computed from the M values of the essentially

!?tatic tests.
r'

Reference 3.2 in Figure 3.3 ') shows a suggested variation of c. and
1

c with depth and the resulting arrival times of these two wave fronts at
p



FIGURE 3.29 SUMMARY OF LABORATORY TEST RESULTS REFERENCE 3.5
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the various depths. It is seen that at depths greater than 100 ft. ~ the

propagational velocities are about equal and the wave fronts will occur a

constant time interval apart, about 20 milliseconds. Due to this phenom­

enon of different values of c. and c near the surface, the extremely steep
. 1 P

front of the blast wave at the surface will become considerably less steep

below the surface; eventually it will approach a rise time of about 20

milliseconds. This in turn meanB that the particle accelerations and

velocities below the surface wi1:L be greatly reduced with respect to their

surface magnitudes.

Attenuation of the vertical stress with depth has been formulated em­

pirically in Reference 3.2 as a result of both the spatial dispersion and

the inelastic behavior of the medium. It is described by an empirical at~

tenuation factor a, so that the peak vertical stress c{ at a level z below
z z

the surface is given by

<5
z

in which

a
z

..---z1 ~.­
Lw

o. 17)

and 1 1

L
w

23CO P - 2 w3 ft with W expressed in MTso .

Reference 3.2 also gives Figure 3.31 from which a can be found for anyz
depth up to 2000 ft. at a given yield and overpressure.

It is obvious that many parameters will enter into the problem of free

field intensities due to blast wave slap on layered soils, and even by ex­

pending considerable effort it is at best possible to be certain only of the

order of magnitude. The following expressions from Reference 3.2 ~

therefore presented only as a rough means of obtaining, with small effort,

an idea of the magnitudes of the free field motions. They represent the

considered judgment of the authors of the reference.

The recommended expressions for a ,v and dare:v v v
Peak downward acceleration at~.!!!.~~~f~ce

avs - l.5pso
-1c

p
in gls

95

(3. 18)
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Peak downward acceleration at depth ~_

with

avz 5 X 10·3 -1
Pso z a z in g's (3. 19)

p in psi; c in kft/sec, taken at the surface; and z in kft.so p

The peak horizontal acceleration is commonly assumed to be equal to the

peak vertical acceleration.

This is causedIt is seen that a is not equal to a at zero depth.vz vs
by a very rapid attenuation of aece1eration, mainly due to c.

1

consequent rise time increase that occurs in a very thin layer

surface. The rise time of stresB for a depth z is given by

~> c and a
p

near the

fo

dz
(ci)z

If cp and c
i

are constant from the surface to depth,z, the rise time is

simply

t =r
z

C
P

z
C.

1

(3.20)

Peak downward ve10ci ty at the sUI'face and at depth z

vvz 0.5 pso
··1c

p
az

inches/sec. 0.21)

The peak horizontal velocity is commonly taken at 2/3 of v •vz

For preliminary estimates.2.L.8J'.~nddisplacements the following expressions

from Reference 3.2 may be used for 8, homogeneous soi 1 weighi ~~__~}_~.....E£f.~

}h~p..§!_~.. downward e.!:i!stic disp1acement_~~~rJg,~!':l is expressed by

d • 0 9 P 1/2 c -1 wl / 3 inches (3.22)
vse • so r

in which Cr is an average seismic velocity defined by

c
r

2 see Figure 3.26

The approximate downward residual displacement at the surface as related

to tests at the Nevada Test Site (N.T.S.) is given by

d "'"vsr

pso· 40

30
·2c

a

97

inches 0.23)



in which

c is the surface seismic velocity in kft/sec.
o

At N.T.S. the use of c = 1 kft/sec gives an upper bound to the surface
o

residual displacements, moreover this means that no residual displacement

at the surface will occur for p ~ 40 pSi, and also that the total peak
so -

displacement at the surface is d + d •
vse vsr

The approximate value of the residual downward displacement at a deptI::L~'

is expressed by

wi th

dvzr
;vd

vsr
z

(I - 100 ft) inches 0.24)

z

z

z ft for 0 ~ Z ~ 100 ft

100 ft for z ~ 100 ft

This means that no residual relative displacements will occur below 100 ft.

The approximate value of the downward elastic component of tb~!"~J,.a,ti,,~__

displacement between the surface and a point at depth,z,is expressed by

M vze
z

100
inches 0.25)

The two numerical values given in the parentheses reflect the uncertainty

of this expression.

A reasonable __e~~i_~~_t~_~~e maximum_ye!."_ti~aL_dis2}~~_e_m~_n!_ CIt a_point,~, is

(d) - d - 6d + dvz max '" vse vze vzr
0.26)

It should be remembered that expressions (3.22) - (3.26) are based

on the N. To S. limi ted number of experiments and on a soil densi~__ll,5.

pc£. A correction for soi Is of densi ty, f ,can be made by multiplying all

c values by ~ f/115.

Horizontal displacements are not obtainable by the one dimensional theory.

Currently two dimensional models are being studied by several investigators.

Until more information becomes available it is suggested that

be taken as

98
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The above equations will usually lead to conservative estimates of the

ground displacement since the soil stiffness increases significantly with

depth. This will decrease the vertical displacements near the surface.

Appendix E discusses an al tern,:ite static procedure for estimating the

ground displacements accounting Eor increase in stiffness of the soil with

depth. Subsection 3.5.4 outline:; a more accurate procedure for calculating

displacements on an incremental ")asi8.

Example 3.14

Assume a 10 MT yield and P:so = 300 psi; moreover let

c = 2.5; c. = 2.0, c
1 P

c
o

1.0, c = 1.5 kft/sec =
r

f g = 115 pcf

1
-2 (c. + c )

1 P

Then from Equation (3.17) the attenuation is

L 2300 x 300- l /:! 101/ 3 = 2300 2.16..
x 17.3w

287
0,2 = 287 + z

Giving:

287 ft.

z = 10

a = .965z

30

.905

60

.827

100

.741

200

.589

500

.364

ft

Peak vertical acceleration at the surface, downward from Equation (3.18) is

a ...
vs

450 x 1-1 = 450 in g units

Peak vertical acceleration at z ft. below the surface from Equation (3.19)

is

az

Giving

a co
vz 5 X 10-3 -1

Pf:O Z az in g units

1.5 z

z 10

l45g

30

45g

60

2lg

100

11g

200

4.4g

500

1.lg

ft

Note that the acceleration decree,ses from 450g to 145g in the top 10 feet

of soi 1.



Example 3.14 (continued)

Peak vertical velocity at z ft. below surface from Equation (3.21) is

v
z

150 x 1-1 a in/sec
z

500 ft.

54 in/sec

Giving

z

vvz

..

o
150

100

10

145

97

30

136

91

60

126

84

100

111

74

200

88

59 30 in/sec

15.3 inches

Peak vertical elastic displacement at surface, downlllard, from Equation

0.22) is
-1 101/3d .. 0.9 x 17.3 x 2.2 x ..

vse

Approximate residual dOlllnward displacement at the surface from Equation

0.23) is

dvsr

p - 40so
30 c

o
-2

Accordingly

d 8. 7 inches
vsr

(d ) = d + d = 15.3 + 8.7
vs max vse vsr 24 in.

Approximate residual downward displacement at depth z from Equation (3.24)

is

d
vzr

~'(

d (1 z). h
vsr - 100 ft lnc es

Giving

*z 9

d ... 8. 7
vzr

10

7.8

30

6.1

60

3.5

100

o
200

o
500

o
ft

inches

-2Using the average coefficient of 3.6 x 10 in Equation (3.25), the approx-

imate downward elastic relative displacement between the surface and at

depth z is

Giving

6d =
vze

-2 z
10.8 cr 100

z
4.8 100 inches

L'ldvze

10

0.48

30 60

1.44 2.90

100

100

4.8

200

4.8

500

4.8

ft

inches



Example 3.14 (continued)

Approximate peak downward di splac:ement at depth,z,according to Equation 0.26)
is

Cd ) = d - lid + d Ill: 15.3 - 6d + dvZ max vse vze vzr vze vzr

Giving

z 0 10 ~'O 60 100 200 500 ft

d 6d ... 15.3 14.8 13.9 12.4 10.5 10.5 10.5 inchesvse vze

d = 8. 7 7.8 6.1 3.5 0 0 0 inchesvzr

(dvz)max = 24.0 22.6 20.0 15.9 10.5 10.5 10.5 inches

Figure 3.32 shows plots of the gIound motion quantities for Example 3.14.

3.5.3.2 Subseismic air shock wave, outrunning of ground shock. As the

moving blast front expands it continues to send out seismic disturbances

which may outrun the blast front or arrive at a buried faCility before any

other disturbance if the layered medium's seismic velocities increase with

depth. The intensities and shapes of these outrunning motions are very

complicated and not well defined. In fact, the field records are extremely

difficult to interpret and describe in general by empirical means.

It may be assumed that the intensities of these motions will be com­

paratively low with respect to those resulting from the GZ disturbance and

from those due to t~e direct slap of the blast. They might be neglected

except for the fact that they tend to be alternating in characte~ and to

have a large upward component. Consequently they may excite appreciable

responses in shock mounted equipment whose frequencies are within their

periodic content. For want of a better description these disturbances are...............-..,-------- --_ ......_--,--_.. , .. --,.'.--.--'- ~._,--..._--~._-

~o~~~i_~es r(:l_~_~~:t:~d_~~ __~~__~ei~_~ __of-.!"~~~Tl1 __c!:tar~_~ter. At the present time

the field records of these motions are under study so as to obtain better

quantitative ideas of their upper bounds in terms of seismic and blast

parameters.

These motions are discussed in Subsection 3.6.2.3 in terms of ideal­

ized triangular waveforms and in ~iection 3.7.4 in terms of shock spectra.
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3.5.4 Discussion of vertical dynamic stress and displacement conditions.

One-dimensional soil model. So as to obtain an idea of the behavior

of the one-dimensional model of a soil acted upon by an instantaneously

applied and subsequently decaying surface pressure Figure 3.33 has been

drawn. It shows a superseismic case with a blast wave of constant velocity

U = 1.05 c
i

' and with a corresponding overpressure peak p traveling overso
the point P located at the depth h below the surface. At the instant shown,
the blast front is at the arbitrary location o. Reckoning time from the

instant when the overpressure peak was at 0, the initial and peak wave,
fronts are as indicated, and accordingly at time t l = (0 - O)/u the initial

wave front has just reached the point,P, the peak wave front has just ar­

rived at the 10cation,Q. The stress in the soil is plotted horizontally in

the vertical diagram as a function of depth. It is clear that the stress
"at a must be equal to the local overpressure, and that the peak of the

stress attenuated from p to 6 will be located at Q when the initialso 2:

wave front has just reached point P at the depth h.

The lower diagram is a time plot of the vertical stress at point P,

plotted vertically; the time scale beginning at t l runs from right to left.

The peak vertical stress p has been attenuated to d(' due to the waveso z
having traveled the vertical distance h-z; the peak occurs at the approx-

imate time t
l

+ ..l!.. h
c c.

P 1

Example 3.15

Assume a 5 MT burst and a 300 psi overpressure level.

Overpressure-time relation:~ The local variation of pressure with

time can be obtained from Brode':; curves, Figures 24 and 26 of Reference

3.1. From Figure 24 it is found that the positive duration D+ is 1.0 sec

for a 1 MT burst; D+ is therefor,; 1.0 x (5)1/3 = 1.7 sec for ~ 5 MT burst.
p

From Figure 26 of the reference an interpolation between the 200 and 500

psi curves for lip gives values of lip/lip for the normalized times
s s

(t - t )/D+
s p

]03
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Example 3.15 (continued)

+
.025 .050 .100 .150 .200 .250(t - t )/D .. 0

s P

6P/6ps 1.0 0.60 0.43 0.28 0.20 0.15 0.13

6p .. 300 180 130 84 60 45 39 psi

t - t .. 0 43 85 170 255 340 430 ms•s

300

200 -------+-~

----~--~ 178

50 100 150
t - t in milliseconds

II

200 250

F!GURI! 3.34

Figure 3.34 shows a plot of the (werpressure ~p = p against the actual
. so

time t t - t reckoned from thE! instant the blast front passes over
s

poi nt p.

Soil constants. A specialized study of vertical stress and dis­

placement cannot be made unless the site exploration has been carried out

c
p

readily be computed.

to give specific values of the propagational velocities c. and c as shown
1 p

in Figure 3.30. If it is assumed for simplicity that c. = 2 kft/sec and
1

= 1. 5 kft/sec then the locaticlns of the two wave fronts wi th time may

105



Example 3.15 (continued)

(3.28)d z

Stress distribution with location and time. Being guided by Figure

3.33, it is possible to construct the stress distribution with depth for

various locations and times of the blast front as shown in Figure 3.35.

The stress distribution with depth is assumed to be linear with a zero value

of stress at the wavefront and having the depth-attenuated value, C) , at
z

the wave peak; the stress at the surface is equal to the time-attenuated

overpressure as given by Figure 3.34.
-1/2 1/3Since L = 2300 p W = 220 ft , the peak vertical stress var-

w so
iation with depth z is expressed by

Pso
z

1 + 220

The numbers shown in parentheses in Figure 3.35 relate to time instants in

milliseconds from the arrival of air blast front at the surface. Moreover,

the stress distribution extending from the surface to 800 ft depth is close

to uniform and approximately equal to 55 psi when the time is 400 milli­

seconds. It is seen that as time goes on the initial wave front and the

peak wave front will occur further apart due to the simplifying assumption

of the c. and c being constant. This assumption of course is untenable
1 p

at low stresses and at great depths.

0.29)

Calculation of vertical displacement. The displacement is the summa­

tion of the strains € over the depth, using average values of coverz z
arbitrary increments 6 of depth. The increments of displacement 6d,

z
Reference 3.2, are computed for:

Increasing strain or stress from

6 vz
C

z
.. --2

f cp

6d € 6z
z

Decreasing strain or stress from

6 (l-k) + k a pvz p p z so
2r cp

,
€

Z

6d =
,

e 6z
z

106
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1

(ISO}
1
300

I
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\
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300

\
5 (continued) ressure or <Sz In psi lOa -lO

Example 3.1 OVerp a 2~00~-;'!r-/~r_111
1 _"""'\200

From Fig. 3.31
178 p~:i

300 psi
z

1 + 220

(50)

100

.~

~, ·1

~I
~150 ft

FIGUF:E 3.35
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Example 3.15 (continued)

in which

k
p

€
zr

=
€
zp

• residual strain/peak strain

for z S:- 100 ft ) k 0.3 (compressible overburden)
p

z >. 100 ft J k 0 (sound rock)
p

The k is taken equal to 0.3 since the overstress ratio exceeds three forp
*nearly the full depth of z = 100 ft. to "sound" rock.

To find the peak displacement at a given depth a displacement-time curve

must be constructed. For each instant of time it is necessary to:

Determine stress versus depth, Figure 3.34

Determine increment of displacement 6d in each 6Z, using the approp­

riate relation for either increasing or decreasing stress.

The displacement at a location Z is then equal to the sum of all displace­

ments occurring below the location. This provides one point on the dis­

placement-time curve at location z. Repetition of this at additional in­

stants of time will provide data for a complete displacement-time curve at

location z. Figure 3.35 shows such a complete displacement-time curve ex­

tending from the surface to 800 ft. depth.

Calculation of vertical residual displacement. The residual displace­

ment d is obtained from the curve of attenuated peak stress with depth and
r

from the soil properties.

Thus, k a Psop Z
€
zr 2rcp 0.31)

M € 6Z
r zr

The residual displacement at depth,z,is then the sum of the increments

occurring below that depth. The relative residual displacement between the

surface and z 100 ft. is the difference between the surface curve and the

100 ft. depth curve; it is shown in Figures 3.36 and 3.37, taken from

Reference 3.2.

It is apparent that very little elastic rebound occurs in the soil.
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Example 3.15 (continued)

6

00
(])

.c:
C)
c:....

Surface residual displacement

-_..~-~.~,---_ ....•..•... -,~'--"---'~

200160

at z = 100 ft

Surface
---~ /""-- "---

120
Time, millisec.

80
1

40

/,
i
!
I,

I
i
;J....-.-_._._---

2

4

FIGURE 3.36

6

/1
Relative /

referred to displ. at z

lJl
(])

..c
C)
c....

/
i------- ---------r- --- -- ----.-- "-

40 80

/
/

/

l

120
Time, mi1lisec.

Absolute

I

160

100 ft.

\

200

FIGURE 3.37
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(Partially
buried and

", surface
~t~ctures)

'""" "".

./ Overpressure decays with range
// travel veloci ty approaches sonic

3.6 Waveforms to Describe Ground Motions

In Sections 3.1 - 3.4 the ground motions were discussed quali tatively

and methods were given for estimating arrival times of different pulses at

various distances from ground zero. Seismic waves induced by the expanding

pressure front along the ground surface, and seismic waves that are directly

induced at ground zero were both considered for a contact surface burst.

In Figure 3.38 the regions where the crater induced motions and air blast

induced motions are significant are shown schematically. The ground motions

in region (1) may be a combination of the two motions if the crater induced

motions arrive simultaneously with the air blast induced motions. In re­

gion (2) the air blast induced motions are negligible compared to the crater

induced motion, and in region (3) the predominant motion is due to the air

blast.

\~
I,

{; ~

14/!----- J------ -clb--
I ! : i ! I : ! --- -

~ Z I!! II 'l ', I I ----. ~ IT "f1":"

~1; ;;~:i-~~ >~:-:~i ~h crat:;>a~;~n~3';:~i:~~~:h~C:-:,r-~7 .-- .u, w

~air blast motions ar7 large ~last i nduced mot~9r(s
"---'-. (Shallow buned structures) I ~_edominat_e--/

(2) - '-~

Region in which crater
induced motions predominate

(Deep buried structures)

FIGURE 3.38

The peak intensities of ground motion in these regions may be obtained

by the empirical relationships of Subsection 3.5. In Subsection 3.7 the

peak responses to these motions will be given in terms of shock spectra.
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Waveforms of input motions that result in spectra bounded by the shock

spectra envelope of Subsection 3.7 can be derived. It must be kept in

mind that in general it is possicle to devise many different pulses whose

peak responses will fall within the shock spectra envelope.

3.6.1 Combination of waveforms (phasing). Figure 3.38 indicates the three

regions where either air blast induced ground motions or crater induced

ground motions (or both) are predominant. The waveforms and phasings

(including phasing of horizontal and vertical components) will depend on

the characteristics of the region.

a. Region (J.): Crater and air blast induced motion on shallow

buried structure. In this region the air blast shock front (in free air)

is superseismic with respect to the top layers of the soil media and an

outrunning condition is not very probable. The arrival time charts in Sub­

section 3.2 - 3.4 define radial distances from ground zero when critically

refracted-reflected waves in the soil media arrive before the air blast

shock front. At close distances to ground zero the two effects that must

be considered are the air blast p'Jlse and the G.Z. induced pulse. The os­

Cillatory pulse either lags or is engulfed by the crater induced pulse as

it reaches the structure; usually it will not appear as a separate pulse.

A structure in soft soil near the ground surface underlain by very

hard material (rock or shale) may feel the simultaneous or near simultaneous

effects of the air blast pulse and the crater induced pulse (see Figure

3.36). If the arrival times of the two pulses are approximately the same

then the two waveforms should be applied to the structure (or equipment

support points if the structure m(wes with the free field) either in or

out of phase. Judgment must be u:;ed in determining the amount of phasing.

For example in Figure 3.39 the se'lsmic velocity of the rock is estimated to

vary between 8 kfps and 12 kfps.

If the average seismic velocity of 10 kfps gives a simultaneous ar­

rival of the two pulses, then it flliSt be assumed that the crater induced

pulse can lead (+ ~t) or lag (- ~1:) the air blast induced pulse by
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If 8 kfps seismic velocity gives a simultaneous arrival then it might be

assumed that the crater induced pulse can lead or be in phase with the air

blast induced pulse.

In addition to the phasing of the two pulses, each pulse will induce

a horizontal and a vertical motion of the structure which may be out of

phase. Time phasing of the horizontal and vertical components must be ar­

bitrarily estimated when the structure is assumed to move with the ground.

The lead or lag of the horizontal component will not exceed the transit

time across the longest dimension L of the structure.

+ L
= c

l

b. Region (2): Crater induced motions on deeply buried structures.

In this region it is customary to assume that the velocity pulses are tri­

angular with complete return, see Figure 3.40. Equations (3.l4a) and

(3.l4b) may be used for obtaining the maximum velocity V of Figure 3.40.max
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c. Region (3): Crater induced motions are negligible. The air blast

shock front velocity may be supeIseismic with respect to the surface soil

layer but subseismic with respect to lower soil layers. The blast slap com­

ponent and the oscillatory component of the ground motions may both be im­

portant, and phasing should be ccnsidered. This is described in Subsection

3.6.2.3. The crater induced motions are assumed to have attenuated to a

negligible amount.

3.6.2 Seecific waveforms. Many trial cases have shown that the shape of

a veloci ty pulse, be ita sine, ~I parabolic, a square, or a trapezoidal

function of time, does not significantly affect the response of most sys­

tems. The time duration (td) and a cyclic nature of the pulse, however,

are the two major factors that affect the response of soft shock isolation

systems. For a satisfactory design of a shock isolation system, a group

of pulses may therefore have to be used in order to vary these critical

parameters so as to determine thE! sensi tivi ty of the system's response to

these variations. Rather than attempting to develop a unique pulse for a

given design requirement it is more expedient to estimate the range of

values of the significant parameters of assumed pulse shapes for given soil

characteristics, burial depth, and peak intensities of ground motions. Wave­

forms and their significant paran~ters are defined and illustrated in the

following sections.

3.6.2.1 Waveforms due to blast Blap. Figure 3.40 has been drawn in order

to get a comprehensive picture of the time elements involved in the peak

intensities already expressed in Subsection 3.5 by Equations (3.18) to

0.22). Diagram (a) shows the overpressure time relationship, for the pos-
+

i tive overpressure Duration D and for the speci fic overpressure of 300 psi,
p

Reference 3. L The corresponding distances to ground zero and the values
+ 3

of D are indicated for a 10 MT. 1 MT, and 1 KT burst. The positive im­
p

pulses I ascribable to the overpressures are expressed by
p

(
103

1 1 \ 312 psi-sec for MT burst

I 1.8 pso'r.; -fl.2 psi-sec for 1 MT (3.32)
P

3.12 psi-sec for 1 KT
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and the corresponding time values t
i

of a triangular pressure distribution

giving an equivalent impulse are E!xpressed by:

(3.33 )

1 1

t "'3.7 -2 w3
iPso

r:i. 1 seconds for 10
3

MT burst

1Ct.21 seconds for 1 MT

l Ct.02l seconds for 1 KT

The time duration of the negative overpressure 0 is very long compared to
+ + P

D ; it is from 8 to 12 times D • Moreover, the peak value of the negativep p
overpressure is very small comparE!d to that of the positive. The negative

overpressure phase is therefore miually neglected and diagram (b) shows

the equivalent triangular representation of the surface pressure.

It is seen that the preSSUrE! rise time in diagram (b) is zero. Be-

low the surface, due to different travel velocities c. > c of the initial
1" p

and the peak pressure fronts, the peak front will lag behind the initial

front, Equation (3.20) by the riSE! time

t
r

z z--
C c.

P 1

Moreover, the peak pressure will attenuate in accordance with Equation

0.17) as it descends into the medium. This situation is shown in diagrams

(c) for increasing depths in the ~~ound. The actual data relate to the

numerical values in Section 3.5.3.1.

Figure 3.41 shows a lineari2:ed overpressure-time curve for given

depths as well as a linearized velocity-time curve. Since according to

Equation (3.21) the peak velocity is proportional to the overpressure, the

triangular velocity distribution is considered to have for its maximum the

attenuated value of v • The velocity rise time t and the positive
max + r

velocity pulse duration t must then be adjusted by the fact that the

values of a ,v ,and (d) ,(based on impulse considerations andvz vz vz max
given by Equations (3.19), (3.21) and (3.26» must be made compatible with

the triangular veloci ty-time diagram itself. Thi s gives:

vvzt = --r avz

2 d
+ vzt ... ---vvz

LIS

0.34)

0.35)
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The corresponding acceleration-time and displacement-time diagrams have

also been drawn in Figure 3.41 for the case of the basic velocity pulse

with zero return of displacement.

Figure 3.42 shows in the first diagram the triangular, basic velocity

pulse and indicates that n+ is very much longer than t+. Just what happens
+ p

when t is longer than t is not well known, but it is obvious that in all

cases where elastic action occurs the displacement must eventually be re­

duced to zero. Therefore in the second diagram, representing the displace­

ment, common sense assumptions ha~e been made about the return displacement

time, one of which reduces it parabolically from d to zero in the time
max

interval 2 t+ and the other in the time interval 3 t+. The corresponding

linear velocity diagrams and block acceleration diagrams are shown for a

complete return velocity pulse.

Since the behavior of the s"il is not linear and will exhibit per­

manent displacements Figure 3.43;hows the velocity and displacement pulses

for:

Full retu:m d -0

Partial
I drl:!turn d--6 max

Partial rl:!turn d--
2 d3" max

No return d EO dmax

It is seen that all the triangular velocity pulses correspond to

parabolic displacement pulses having slope continuity and to block accel­

eration pulses. For many applications the slope discol1tinuities in the

velocity pulses are acceptable, but in some instances, especially when ex­

citations of high frequency components are of importance, the assumed velo­

city pulses should possess slope continuity. This can be accomplished by

resorting to employ several types of velocity waveforms.

As previously stated, since the shape of the pulse is not very im­

portant, either a sine function o)~ a parabolic function may be used. Hence­

forth combinations of sine functions are used to define the assumed wave­

forms.
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FIGURE 3.44

Time

Figure 3. 44 r@pre!'u~nt~ a typical pulse and, is defined by the follow­

ing functions:

v Vmax
IT t

sin '2'"t"
r

(3.36)

v

r +
0.5 I 1 (

t - t )v
':

- cos IT
max +

l .. t - t
r

+t::< t<t
r

The velocity pulse is therefore defined in terms of the rise time, t ,and
+ r

the positive phase duration, t. The rise time is easily calculated since

the initial slope of the velocity pulse is equal to the peak acceleration,

a
max.

amax

ITVmax
2 tt

. (3.37)

giving

t
r

The positive phase

V
IT ( max)

= '2 a
max

+
duration, t , cannot be taken as the overpressure

positive phase duration since the analytic expression assumed for the velo­

city pulse is different from that of the overpressure pulse. The positive

phase duration for the assumed shape of the velocity pulse can be calculat­

ed by equating the area under the velocity pulse to the peak ground
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displacement, d •
max

i
t
r(

d = IV
max I maxo .

sin ~ -t.: dt +
2 t rJ f

t+

0.5 V
max

t
r

I - cos TT dt

+
which yields for t the expression

2 d t
max _ -! (4 _ TT)

v ITmax

2 d
max

vmax
0.38)

Equation (3.38) is consistent with the peak intensities given by Equations

0.19),0.21) and 0.26).

It is instructive at this point to show the acceleration and dis­

placement pulse, see Figure 3.45.

s::
.S t"
.j.J .

t\:l.
~I
<ll

....... l
<lll
°1
~!

- t ­r

a
max

-: t
r

Time

+t- ...-,

(a)
Acceleration Pulse

+
i-<. t
I

(b)
Displacement Pulse

FIGURE 3.45

Mathematically, the maximum acceleration will occur instantaneously,

or practically during the initial rise of the velocity pulse (Figure 3.45a);

this is expected from the nature of the overpressure pulse. The displace­

ment pulse (Figure 3.45b) rises to a peak value of (v /2)(t+ + 0.27 t )
max r

at the termination of the positive velocity pulse. In most real situations

there will be some ground recovery, and the amount will depend upon the

type of soil and ground motion intensities. At very low overpressures and

regions near the surface (Region 3 of Figure 3.38) the motion will

In



0.39)

be essentially elastic (full ground recovery). The same is also true for

deeply buried structures where the medium is a firm rock that behaves

elastically. In Region 1, of Figure 3.38, the soil behavior may be approx­

imated by an elastic-plastic stress-strain relationship, and some permanent

deformation can be expected (on the order of 1/6 to 1/3 the peak displace­

ment) •

The ground recovery is very important in the design of soft isolation

systems, because)if the ground displacement resembles a half cycle pulse of

duration,td , then the response may be significantly amplified if t d is

close to the half period,T/2,of the isolation system. Unfortunately, the
+

recovering ground displacement during the time (td - t ) cannot be computed

with satisfactory confidence. Judgment places the duration
+

of this motion from 2 to 4 times the positive phase duration,t ,of the

velocity pulse. Thus, it can be assumed that t
d

falls between the limits

1 + 1 +
22" t <::: t d -< Sf t

Figure 3.45 will have to be modified to account for the recovering

displacement of the soil. This can be done by adding a negative velocity

pulse following the end of the positive velocity pulse, see Figure 3.46.

~ ii'/'.j.J ,

.,-.t I,,'() ,
o '
M!
(1) ;

:>i
I
Jl-- -- -~-------

I
I

1-< t
! r

~-------
J........ -

v
max

+t -,

t ---­
I

FIGURE 3.46

The precise shape of this negative pulse i~ not too important, but

its time duration t and maximum negative velocity, v , will, d' neg max

122



determine the amount of recovery. Limits on t d have been defined by

Equation (3.39). The negative velocity peak will be less than v andmax
may vary between 0.25 v and 0.5 v •max max

vneg max

r 0.25 v
! max

"
1 0.5 v'- max

0.40)

For 100 percent ground recovery the area under the negative velocity

pulse is equal to the area under the positive pulse. This gives all the

conditions necessary to define a pulse with or without ground recovery

provided that a definite shape, such as a trigonometric~is adopted.

The positive portion of the pulse has been defined in terms of a sine

(or versed sine) function, EquatiJns (3.36 - 3.38). We can similarly de­

fine the negative portion in terms of sine functions and stipulate that the

area of the negative portion of the velocity pulse must be equal to the

recovery displacement.

(3.41)

where

d+ peak positive displacement

d- recovery displac·:!ment

13 = ratio of recovery displacement to positive displacement

O. e. if the gro1Jnd has 100 percent ground recovery

13 = 1. 0)
+

The velocity pulse between t and t l (the time to reach peak negative

velocity) may be defined by the f,)l1owing equation:

v - 0.5 v neg
1 - cos TT ( t - t ++) J

t l - t
0.42)

and the portion between t
l

and t d by:

v - 0.5 v
neg

r t - t
di 1 _ cos TT ( )

t d - t l

1.23

(3.43)



(

The terms in the above two equations have all been defined except for

the time,t l . A reasonable assumption is to let the ratio

+
t l - t

(+ )
t - t r

be proportional to the ratio

v
neg max)

v •
max

Then
v

( neg max) (t+ _ t ) + t+
V rmax

(3.44)

and the area under the velocity pulse Equations (3.42 and 3.43) will define

t d or v ,whichever is assumed to be the dependent variable. Finally weneg
write:

d

+
t d - t

v (2 )neg (3.45)

Example 3. 16

Given: At a specified burial depth the peak ground motions due to the air

blast are:

a = 50 gmax

v 67 in/secmax

d 10 inches
max

the permanent residual displacement is estimated to be 25 percent of the

peak transient displacement.

From Equation (3.37) the rise time is calculated:

3.14 (67 )
-2- 50 x 386 0.0053 sec

The positive phase duration Is calculated from Equation (3.38)

2 (lQ) _ 0.0053 ( 4 _ 3.14 )
67 3.14

0.3 - .0015 = 0.2985

124
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Equations

Example 3.16 (continued)

Assume that t d 4 t+ from assumption of Equation (3.39)

t d ... 1.2 sec.

From Equation (3.40)

d- 0.75 d+ 7.5 inches

(3.44) and (3.45) establish v and t
1neg

v =neg
2 (7.5)

L 2 - 0.3 16.7 in/sec

( 1~/ ) (0.3) + 0.3 0.375 sec.

Figure 3.47 shows the \oiavef:>rm for the given example. It is desir­

able to vary the negative portion of this pulse and use t\oiO or more pulses.

recovery

~
i
>,
.l.J

, .....
, C)

o
...-t
(j)
:>

i\ infsee

\

(" Pulse wi th
) no ground

recovery

,
, (- Pulse wi th 75 percent ground recovery

\ \\, (,PUlSe with 100 percent ground

0.90 1.20

.0056 -s~:-~:6>-~\f:\:-~ \ ,- __ /~~~~_Im__ ,
, T\-- -. / Time

r-- 0.30 sec;.J i' J -33 i n[,.sec
I O. 375 sec '~l \ \ /1 /

1- 0.45 see " f
I tc-~--

FIGURE 3.47
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Example 3.16 (continued)

For example another pulse that might be considered feasible should have

full ground recovery and a time duration of 3 t
d

(this would be applicable

for a firm soil that remains essentially elastic during the specified

ground motion). The negative portion of the pulse is then defined by the

following parameters.

vneg
=

2 (10)
=

0.9 - 0.3 33.3 in/sec

= ( 33.3. )
67 (0.3) + 0.3 = 0.45 sec

This pulse is shown in dashed lines in Figure 3.47. To bound the possible

real situation a pulse with positive phase only could be used as an ex­

treme condition simulating a soil that is fully plastic (no displacement

recovery) .

3.6.2.2 Crater or G.Z. induced waveforms. A contact surface burst will

generate seismic disturbances and propagate stress wave from ground zero.

Empirical relationships have been derived (see Section 3.5) relating peak

displacement, velocity and acceleration to radial distance, weapon size

and seismic properties of the media. The arrival time at any specified

distance can also be estimated if the seismic properties of the media are

known.

Relatively little is known about the shape of the G.Z. induced wave­

forms in comparison with the knowledge of waveforms due to the blast front.

Until more evidence is available, Reference 3.2 suggests that the duration

of the velocity pulse be taken as one half of the transit time,tt,from G.Z.

to the station at the radial distance,R. If the station is located near the

surface in comparison with R>the transit time, see Equation (3.5), is

given by
r R
I -c

i

2 hI Z Z R
tt " \ c2 c l + -

clcZ
Cz

Z hI Z Z
2 h

Z Z Z R
Cz - c l +-- i c3 - Cz +-

clcZ cZc
3

c3
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A linear veloci ty-time diag't'am for the G. Z. generated motion is

shown in Figure 3.48. The rise time,t ,is taken equal to 1/6 tt and the
+ r

duration,t ,of the positive velocity is taken equal to 1/2 tt' The maximum

velocity is assumed to be given by Equation 0.14a) or by (3,14b). Since

in most cases some return of the displacement takes place,the time for this

to happen must be estimated or as;sumed, Figure 3.48 shows two such estim­

ates of return time for complete :returns) namely 2/3 tt and tt' The corre­

sponding block acceleration and pi~rabolic displacement diagrams are also

shown,

An alternate waveform which has a smooth transition from the positive

to the negative velocity is shown in Figure 3.49.

The equations defining the pulse of Figure 3.49 are:

v = v
max

sin n t
2 t

r
for (I -~-- t -< t r

v =

v + v
(max neg max)

2

r
I
I 1
L

(
t - T1 .. t r )

- cos n T
l

- Vneg
(3,46)

(3.47)

(-

v, t - t
d

V = ~max! 1 cos n ( --.-;~- )
2 I" t -T -td I r

for (t + T ) -: t ::: - (t
d

)
r 1

The critical time parameters are derived in terms of the peak intensities

(for 100 percent ground recovery).
v

n max
t r = '2 a

max

'f'
o

1
n

'f'1 arccos (
-v + V
_m=ax-,-__n~ew.g max )

v + v
max neg max

(3,48)

n TT sin __0 = n-'- _
1 'f' v - v1 max neg max

2 v-v
d _ - v t .. (max neg max)T

ma:<: n max r 2 0
(3,49)

2
v neg

~ v t + 1:. (v
n max r 2 max
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/
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For partial ground recovery the time 7'2 must be decreased until the recovery

displacement (area under negative velocity pulse) reaches the estimated

value.

Example 3.17

An example will illustrate the use of the above equations in deriving

a waveform with 100 percent ground recovery

given:

d 5 inches
max

v 50 inches/sec
max

a 50 g
max

+
0.18 sect

assume that the critical time parameters are from Equations (3.47 - 3.50)

t
r

TT 50
2 ( 50 x 386) = 0.004 sec

'T'
o n

-50 + 20
arccos ( 50 + 20 ) =

. 65 3.147'1 Sln. TT = 50 - 20
5 2 (50) .004 - 15 (.65 7'1)3.14

Solving for 7'1 and 7'2

7'1 :0: 0.27 sec.

2 r 2 1
20 l~ (50) .004 + 2 (50 - 20) 0.27 = 0.42 sec.

Summing up the above time parameters gives:

t
d

= 0.694 sec

which is about 4 times the positive phase duration (t+

Figure 3.50 shows the above derived pulse.
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Example 3.17 (continued)

50 in/sec

0.274 sec

0.004 sec I
0.18sec-- --I

--T
0.1

\
" -1

\ O. 2
\,

- --.- T..----- ----

0.3

--
--\

I
·0.694 sec

r
0.4

20 in/sec

Time

FIGURE 3.50

3.6.2.3 Alternating waveforms generated by the outrunning ground disturbance.

Observation of many test results at NTS and at Eniwetoc has indicated that a

train of alternating vertical velocity waves is brought into existence when

outrunning motion begins, Reference 3.3. The records in Figure 3.52 relate

to the Tumbler Shot I and depict the observed vertical particle velocity at

stations 4, 5, 6, and 7 that are located at increasing distances from G.Z.

The records obtained at the closeJ~ in stations 1, 2, and 3, where no outrun­

ning had occurred, showed only thl~ typical vertical velocity waveform assoc­

iated with the overpressure. ThiB type of motion is indicated in an ideal­

ized form in Figure 3.51 and will be referred to as Type I waveform. Its

characteristic time is the duration of the positive overpressure,D+.
p

L3l



0'0 r---""7T----,------,----,-------,-----,

-j

I
'020

V£lOCITY.__J----__

I :o.

I
-~~~~------- ---;

\ ~-
, DIsPLACEMENT"", ., ........

\ ~",'
"'''' ""'" ----

...._-----------10

o
z.

I~

EII~
~~
~16 0 k-----+------","'+Oc:::::---f-----f----i--==--I
~i~
O!~

I;

TYPE I "'AVnOR",
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Referring to Figure 3.52 it is clearly seen that Type I or air blast in­

duced motion arrives at the four times marked by AB. Moreover, at Station

7 three half waves precede the arrival of the air blast and at least two

half waves follow it. Also note that the initial velocity at all stations

is upward.

F. M. Sauer of Stanford Research Institute, References 3.3 and 3.8,

appears to have been the first to recognize a regularity in the alternating

outrunning seismic wave. By studying a number of field records he discerned

and normalized an average wave shape from about one dozen observations and

called it Type II wave form; this wave is depicted in an idealized form in

Figure 3.53. The idealization excludes high frequency components; more­

over, it is based on the assumption that it produces no residual displace­

ment i.e. the sum of the five velocity-time areas is zero. Sauer also ob­

served that the wave's characteristic duration,D2 ,does not appear to scale
+with the one third power of the yield as the duration,D ,does, but tenta­
p

tively it may be related to the difference between a station's range,~ and

the smaller range,r ,at which outrunning begins. Thus
o

0.10 +
R - r o

4000
in seconds 0.51)

if Rand r
o

are given in feet. Consequently the initial value of D2 will
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increase linearly with (R - r). The phasing between Type I and Type II
o

waveforms may be determined when seismic and air blast wave travel curves

are known, but their relative amplitudes may be only roughly estimated,

Reference 3.8. Simple superposition of the two waveforms is theoretically

not admissible but it neverth~less leads to a reasonably close approxima­

tion of the observed outrunning ground motion, see Figure 3.54 a, b, c, d.

The data presented in Figure 3.54a shows the motion at the surface

for the Tumbler I event, a one kiloton detonation, and in Figure 3.54b it

shows the motion at the 30 foot level for the EPC-4 event, a much larger

yield detonation. It should be noted that the onset of the air blast is

clearly seen only in Figure 3.54a, indicating that the attenuation of Type

I waveform with depth is considerable. Figures 3.54c and 3.54d show two

additional comparisons of observed and idealized Type II waveform.

A semi-quantitative set of six time plots of idealized Types I and II

vertical velocity waveforms for a 1 MT burst is shown in Figure 3.55 for

stations located at the indicated ranges from C.Z•• The quantitative time

scales begin when the first motion arrives at a station. The characteristic
+

time,D ,of Type I waveform is constant and equal to 1.0 second but the char-
p

acteristic time,D2,of Type II waveform is seen to increase with range from

0.127 sec to 0.375 sec. The relative amplitudes of the two types of wave­

forms are not quantitative; their maximum peaks have been drawn arbitrarily

equal at each station, and they have been assumed to decrease inversely with

the square of the range,R.

The alternating characteristic of the Type II waveform, together with

the fact that the corresponding, initial velocity pulse is upward may be of

considerable importance even if the peak value of the velocity is smaller

than for the Type I waveform. Thus the alternating nature of the motion

may lead to quasi-resonance response, and the initially upward velocity,

occurring before the advent of the air pressure front, may be large enough

to lift covers off their seats if they are not adequately tied down, e.g. ,

the sliding cover of a launch silo.

In order to give a semi-quantitative idea of the outrunning ground

shock Figure 3.55 has been drawn. The data relate to Example 3.13 in which

a 1 MT burst occurs on the surface of the specific, 6 layered soil denoted
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by C. In this example outrunning begins at the distance of 5850 feet

where the overpressure is 54 psi.

Since the S.R.1. analysis wa~; based on the relatively few field tests

carried out on unconfined bursts before the test ban, only the shape and

duration of the alternating motion is given; its magnitude has not been

related to bomb yield, distance, and seismic properties of ground. How­

ever in many of the tests analyzed by S.R.I. the peak values of Type I and

Type II motions were of the same ot'der of magni tude., The six diagrams of

Figure 3.55 arbitrarily show equal peak velocity amplitudes of the two types

of motion. It should be noted that the six phasing times t¢ range between

t o ; 0, at r o = R = 5850 ft, with Pso = 54 psi, and t¢ = 0.324 sec, at

R = 6950 ft, with p = 39 psi.so

If outrunning begins at r , t and (p ) , and if the facility is
o 0 so 0

located at R, then}as already stated}the intensity of the outrunning seismic

Type II motion at r is neither well understood nor quantitatively defined.
o

Therefore it is customary for a design criterion bluntly to assume that the

alternating Type II motion can be replaced by a fraction m of the system­

atic Type I motion occurring at the outrunning distance r o and depending in

magnitude on (pso)o so that:

0.52)

Under these circumstances the outrmming seismic motion at R may be thought

related to a seismically atte:lUated equivalent negative overpressure

of the same duration as the;>ositive overpressure and which is given

of as,
(Pso)f
by ,

(PSO)R N m (p )
Sl) 0

r n
(....2.)

R
(3.53)

in this expression the exponent,n,may be taken as 2.5 if (r + R)/2 is less
1/3 0 1/3

than 2.5 W kilofeet, and for (r + R)/2 greater than 2.5 W kilofeet,n
o

may be taken as 1. 5. Since the calculations are very rough, sufficient ac-

curacy for engineering purposes may be obtained by assuming that n = 2.

Which means that the p equivalent attenuation in the seismic medium is the
so

same as the one in air. Accordingly, for n = 2, the equivalent negative
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overpressure at R becomes

0.54)

Since the value of m is problematic, a parametric study should be made,

and it is believed that a variation of m from unity to 1/3 is a reasonable

range.

3.6.2.4 Triangular replacement of alternating waveforms. Figure 3.56 shows

six phased diagrams of an idealized, triangularly shaped Type I downward

motion and of a bluntly assumed triangular shaped (Type I) upward motion

for the specific 1 MT yield and for the specific soil C in which out­

running begins at r = 5720 feet. A fraction of m = 2/3 has been assumed;
o ,

consequently at r = R = 5720; t~ = 0 ; (p )R = 57 psi; and (p )R= 38 psi,o VJ so so
it can be concluded from Equation (3.21) that the peak velocities at the

surface will be

57
in/secvI 2 cp

, 38
vI 2 c in/ sec

p

for the initially downward component

for the initially upward component

If c 1. 5 ki 10feet per second
p ,

vI 19 in/sec, and v =- 12. 7 in/sec
I

,
at R = 6820 ft; tr/J = 0.324 sec; (p )R= 40 psi; and (pso\ 27 psi

so,
vI 13 in/sec and vI 9 in/sec

The ide?_!tz.~tion__~i__~~e_lyp~~~~ef~~!!1_to a _t_!~__I'1~~~la! __~~_a'p::, of

the same duration as the idealized Type I but of somewhat smaller intensity,

is of course highly debatable, especially since at the most only one com­

plete alternation will result. This idealization is shown in Figure 3.56.

A different point of view will be represented under Subsection 3.7.4 in

terms of spectra.
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3. 7 Ground Motions in Terms of Shock Spectra

In the published literature, shock spectra have been widely accepted

as a form of input, but it must be remembered that they predict the upper

bound on the peak response of a mass - spring system to inputs at the

support points of the system.

The interpretation and use of shock spectra is given in Section 2.

It was explained that the shock spectra envelope can be plotted in terms of

three straight lines; a line parallel to the constant displacement coordin­

ates in the low frequency region, a line parallel to the constant velocity

coordinates in the mid-frequency region, and a line parallel to the con­

stant acceleration coordinates in the high frequency region. The response

displacement, D, in the low frequency region approaches the peak ground dis­

placement, d ,and the response acceleration, A, in the high frequency re-max
gion approaches twice the peak ground acceleration, a • In the mid-max
frequency region significant amplification of the response may be expected

as it is very sensitive to the nature of the input waveform and to damping

in the system.

3.7.1 Spectral amplification factors for shock pulses. The spectral am­

plification factors recommended in Reference 3.6 are:

A

V

D

2 a

1.5 v

d

(3.55)

and the relationship between horizontal and vertical components is given as

a
h

a
v

vh
2/3 v (3.56)

v

dh 1/3 d
v

These factors have been widely used as design criteria. In a situa-

tion where the air blast slap produces the primary ground motion, they will

adequately envelop any single-degree-of-freedomsystem's response except

possibly in the frequency region where the constant displacement line in­

tersects the constant velocity line.
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3.7.2 Spectral amplification faetors for outrunning pulses. In an out­

running condition~ i.e.,the air blast induced ground disturbance outruns

the surface wave, pulses occurr:lng ahead of or in phase wi th the air blast

slap induced motion may be random or oscillatory in nature. The response

to alternating pulses may also bl~ expressed in terms of spectral amplifi­

cation factors which in some caSI~S may exceed those given above. However,

alternating motion amplification factors should be used cautiously due to

meager test data for the shape and magnitude of the outrunning pulse. Ac­

cordingly the same amplification factors often may be used for both the

primary pulse and the oscillatory or random pulse (secondary pulse). It

has been suggested in Reference :l.7 that the peak values of the oscillatory

or random component may be relatl~d to the primary pulse as follows:

doutrunn:ing 0.3 dv

voutrunning 0.6 vv

aoutrunning 1.0 av

(3.57)

3.7.3 Spectral amplification factors for resultant pulses. Horizontal com­

ponents of outrunning motions are assumed to be equal to the vertical com­

ponents. The peak ground motion:; intensities due to the air blast slap and

outrunning are then combined in ':he following approximate manner:

d
result

= d + d .outrunnIng

vresult

aresult

'I" 2' .... '2
a + a .

J outrunnIng

(3.58)

The total peak motions can be expressed roughly in terms of the air

blast slap motion for which empi:cical relationships have been given in

Section 3.5. Thus Reference 3.7 recommends that

Vertical Horizontal

dresult 1.3 d 0.6 d
v v

vresult
1.2 v 0.9 v 0.59)

v v

aresult 1.4 a 1.4 a
v v
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Using the same amplification factors as recommended for the simple

pulse case, the shock spectra err~elope is then defined by:

Vertical Horizontal----
D 1. 3 dv 0.6 dv

V 1.3 v 1. 35 v 0.60)v v

A 2•.g a 2.8 a
v v

The peak response magnitudes (for the primary motinn) sometimes must

be further modified in the frequency region

0.61)

143

due to a partial resonance condition. This was illustrated in Section 2

where the spectrum for a half sine displacement pulse showed a response

amplification in this region. Unfortunately the total time duration, t
d

,

is one of the parameters that is not easily determined. The time to reach

maximum displacement, i.e., the positive phase duration of the velocity

pUlse,t+, can be ~alculated, and t
d

is usually estimated to be 2 to 4 times
+
t. When the frequency region bounded by Equation (3.61) is determined ap-

proximately and when it is found that a shock isolation system frequency

falls in this region, a rough estimate of the response amp~~fication bound

may be made by multiplying the spectra bound of Equation (1~~2) by 1.5
~~

for this region only. This increased response can often be avoide~de-

signing the shock isolation system to have a frequency less than 1/(2 tct~;~
--.."

but when this is not practical, a more accurate response of the system may --"

be obtained by a pulse analysis. For approximate methods, the above ampli­

fication factors may be used, and they are summarized in Figure 3.57.

3.7.4 Spectral amplifications due to combinations of Type I and Type II

waveforms. In Reference 3.8 shock spectra have been computed by analog

methods for linear, and for bi-linear oscillators with and without damping

as well as with hysteretic energy absorption. The velocity inputs to the

oscillators comprise 27 combinations of Type I and Type II waveforms of

durations T
1

and TIl as well as specified input ratios of amplitude, dura­

tion, and phasing of the two parent types. A discussion of the results of

the 27 combinations follows.
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3.7.4.1 Linear systems. Figures 3.59 and 3.60 show plots against T/T
I

or

T/D+ of the undamped velocity spectra when a linear oscillator of period
p

T is subjected to the 27 + 2 inputs.

It is seen that the two normalized types of motion shown in Figure

3.58 are not using quite the same normalized duration, Type I having 3 time

units and Type II having only 2.5 units; the reason for this is not stated

in the Reference. Only three phasings were employed and they are denoted

by:

"Leadi ng":

"Central":

"Lagging":

when time unit 0 of Type I coincides with

time unit 1 of Type II waveform

when time units 1 of both motions coincide

when time unit 3 of Type I coincides with

time unit 1 of Type II waveform

Adjacent to the plots of the Type I and Type II normalized waveforms

on Figure 3.58 are located the spectra labeled (1) and (29) that relate to

a pure Type I and to a pure Type II input respectively. Two spectra are

shown on each of these plots, corresponding to a normalized unit peak

velocity and to a normalized half unit peak velocity.

4
3

Type I
Spec I. rl_:m ,

(1)

>-.
+J.....
()
o
~

aJ

] [~i.~oJ
~

CIl

~
.g

1.00J

Norma Ii zed time

FIGURE 3. 58
144

l~~l
.:! 10 15 T/T

1

4 --I Type II
3 _~ Spec t. rum,:1~(29)

) 10 Li T/T
I



Let us begin by examining the quasi periodic Type 11 motion. The

five alternating half cYGles have durations varying from 0.28 to 0.82 nor­

malized time units, and their amplitudes vary from 0.4 to 1. 0 normalized

velocity units. If it is assumed that the first three half cycles of an

average duration of a normalized time unit of 1/3 are in effective reson­

ance wi th the undamped, Iinear o:;ci lIator, the osci lIator' s response for

the three half cycles of unit amplitude will have an amplification of

3 x n/2. If the three half cycll~s' average amplitude of

(0.4 + 0.6 + 1.0)/3 - 2/3 is useli as a correction factor, the oscillator's

amplification will be close to n. The peak of the corresponding spectrum

(29) is seen to occur near the normalized time coordinate 4, and to be about

3.1 for the uni t peak veloci ty; I:onsequently it is in fair agreement wi th

the computed spectrum.

The spectrum labeled (1) S'10WS an upper ampli fication value of about

1. 3 for T/T
I

-:::: 12. If a triang1llar waveform of normalized duration I were

to replace the Type I waveform,'iO upper ampli fication bound for the re­

sponse spectrum would be less th'iO two; accordingly the value of L 3 seems

to be reasonable.

The 27 spectra, shown in Figures 3.59 - 3.60 and labeled consecutively

(2) to (28) relate to the 3 x 3 x 3 combinations of three phasings "leading",

"central", and "lagging", the three relative durations, and three relative

amplitudes of Type I and Type II waveforms VI - 2 VII' VI - VII' and 2 VI - VII.

The envelopes, i.e. the upper an1 lower amplification bounds have been sho~n

on the right and below. They are marked by hatching the areas between them

to show:

a) the effect of relative duration

b) the effect of phasing

c) the effect of phasing, relative duration, and relative amplitude

Whatever general observations can be made from these 27 combinations

are not very precise, but the following seem to be indicated:

a) Possible variations of phasing, relative duration and relative

amplitude will give a maximum spectral amplification spread from

0.5 to 4.2 for T/TI ,-_ 4.
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b) Possible variations of relative duration will give a maximum

spectral amplification spread from 1.0 to 4.2 for T/T r 4.

c) Possible variations of phasing will give a maximum spectral am­

plification spread from l.0 to 3.0 for T/T
I

.~~.. 4.

In view of the above general observations the following conclusions

are made:

Peak velocity magnifications of 3.3, 4.2, and 4.2 are reached for the three

velocity amplitude ratios of VI/VII equal to 2, 1, and 1/2 respectively,

moreover, duration effects due to Tr/TII equal to 2, 1, and 1/2 are slightly

more important in producing peak velocity magnifications than effects due

to "leading", "central", and "lagging" phasings.
+For VJeapon effects in the one megaton class, D
p

.- T
I

is about one second for

an overpressure range of 30 to 1000 psi. Referring to Figure 3.61, which

shoVJS on a large scale the envelope of the 27 velocity spectra as VJell as

the spectra for the tVJO pure motions, it is seen that systems having natural

periods falling in the range of about one half to one thirteenth of a second

VJill experience velocity amplifications greater than tVJo, and systems having

natural periods VJithin the range ~f one third to one tenth of a second VJill

have undamped velocity spectra upper bounds of about 4.

Since the envelope includes all t~e 27 combinations of the three variables,

amplitude, timing, and phasing, and since the relative magnitudes of these

variables have been arbitrarily selected, the reality of the data is open

to question. It seems plausible however, that for systems VJith a natural--_._-----

period range of one half to one tenth of a second the velocity amplification

factor may be assumed close to 3.

The dotted curve in Figure 3.61 S'10WS the envelope of the 27 spectra for

linear systems VJith 10 percent of critical viscous damping, indicating that
+

a maximum amplification of about :2.5 occurs when D /T is betVJeen 5 and 6.
p

The first 29 diagrams of Figure 3,,62 depict the velocity inputs of the two

parent VJaveforms Type I and Type II and of the 27 combinations of them as

previously discussed. The inputs 30 to 34 relate to five records obtained

from actual events.

1 ~9
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Figure 3.61 gives10

VI 100 inches/sec, VII 50 inches/sec

+
0.25 seconds 0.50 secondsD T = Tnp I

"Leading", "Central", and "Lagging"

Duration:

Example 3.18

Find the spectral values for a frictionless linear system with

T = 2.5 seconds or w = 2.5 radians/second which is exposed to pure Type I,

pure Type II, and a combination of Types I and II motions, defined by:

Amplitude:

Phasing:

For the ratio T/T
I

For pure Type I motion 1. 25,

Accordingly Vmax 125 in/sec, A = 2.5 x 125max 313 in/sec
2

0.81 g and

Dmax
125
2.5 50 inches

For pure Type II motion Figure 3.61 gives V/V1 0.70 or V/VI1 0.35

Accordingly V 35 in/sec, A = 2.5 x 35 = 88 in/sec
2 = 0.23 g, andmax max

Dmax
35
2.5

14 inches

For combinations of Type I and Type II motions, the ratios VI/VII = 2 and
1TI/Tn = '2 must be used. If the alternating motion is "leading", or

"central", or "lagging" Figure 3.58, Spectrum 8, 9, or 10 must be used

respectively, giving:

for "leading" V/VI"A: 1.45 or V 145 in/sec; A 0.94g D 58 inches
max max max

" "central" ,;:~ 1. 25 125 " 0.8lg 50 "

" "lagging" (\.- 1. 70 170 " 1. 109 68 "

Example 3.19

Assume that all 27 combinations of Types I and II motion are possible,

i. e.

50 inches/sec

seconds

Amplitude

Duration

100 inches/sec

00 25 seconds

100

200

0.50

\ 0.25

I 0.125

"
"

"

"
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Example 3.19 (continued)

Phasing "Leading", "Central" and "Lagging"

Then for the ratio T/Tr .. 10, Figure 3.61 gives an upper envelope for the

undamped spectra of V/Vr ~, 3.6, to which corresponds

v = 360 in/secmax A = 2.3gmax and D = 144 inchesmax

If a 10 percent viscous damping 1.s assumed in the system, Figure 3.61 gives

an upper envelope of V!Vr ~~, 1.8~i, to which corresponds

v .. 185 in/sec
max A = 1. 2gmax and Dmax 74 inches

It can be concluded that a reasonable amount of damping is of considerable

value in reducing the transmittec! velocity, acceleration and relative dis­

placement to a shock mounted system.

3.7.4.2 Systems with nonlineari ties and damping. G. N. Bycroft in Refer­

ence 3.8 also obtained spectra corresponding to Figure 3.62 inputs for

systems with

Bilinear stiffness and viscous damping

Hysteretic stiffness and viscous damping

Linear stiffnesB and Coulomb damping

Linear stiffnesB and V
2

damping

Viscous damping and zero stiffness

Only the bi linear case wi 11 be mentioned here. Figure 3.63a shows the

envelope of the spectra for the elasto-plastic case when the maximum ampli­

tude of displacement is 4~ and when the damping is either zero or 10 per­

cent of the critical viscous, i.I~.,O.l (2 k m)l/2. Figure 3.63L also shows

the envelope of the spectra for the bilinear, stiffening Case, k, and 2k,

when the maximum amplitude of diBplacement is 4~ and when the damping is

ei ther zero or 10 percen t of cril:ica1.

Example 3.20

it is seen that V/Vr is about 5.7.

increase the maximum velocity to 570

for T/T
r

= ,.~
?

Accordingly, the plastic action will "- "-

inches per second, or almost 60 percent. ~~

Reconsider Example 3.19, but assume that the system allows elasto­

plastic action to take place as :,hown in Figure 3.63a.

Extending the upper envelope for the undamped spectra
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V

VI

7

4

5

3

2

1

Envelope
No damping
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2 4 .') 8 10
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FIGURE 3.63: SUMMARY OF SPECTRA FOR 27 COMBINATIONS OF TYPE I
AND TYPE II WAVEFORMS ACTING ON NONLINEAR SYSTEMS
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Example 3.20 (continued)

However, in this case the simple harmonic motion relationships between

velocity and acceleration and between velocity and displacement cannot be

used. Thus the maximum acceleration,A ,will be considerably smaller thanmax

A ..::: V wmax max

and the maximum displacement,D ,will be larger thanma:<

D > V /wmax max

If a 10 percent viscous damping 1s assumed to act in the system, Figure

3.63a gives V/V
I

' 3.2,so that 'J is about 320 inches/second. This ismax
about 73 percent larger than the corresponding value for the 10 percent

damping assumption of Example 3. 19.

Itt can be concluded that plastic action in shock mounts may be of

slight advantage in reducing the transmitted acceleration, but this small

advantage must be balanced again:5t higher transmitted velocity and dis­

placement values.

155



SECTION 4: STRUCTURAL ENCLOSURES

4.1 Introduction

This section will discuss the influence of structures that are in­

terposed between the free-field and equipment placed within the structures.

The structures themselves are designed for the free-field pressures and

ground motions and design procedures for protective structures may be

found in many references. It is beyond the scope of this report to cover

these procedures. In this section, various types of protective structures

will be postulated ,and their influence on items within the structure en­

closures will be evaluated.

Aboveground structures will be exposed to the direct air-blast load­

ing plus ground motions. The free-field pressure-time relationships (see

Reference 2.9 ) together with the ground motions described in Section 3

define the dynamic loading. The dynamic response of the structures in­

fluences the motions of the supports of the internal items that must be

protected from shock. Fully buried structures, designed to withstand much

higher overpressures than aboveground structures, are protected from the

direct effect of the air blast,but are generally subjected to much larger

ground motions than the foundations of aboveground structures. In fact,

in the case of aboveground structures, the predominant motions are due to

the direct impact of the air blast, and soil-structure interaction is

usually considered to be a less significant factor.

It has been generally assumed in the past that fully buried struc­

tures move with the ground. In some cases,structural influence factors

have been used to attenuate high frequency accelerations for fully buried

monolithic concrete structures,as well as for floor slabs not exposed to

the direct air blast.

Recently many studies and model tests have been performed to deter­

mine the behavior of a structure in soil media exposed to dynamic loads.

Most investigations have as their goal the analysis of the coupling between

soil and structure in order to obtain dynamic loads for the design of
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underground structures. Since theoretical studies have not as yet resulted

in general procedures for design application,it is necessary to represent

the behavior of the structural enclosure in terms of simple concepts.

Studies in earthquake effects have been of great use in interpreting the

response of structures to ground motions. It has been observed that struc­

tural response generally is less severe than the response that could be

predicted from the measured ground motions by seismographs. Reference 4.1

has given several possible explanations for this difference:

(a) Imperfect coupling between the structure and the soil medium.

(b) Damping within the structure.

(c) Plastic deformations in the structure.

If a fully buried structure is designed to remain elastic for the

postulated weapon effects ,then conditions,b and c,can be neglected without

too much conservatism. If elastic-plastic behavior is tolerated in the de­

sign,then this effect should be considered in reducing the shock response

requirement for items rigidly mounted to the structure. One method of

allowing for this is to reduce the predicted elastic-response spectra

envelope for equipments mounted to the structure based on the amount of

yielding of the structure. This will be explained and illustrated in

Section 4.4.

The coupling effect between structure and soil cannot be easi ly

assessed. An analytical treatment of this problem is presented in Refer­

ence 4.2,in which the rigid body motion and first deformation mode are con­

sidered to be significant in predicting structure response. The conclusion

is that the structure will follow the soil motion closely,except within the

initial period of vibration or t'1e structure. The motion in this initial

interval may affect the high fre<:juency response,but will have negligible

effect on low frequency systems.

Much research (References .+.3 - 4.8) and testing of small scale models

has been done on structures in a soil;but, in all cases, the conclusions

are that the structure response cannot be predicted by simple analytical

methods. Further research is n~~ in progress.

Wi th the advent of automatl~d techniques using computers, it is now

feasible to model the soil mediwn and the structure in terms of many masses,
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springs ,and dampers. The free-field motions are applied at the boundary of

the model; and input requirements to equipment support points are deter­

mined. The model is represented by many hundreds of degrees-of-freedom;

but with the use of high speed computers,solutions may be readily obtained.

Mathematical models are described in Appendix F, with an example.

Simple concepts will be used in computing the structure motions in

this section. Aboveground, earthrnounded, shallow buried, and deep under­

ground structures will be considered. Their rigid body and deformational

motions will be estimated in terms of peak accelerations, velocities, and

displacements. Shock-spectra envelopes will then be defined in terms of

the resultant motion of the structure.

4.2 Aboveground Structures

Aboveground structures are designed in the low overpressure regions.

For overpressure regions much above 25 psi,it is probably more economical

to place a facility underground. Yet, where functional needs require an

aboveground structure, it is entirely feasible to construct exposed or

partly exposed aboveground structures for incident overpressures up to

100 psi. For the higher range of pressures,arched or domed structures

usually are required. The dynamic input to the supports of items attached

to the structure is related to the direct impact of the air blast on the

exposed structure,as well as to the foundation motion induced by the ground.

In the region defined by low overpressures, the crater induced motions are

generally negligible.

In this section,shock effects on equipment placed inside aboveground

structures will be considered by examining the characteristics of four

types of structures: 3 windowless structures of monolithic concrete (single­

story rectangular, two-story and domed); and a multi-story steel framed

windowless structure.

4.2.1 Shock spectra method. The air blast impinging directly on the ex­

posed structure excites two significant types of response modes: a rigid

body mode and several deformational modes. The rigid body mode will affect low
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frequency,as well as high freqwmcy items mounted to the structure; whereas

the deformational response will have a significant effect primarily on high

frequency systems. In the shock-spectra method ,only the first deformation­

al mode will be considered. Peak response (acceleration, velocity, and

displacement) in each mode will be determined graphically or by approximate

analytical expressions. (The response effect of higher deformation modes

may be considered by the normal mode technique described in Appendix A,

and combined with the rigid body and first deformation mode to obtain a

resultant of all the modes.)

The air blast induced ground motion has been defined empirically in

Section 3.5; and ground motions, in terms of peak ground displacement (d),

velocity (v), and acceleration I:a) of the ground,have been presented. The

foundation of the structure is coupled with the ground; and the peak dis­

placement and velocity of the structure can be assumed to follow the ground

closely. The structure acceleration, however, may be significantly reduc­

ed; as has been seen in the response of structures during earthquakes,where

measured data have indicated that ground accelerations were greater than the

calculated structure response accelerations. It has been the practice in

blast-resistant design of above:sround structures for low overpressures to

neglect ground accelerations,since their effect is normally very small com­

pared with the dynamic forces due to air blast. In the analysis of shock

effects on components attached to the structure, however, outrunning con­

ditions (a random but oscillatOJ~y ground motion) may exist ,which may re­

sult in a phased combination of ground motions and air-blast slap, that

yields a cri tical response condi tion. A dynamic analysi s may be required

for this special case;and the method,outlined in Appendix F, must be used

to consider adequately the phas:lng of the air blast impact on the structure

with the outrunning ground motion.

When the shock spectra method is used ,the peak response in each mode

may be estimated separately: (1) rigid body mode response due to air blast

impact on the structure, (2) dei:ormation mode response due to air blast im­

pact on the structure, and (3) rigid body response due to the primary com­

ponent of the air-blast-induced ground motion.

159



\
\.

By combining the peak motions either as the alg~raiC sum of their

absolute values or as the square root of the sum of the squares of each

value ,an upper bound of the response may be obtained. A study of such ap­

proximations (see Reference 4.9) shows that the sum of the absolute values

always gives conservative (sometimes ultraconservative) results; whereas

the square root of the sum of the squares is generally conservative, but

could be unconservative under special conditions. In designing for weapons

effects, the square root of the sum of the squares is considered to be
+adequate,since the errors (probably less than - 20 percent) in this approx-

imation fall within the uncertainty of the input data. A direct application

of the shock spectra method using the resultant peak displacement, velocity,

and acceleration will then consist in applying the amplification factors

recommended in Section 2. ,

D d

V 1. 5 v

A 2.0 v

to obtain the shock spectra enveiop'e f6r design response for equipments at­

tached to the structure. In this approximate method, the main effort con­

sists in obtaining the rigid body and deformational modes of the structure

due to the direct effect of the air blast. (The empirical relationships of

Section 3.5 can be used for the input due to ground motion.) The follow­

ing subsections describe typical aboveground structures and the motions

which become input parameters for defining a shock spectra envelope.

4.2.2 Single story structures of rectangular shape. Typic'al s't:-.r'uctures

are shown in Figure 4.1. These are windowless reinforced concrete struc­

tures (usually of monolithic construction) with walls as well as top and

bottom slabs 12 to 24 inches thick. The structures are economical up to

the 25 psi overpressure region.
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(a) Monolithic Flat Slab Construction

.<lIIIirl ....:. ," •• d. " . . # ' .... ', ,. ~

joint at

(b) Separate FI~or Slab Construction, Shear
Walls with ~r without Interior Columns

FIGURE 4.1

(1) Rigid body motions due to air blast on the exposed structure.

(a) Horizontal. The idealized time history of the net horizon­

tal force on the structure is shown in Figure 4.2. In Figure 4.2a the

front and back face load is sho\Tn,and Figure 4.2b shows the net time history

load and an equivalent triangular load with duration,t. The maximum ac-
e

celeration of the structure acting as a rigid body will occur during the

initial response and is given by the expression:

a'
h

(p - R.)jmmax 1
(4.1)

The prime in the symbol ah refers to the peak rigid body sliding motion.

Here,
p

max
R.

1

maximum net horizontal force Pr x B x H

initial reBistance to horizontal sliding motion

W C
f

where W weight of structure

Cf coeff.of friction between
footing slab and soil.
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Equivalent triangular
pulse

P BHr

U
(a)

P BHr

Back Face

Time f-ct-----'1 L + 4s
e U

(b)

Time

where

L

U

S

B

Pr

Pso

Pd =

Cd -

Length of structure parallel to moving shock front (feet)

Shock front velocity (fps)

Clearing height, taken as the full height of the front

face (H) or half of its length (B) whichever is smaller.

Length of structure normal to moving shock front (feet)

Peak reflected pressure (psi)

Overpressure (psi)

Dynamic pressure (psi)

Drag coefficient (dimensionless).

FIGURE 4.2

,'<
The clearing time,3S/U,is based on recommendations in "Effects of Nuclear
Weapons". The aCE Manual 413 (Reference 4.19) defines the clearing time
as 3S/c

refl
,where C

refl
is the velocity of sound in the reflected region.

The velocity c
refl

is defined analytically in aCE 413 and is significantly

less than U at all overpressure levels. The value of 3S/U is used in this
report to illustrate a procedure, realizing the clearing time may be
questionable.
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The resistance,R,increases at later times when the overpressure acts on
,,;':

the roof.

A maximum value,

R
max

(H + p BL) C
fso (4.2)

is attained at time L/u, where L = length of the structure, B is the width,

and U = shock front veloci ty in ::ree-air.

The peak velocity and displacement of the structure can be obtained

by graphical integration (called the beam analogy in Reference 4.10), The

method is represented in Figure 1\..3, in which, on an acceleration-time coor­

dinate system, the accelerating effect of the applied force and the decel­

erating effect of the resistance to motion at the structure foundation are

plotted.
P

/ "- max
r

c: ~\[ m ~
T

l0.....

~1
I
I c. G. of AlI

I p
I TZQ), I m() : &1()

~

rW+p BLI C
fL so ~

m
a

d c
R

l m

,
+

C. G. of A.z

m
L

Time
t
v

L
U

! t d
L + 45

U

FIGURE 4,): ACCELERATION VS. TIME

-lr
The overpressure is a transient pressure pulse across the structure as
described in Reference 4.19. This study considers the overpressure
acting as a uniform pressure on the roof slab as a function of time.
The transient pulse across the :structure introduces secondary rotation
effects ,which are small compared to motions of the structure due to the
uniform pressure pulses assumed.. These may be included by using the
methods of Reference 4, 10.
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It is seen from the figure that the maximum velocity, v'h' occurs at time,

tv,and is equal to the area abed, AI' in the plot of acceleration vs. time.

The maximum horizontal displacement, dh, occurs at time,td. Time,td,is

found by equating the area cefg, A2 , to area abed, AI' The expression

for maximum horizontal displacement can then be written simply as:

d'
h

(4.3)

various types of soils (see Reference 4.11).

The rigid body rotation of the structure ,due to the net horizontal

loading,influences the translation motion of the structure to some degree.

This is more significant for a taller structure; and the modified equations

are given in Sub-section 4.2.3 for the two-story structure. For structures

with small height to length ratios, i.e.,H/L < 0.5 , the rigid body rota­

tion effect on the horizontal and vertical motions is small compared to

the rigid body sliding motion.

(b) Vertical. The vertical rigid body motion due to the slap

of the air blast on the housing will depend on the soil stiffness. If the

soil mobilizes resistance as fast as the load is applied,there will be

negligible initial acceleration of the structure. Since the air blast is

also loading the adjacent ground surface, the vertical displacement of the

structure is essentially the same as the ground displacement at the surface.

To determine the initial peak acceleration and velocity, the structure can

be represented as a rigid body on a group of springs with the stiffness

characteristics of the soil (see Figure 4.4).

Empirical relationships are available for spring rates applying to

For most top soils the k
s

value will range from 50 to 300 psi per inch deflection. The frequency is

given by:

In which:

f
1

2 TT

K

mstructure
cps (4.4)

K k BL
s
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m

~~~~__~~__~~~-s~~__~~f-springs representing
soil stiffness

FIGURE 4.4

The vertical loading on the roof of the structure may be idealized to a

uniform pressure,for the purpose of determining rigid body motions. This

pressure varies with time,having a rise time,t ,equal to the transit time
r

of the shock front across the width or length of the structure. Thus,

t
r

L
U

L length of structure

U shock front velocity.

The initial response of the strueture can be estimated from the acceleration-

time history as shown in Figure 1~.5a. In the acceleration-time coordinate

system, the applied load divided by the mass of the structure is readily

obtained from the air blast charaeteristics and the transit time. A trian­

gular equivalent acceleration load has been used in the example of Figure

4. Sa. R(t), the acceleration l~esistance curve, may be approximated by
m

assuming elastic behavior, i. e. ,assume the time to reach maximum response

is equal to one half the natural perio~ T/2; the peak acceleration ampli­

2 P In; and the shape of the curve is a sinemax
maximum initial acceleration ,at ,can then be determined from

v
the figure. As a conservative aBsumption, the response in the time period,

tude, R /m,is equal tomax
function. The

t ,may be neglected, giving:
r

at
v

Pmax
m

where P
max BLpso

(4.5)
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(a) FIGURE 4.5 (b)

It is noted here that,if the pulse duration,td,is short compared to the

period,T,(t
d
~ T) and if the response is purely elastic with negligible

damping in the system, the maximum acceleration at a later time can he as

high as twice the peak initial acceleration (see Figure 4.5b). In a real

situation, however, damping will usually reduce the residual maximum accel­

eration to less than the initial maximum acceleration. For large weapon

yields, the time duration, t
d

, in most cases will be much greater than the

period, T, and ,therefore ,the response will approach that of a rectangular

step pulse. For this pulse ,the peak velocity can be related to a' by the
v

fundamental circular frequency w:

v'
v

a'
v
w (4.6)

(2) Deformational motions due to impact of air blast.

Walls. The air blast induces bending of each element of walls,

roof slab and bottom slab. Figure 4.6 shows the idealized pressure-time

history on the front wall. It should be assumed that the blast may come

from any direction,and that anyone of the 4 walls may be exposed to the

reflected pressure. The resistance curve is also shown as a linear rise
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to the yield resistance; this approximation is acceptable for fast

systems.

Time

R

~n

(pso + CdPd)BH
K

Lm
m

: ~
I

I I

-+--+-+00- t = )8
c U

_~~t = time to reach yield
y

p
~
K

Lm
m

FIGURE 4.6

Figure 4.6 shows an instantaneou:3 rise time for the peak pressure that is

considered to be reasonably accu:rate for pressures less than 25 psi and

greater than 200 psi. For intennediate pressure regions, a finite rise

time may have to be assumed (sel= Reference 4.12). For the case wi th an

instantaneous rise, the maximum horizontal acceleration is:

a"
h

p
max
~m

(R 0) (4. 7)

where

P = BHpmax r

Pr max. reflected pressure

m mass of the wall

~ load-mass factor =-= 3/4 for a one-way slab
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The double prime in the symbols refer to peak deformational motions. The

maximum response elastic displacement and response (pseudo) velocity are

related to the maximum acceleration by the common harmonic relationships:

d"
a"= "2elastic w

v" a"
max w

(4.8)

(4.9)

The graphical method previously described can be used to determine peak

velocity and displacement (as an alternate method).

If the wall element yields under the air blast pressure,the ductility

factor, ~,is determined from available response charts for triangular pulses

applied to single-degree-of-freedom systems (References 4.10 and 4.13),

and then the maximum response displacement is computed from

d"max 1-1 d"
Y

(4. 10)

be determined by the method already described for the wall element.

where d = the yield deflection,as calculated from the properties of the
y

slab element.

Roof Slab. As preViously noted,the shock front travels across

the structure in a time,t ,equal to the length of the structure divided by
r

the shock front velocity, and the idealized pressure-time history on the

roof can be assumed to be a uniform distributed pressure rising to the peak

overpressure value in time,t (see Figure 4.5). However, the roof slab's
r

dynamic response as well as its design is generally based on an instant-

aneous pressure rise as a conservative assumption. The inertia response of

the roof slab (peak response acceleration, velocity, and displacement) may

p
max

is now taken as a function of the overpressure and not of the reflected

pressure.

Bottom Slab. The bottom slab of a monolithic concrete structure

has a response similar to that of the roof slab. The overpressure applied

to the roof slab is resisted by the supporting wal1s,which in turn load the

bottom slab as the impulse is transferred to the soil. The loading-time

history on the bottom slab will be a relatively slowly applied load,due to
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the finite time of the loading and roof deformation process; but for de­

sign, the soil loading-time hi.story on the bottom slab is assumed to be

the same as the idealized loading on the roof slab. This assumption re­

sults in a response of the bottom slab equal to the roof slab for equal

masses and stiffnesses.

(3) Rigid body motions due to air blast on surrounding soil.

(a) Foundation slab is monoH thic wi th superstructure (see

Figure 4.7).

------1;['.. t·., , .. '•. ,

~,,~.. ~.-t·-/~-
~Ji.~.~n·.1Ii;)··.r-L..;..···_.:... ~·~7.-· ',;...;'~~~~.... ::-:-.'-''-~.;...... .;:.J"~'-l~

~~Opagating stress wave

FIGURE 4.7

If the foundation slab is buried to a depth,z ,it replaces an equivalent
o

soi I mass with a relatively rigid mass. The structure wi 11 then have

essentially the same displacement and velocity as the ground, i.e.,

d' " dv(ground)
at depth z

v 0

d' , ,
dh(ground)h

(4.11)
v' , , = vv(ground)v

v I , I

vh(ground)h

The triple prime in the symbols refer to the ground induced motions. Under

subseismic conditions, the initlal acceleration (horizontal and vertical)

due to the air blast on the structure may be additive, with the air blast

induced outrunning ground accelE~ration. The acceleration caused by the

shock wave impinging directly on the structure will often predominate.

In the special cases (for layerE~d soil characteristics) where outrunning

condi tions may occur in phase with the direct air blast effect ,a pulse type
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analysis may be warranted (see Appendix F).

(b) Floor slab separated from superstructure. In structures

where the floor slab is s0parated from the main structure (see Figure 4.lbh

the acceleration motion of the floor slab will be significantly reduced,due

to the shielding from the direct air blast. The only motion that will in­

fluence the slab is that of the surrounding soil. In this case, the peak

displacement and velocity can be taken as equal to the ground displacement

and velocity. The peak acceleration of the slab will, however, be signifi­

cantly less than the surface ground acceleration, since the acceleration

attenuates very rapidly even at small depths below the ground surface. For

example,the peak ground acceleration at 10 foot depth will decrease to

25 percent of the surface peak acceleration by the equatio~s given in Sec­

tion 3. The attenuation of acceleration with depth is based on the rise

time of the stress wave increasing with depth; it is often assumed equal to

one-half the vertical transit time z/2c.

In order to obtain a reasonable estimate of the rise time of the

stress wave across the soil below the foundation,a similar assumption may

be made by equating the rise time to one-half the length of the found3tion

slab divided by the peak stress effective seismic velocity of the soil

(see Figure 4.7).
~

2C
p

where ~ = length (L) or width (B) of the structure in feet. Using

the same assumptions in deriving Equation (3.18) for peak acceleration from

the peak velocity Equation (3.21), name1y,a = 2 v It ,the acceleration of
p r

the slab can be estimated, using the rise time given above:

a' , ,
v

a' , ,
h

(4. 12 )

where a
v

and a
h

are the peak horizontal and vertical accelerations

of the slab.

Example 4.1

Assume that a 25 psi overpressure blast wave from a 20 MT burst acts

on the one story reinforced concrete box structure shown in Figure 4.8.
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Example 4.1 (continued)

,
1.5

1 percent steel typical
all corners,

II

:r:

,
L = 20

Equivalent
triangular pulse

t
e

Time

= 4s + L
U

H = 10

p
max

FIGURE: 4.8

It is desired to find the motions of the walls as well as of the roof and

floor slabs. Case (a) .assumes tr.at the roof and floor slab are simi larly

deformed (floor slab monolithic with superstructure); Case (b) assumes that

the floor slab is independent of the superstructure (a thin floor slab is

separated from the wall footings). The rigid body rotational motion is

assumed to be negligible.

The necessary blast wave constants are

Pso 25 psi

+
D

P
Positive dur~tion of overpressure 3.3 sec

;'r

From Brode, Reference 3.1
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Example 4.1 (continued)

Duration of effective triangular
overpressure distribution

Reflected pressure = 3.3 x 25

2.0 sec

82.5 psi

U

t
c

Shock front velocity

Clearing time of reflected
35 3 x 10

pressure = If = 1800

.. 1800 fps

.017 sec

The average pressure vs time curve for the front face of the structure is

shown below

t
c

Time

Dimensional factors for the structure are given in Figure 4.8. The weight

of the structure is
5

W = 5. 78 x 10 Ibs m g

and the assumed coefficient of friction (concrete to soil) is

C
f

= 0.5

The duration of the net horizontal triangular load (t ) is
e

t
e

(4H + L) lu 0.033 sec

The blast front transit time across the structure is

t
r

L
U

.011 sec

The motion of the structure is made up of three parts

ground motion, denoted by three primes (a"', v"', d"')

rigid body motion, denoted by one prime (a', v', d')(1)

(2)

(3)

deformational motion, denoted by two primes (a", v" , dll )
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Example 4.1 (continued)

The horizontal and vertical mot:lons are distinguished by using subscripts,

hand v.

Case a. Floor slab monolithic uith superstructure. Peak structure motions

in the horizontal direction wi 11 first be computed.

(1) Rigid body horizonta:l motion. Horizontal forces acting on

structure are

Pmax

R.
1

Rmax

144 P B H = I~. 75 x 106
1bsr

= W C 2.89 x 105 lbsf

(W + 144 P B L) C
f 1. 73 x 6

for t >10 lbs., t.so 1

Accordingly,

p 1m
max

R 1mmax

4.75 x 10
6
,"

5.78 x 10'>

2.89 x 10~)

5. 78 x 1O~>

1. 73 x 10
6

5. 78 x 1O~)

g

g

g

8.22 g

0.50 g

3.00 g

The peak horizontal acce1eratioIl is therefore

a'
h

(8.22 - 0.5) g = 7.72 g

Figure· 4.9 shows the correspond:.ng acceleration diagram in which t is
V

.--fOund by simple proportion to be 0.0212 sec. The four indicated areas

/.--r~' (dimensions in g x sec) must obey the relation

Al + A;~ = A3 + A4

Making use of this fact,it is found that the values of the areas and the

time locations of their centroids are:

Al = 0.0553 g x sec, and t l 0.0071 sec

A2 0.0139 t 2 0.0037

~
0.0182 t 3 0.0293

A4
0.0510 t 4 0.0418
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Example 4.1 (continued)

m

...., _.... - ~ .

R

t = .0333 sec.
e

sec.
t = .0212
v

p

'A
/ 1,

/ ,f /

a,g's

FIGURE 4.9

The peak horizontal velocity is then,

v'
h

0.0692 g x sec 26.7 in/sec

The sum of the moments of all four areas about the time,td , Equation (4.3),

will give the maximum horizontal displacement for rigid body motion, thus,

Al T1 0.0553 x 0.0432 23.90 x 10-4

Az T2 0.0139 x 0.0466 6.48 x 10-4

~
T3 0.0182 x 0.0210 3.82 x 10-4

A
4

T
4

0.0510 x 0.0085 4.34 x 104

d' A1T l + AZT Z ~ T3 - A4T4 22.3 x 104g 2sec
h

0.86 inches
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Example 4. 1 (continued)

(2) Deformational horizontal motion. The deformational motions of

the wall located normal to the direction of blast, with dimensions B = 40'

and H = 10', will be considered. The weight of the wall is 9 x 104 lbs.

If an equivalent load mass factor of 3/4 is used the wall's equivalent

load mass will be

~mm 6. 75 x 10
4/g

Consequently,

a" Pmax/~mm
4. 75 x 10

6
70 g

104
g

h 6. 75 x

The wall's resistance to horizontal normal forces wi 11 be based on the

assumptions that

a) The pressure is uniformly distributed

b) The wall is a one-way slab spanning between roof slab and
bottom slab with equal fixity at each support

c) The fundamental period of transverse vibration of the wall
is obtainable

The resistance force R is calculated from Equation (B-5) of Appendix

B.

R .075 (~ + ~) f x B x d
2

/H
s Y

in which

Accordingly,

0 Os 1 percent

f 5.2 x 104pSi
Y

B 40 ft

deffective 1.33 ft

H 10 ft

8 x 6
R 10 pounds

The natural period of the wall,T,is based on equal moment capacity at the

center and at the edges, Equation (B-16) Appendix B, and is given by:

T 1 (!!d)7200
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Example 4.1 (continued)

IlJ Zn/T 628 rad/sec

0.10 inches

By means of the response chart of Reference 4.10 and the polygonal loading­

time curve method outlined in Reference 4.12, the ductility ratio,~,can be

found in terms of the front face loading parameters

t
.017,...

- :or- 1.7T

p - Pso 57.5 x 144 x 40 x 10r .415R 8 x 10
6

+t - t 1.83c 183
T -:or

Pso 25 x 144 x 40 x 10
. 18R 8 x 10

6

The value of ~ is. found from the chart to be 1.2.

The yield deflection of the wall is expressed by (defined in Appendix B)

1 H
2

7600 d =

Therefore

d"h 0.12 inches

Moreover, the wall's horizontal pseudo-velocity is

v"h

a"
h

III

70 g
628 43 in/sec

(3) Ground motion in horizontal direction. To calculate the hori­

zontal ground motions, it is first necessary to calculate the vertical

ground motions. From Section 3 Equations 0.19), 0.21), and 0.22) for the

vertical ground motions read

5 10-3 -1 in g'sa x Pso z n
vz z

0.5 -1 in inches/secv Pso c .'1
vz z
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12.2 inchesd
v

12.5 in/secv
v

Example 4.1 (continued)

d = 0.9 p 1/2 c- l Wl !3 in inches
vse so

(The residual displacement is as~umed to be negligible.)

If the seismic velocity, c, in kft/sec and the attenuation factor, a , are
z

taken as unity~ the above expressions, for Pso = 25 psi and for a depth of

z = 0.005 kft., will give
a 25 g
v

Assuming that definite relationship exists between vertical and horizontal

motions and that it is,

a
v

2 v /3
v d /3v

the peak horizontal ground motions are,

25 g 8.3 in/sec 4.1 inch

The air blast loading on the structure accounts for the maximum rigid body

acceleration of the structure except in an outrunning condition. The out­

running condition is neglected in this example. The ground induced peak

velocity and displacement are assumed to be the same as the ground motions,

Equation (4.11). Accordingly,

a'" a
v'" 8.3 in/sec, and

h

d'" 4.1 inch
h

Resultants of the peak horizontal motions are given in the summary tables

at the end of this example.

Vertical Motions: The peak motions in the vertical direction will now be

calculated.

(1) Rigid body vertical motion. In order to compute the initial

acceleration and velocity, assume the vertical stiffness,k,of the subgrade,

k 100 lbs/in3

The calculated vertical ground displacement accounts for the total vertical

displacement.
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Example 4.1 (continued)

144 k B LK

Then the total foundation stiffness~K~is given by~

11.5 x 10
6

lb/in

The up and down fundamental circular frequency~w ~of the structure on the
v

ground is approximately~

w
v

g 87.7 rad/sec

This neglects an effective mass of soil.

The maximum downward blast load on the roof of the structure is

p
max

144 p B L
so

2.88 x 106 lbs

Therefore ,a peak downward acceleration of,

a'
V

p
max
m

2.88 x 10
6

5. 78 x 10
5 5.0 g

wi 11 result.

The peak pseudo-velocity is

v'
v

a'
v
w

22 in/sec

R

(2) Roof deformations. The resistance force,R,of the roof slab is

calculated by Equation (B-5) Appendix B,assuming the roof slab to be a one­

way slab. with equal fixity at the wall supports.

4 x 10
6

lbs

The natural period,T,of the roof is calculated by Equation (B-16) Arpendix

B.

T 0.0416 sec

Therefore,

w 2IT/T = 151 rad/sec

Consequently the two parameters needed for use in the response chart

Reference 4. 10, are

+
t
T

2.0
0.0416

48 and
p
max

R

6
2.88 x 10

4 x 10
6

0.72
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Example 4.1 (continued)

For these values the chart gives p. L 8.

The yield deflection d . ld,is calculated (equation to be defined in
Yle

Appendix B).

d 0.472 inches
y

Therefore,

d" l-1 d . ld = 0.85 inchesv Yle

Since,the equivalent mass,~m,of the roof is

3/4 wig 5
1.35 x 10 lbs/g

the roof's initial acceleration ~ill be

a"
v

6
2.88 x 10

5 g
1.35 x 10

21. 3 g ,

and the roof's peak pseudo-velocity is,therefore,

v"v
a"
(Jj

21. 3 g
-T5'1 54.5 in/sec.

It is usually assumed that,when the floor slab is monolithic with the

superstructure,its deformation mctions are similar to those of the roof

slab.

(3) Ground motions in thE vertical direction have already been obw

tained ~hen the horizontal grounc motions were calculated. The structure

induced motions are

a'" = 0v
v'" = 12.5 in/sec

v d'" = 12.2 inches
v

If an outrunning condition is considered, the ground induced acceleration

is considered in combination with the air slap on the structure.

Resultants of the vertical motions are shown in the summary tables

at the end of this example.

Case b. Floor slab separated from superstructure (Figure 4.lb). The super­

structure is treated in the same manner as Case (a), except that the mass of

the floor slab is not included in the cal~ulations. Moreover, the size of

the footings determine the K of the rigid body vertical motions. The peak

values will be slightly different in this case,as the summary table
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Example 4.1 (continued)

indicates. The floor itself is subject only to motions due to the effect

of the ground motion, and the following results are obtained:

a' , ,
h

a' , ,
z

aground

at an equivalent travel length of A B/2 or L/2 whichever is smaller

L 20 ft. (B = 40 ft. :> L)

Therefore,

) 10 ft.

and from Equation (4. 12 )

a' , ,
h

a' , ,
z

12.5 g

Velocities and displacements are obtained as before.

Results of Example 4.1. Summary of results for the rectangular structure

considered in Example 4.1 are shown in Tables 4.1,4.2 and 4.3 and plotted

in Figures 4.10,4.11 and 4.12.

The shock spectra from the peak values of acceleration, velocity and

displacement are Obtained from the following relationships:

D dmax

V 1.5 vmax

A 2.0 amax

The peak response values are summarized in Table 4.3,and the shock spectra

are plotted in Figures 4.10,4.11, and 4.12.
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Example 4.1 (continued)

TABLE 4.1: INDIVIDUAL COMPONENTS

Vertical Item Acceleration (g) Velocity (in/sec) Displacement (in)
a' a" a lt

' v' v" v' , , d' d" d' "

Roof 5 21.3 i) 22, 4.53 12.5 0.85 12.2
Case a

Floor slab
22 0monoli thic Wall 5 0 i) 12.5 0 12.2

wi th
super- Base 5 21.3 I) 22 54.5 12.5 0.85 12.2
structure

Roof 6.8 21.3 I) 29.5 54.5 12.5 0.33 0.85 12.2
Case b

Floor slab
separated Wall 6.8 0 I) 29.5 0 12.5 0.33 0 12.2
from
super-

Floor 0 0 l:~. 5 0 0 12.5 0 0 12.2structure

lHorizonta1 Item Acceleration (g) Velocity (in/sec) Displacement (in)
a' a" a' , , v' v" v' , , d' d" d' , ,

Roof 7. 7 0 0 27.0 0 8.3 0.86 0 4.1
Case a

Floor slab
Wall 7. 7 70 0 27.0 43.0 8.3 0.86 0.12 4. 1

monolithic
wi th
super-

Base 7. 7 0 0 27.0 0 8.3 0.86 0 4. 1
structure

Roof O. 7 0 0 36.0 0 8.3 1. 27 0 4. 1
Case b

Floor slab
Wall 10. 7 70.3 0 36.0 45.0 8.3 1. 27 0.14 4. 1

separated "

from
super- Floor 0 0 12.5 0 0 8.3 0 0 4.1
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Example 4.1 (continued)

,',
TABLE 4.2: ROOT-MEAN SQUARE RESULTS

Vertical Item Acceleration (g) Velocity (in/sec) Displacement (in)
amax vmax dmax

Roof 22 60 12

Case a Wall 5 24 12

Base 22 60 12

Roof 23 62 12

Case b Wall 7 36 12

Floor 13 12 12

lRori zonta1 Item Acceleration (g) Velocity (in/sec) Displacement (in)
a v d

max max max

Roof 8 24 4

Case a Wall 71 48 4

Base 8 24 4

Roof 11 36 4

Case b Wall 71 60 4
;

I Floor 13 8 4

The values are rounded off to the nearest whole number
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Example 4.1 (continued)

TABLE 4.3: l'EAK RESPONSE PARAMETERS

Vertical Item A (g) V (in/sec) D (in)

Roof 44 90 12

Case a Wall 10 36 12

Base 44 90 12

Roof 46 93 12

Case b Wall 14 54 12

Floor 26 18 12

Horizontal Item A (~;) V (i n/ sec) D (in)

Roof 16 36 4

Case a Wall 142 72 4 I
Base 16 36 4

Roof 22 54 4

Case b Wall 142 90 4

Floor 26 12 4
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Example 4.1 (continued)
300r:--.....,.v-.,.,-~~---------------

Horizontal shock spectra for systems
mounted to roof slab and base slab.
(Base slab monolithic with superstructure)
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4.2.3 Two-story reinforced concrete windowless shear wall structures

,.
G
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r--~---'----------l

I b/

,..-
,..
,"

.'.'\
H ' .. : <:>

*.

'1 "

...:.
q

FIGURE 4.13: TWO-STORY STRUCTURE

The structure shown in Figure 4.13 is a monolithic reinforced con­

crete structure consisting of slabs and shear walls. Its construction may

be feasible in the 10 psi overpressure region. The important motions to be

considered are the same as those for a one-story structure,with two addi­

tional effects: (1) the rigid body rotation is now assumed also to affect

the rigid body translation and (2) the second-story floor slab will have a

separate vertical response.

(1) Rigid body translation with rotation. The rotation was neglected

in a one-story structure. As the height to length ratio,H/L,increases,the

rQtational effect becomes more significant. A two-story structure may have

~ a ratio of HIL as high as 1, and at this ratio,the rotation may alter the

translational motion.
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FIGURE 4.14: FORCES ACTING ON A RIGID BODY

The free-body diagram in Figure 4.14 shows the important forces to

be considered. The equations of motion are

p CfV mx - mz8 0
x

V p rnX8 - mz - W 0 (4. 13)
z

P E - P E - (rnX + mze) z - (mz + niXe + w) x J e 0
x z z x cg

where,

P and Px z
blast loading forces

vertical reaction at assumed pivot point "0"

structure weight

mass moment of inertia about C.G.

V

W

J cg

All dimensions are shown on Figure 4.14 or have been previously defined.

The magnitude of the rotation amplitudes may be obtained in an ap­

proximate manner by ignoring the vertical motion acceleration, Z. (This

approximation is suggested in Reference 4.10.) Equations (4.13) reduce to
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the following:

where,

p . CfV .. rnX + mze
x

V . Pz - W • rmte
P E - P E - Wx = J e + mXzx z z x 0

J J
_2

+ mX
2.. + mz

0 cg

(4. 14a)

(4. 14b)

(4.14c)

(4.15)8

By eliminating the force,V,between Equations (4.14a) and (4.l4b) and sub­

stituting the resulting value of mX from Equation (4. 14a) into (4. 14c) , we

obtain the following equation for 8:

P (E - z) - P (E - Cfz) - W (x - Cfz)x z z x

The lateral acceleration, x, including the effect of rotation coupling, is

obtained from Equations (4.14a) and (4.l4b), in terms of the external forces

and rotation response, e ,given by Equation (4.15),·

x ...
P - C

f
(p + W)

x z
m (4.16)

The above equations can then be plotted as a function of time to com­

pute graphically the peak rotation response,e,and the displacement response,

x,when both occur simultaneously. Figure 4.15 represents typical plots of

both e and x. The figure demonstrates the graphical procedure in comput­

ing the maximum rotation and displacement. Example 4.2 will further illus­

trate the computational procedure.

The maximum horizontal acceleration of the C.G. may now be obtained

as a function of both x and e as follows:

a' = x + ez
h ..

For other locations on the structure,the acceleration due to e response

will vary according to the vertical moment arm distance from point "0".
It must be noted ,that the model postulated in Figure 4.14 is appli­

cable for an initial positive 8 response. When e calculated from Equation

(4.13) is negative for all time periods, overturning is not possible,since

the stabilizing moments are larger than the overturning moments. For this

condition, overturning rotation can be neglected.
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(a) FIGURE 4.15 (b)

(2) Vertical response of second story floor slab. Equipment mounted

on the second story floor slab has an input that is strongly influenced by

the response of the floor slab. If the slab weight is considerably greater

than the equipment weight,so that the equipment response on its mounts will

not significantly alter the response of the slab, then the response of the

slab as a single-degree-of-freedom system may be used as an input to the

equipment mounts. The method proposed in Section 2 for constructing a spec­

tra envelope for the second mass, m2 , for a two-mass system,may be applied

in deriving a vertical shock spectra envelope for the equipment mounted to

the slab. The vertical input to the slab is then essentially the rigid

body motion of the structure in the vertical direction. The rotation re­

sponse,8,calculated by the method described in the previous subsection may

be used to estimate the magnitude of any additional vertical rigid body
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acceleration due to rotation, i.e. xe. After computing the first mode

frequency of the slab, the peak response acceleration, velocity and dis­

placement are obtained from the vertical shock spectra envelope for the

idealized SDOF system for mI' These peak values are D , V , A. The ver-
000

tical response spectra envelope i3 then defined by the 3-straight lines;

0' = :> + D
0

V' 7 + 1.5 V
0

A' :~ A
0

where D, V, and A are spectra bounds for the vertical response of the slab,

and D', VI., and A' are the spectra bounds for the vertical response of

items mounted to the slab.

3.5 sec
+

tsec,10 psi,=

Example 4.2

Assume that a 10 psi overpressure blast wave, due to a 20 MT burst,

acts on the two-story reinforced concrete structure shown in Figure 4.16.

(It is noted that ,for purposes of il1ustration,a heavy base slab, cast mon­

olithically with the structure, iH specified.) It is desired to find the

motions of the walls, roof and floor slabs. As in Example 4.1, the motion

of the structure is considered to be divided into three parts, namely,

(1) rigid body motion, denoted by one prime

(2) deformational motion, denoted by two primes

(3) ground motion, denoted by three primes.

The necessary blast wave data are

Overpressure
. D+ 4.3

p

Reflected Pressure

Pr = 2.6 x 10 psi = 26 psi, U 1400 fps, +
t

r
.043 sec,

where the front face P::bssure_timE~ history is given by

Pso--: _
'=:::::::===---'r--_Time

t = 3S/U ' +c t
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Example 4.2 (continued) -.,
I

.' ....
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FIGURE 4.16: EXAMPLE 4.2
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Example 4.2 (continued)

Pertinent structural dimensions "'.re given in Figure 4.16. The total weight

of the structure and the weight moment of inertia of the structure about

the assumed pivot point "0" are

lbs

1b_ft2
1.17 x 106

3.31 x 108
W

J
o

The net vertical and horizontal blast force-time histories are as shown in

Figure 4.16. The coefficient of friction at the soil-structure interface

is assumed to be 0.5.

a. The horizontal motions are first calculated.

(1) Rigid body horizontal motion with rotation. The angular accel­

eration is calcu1ated,using Equation (4.15) and the graphical method shown

in Figure 4. 15a. The resulting clcce1eration is shown in Figure 4.17.

Using Equation (4.16)and the resllts of Figure 4.17 the resultant horizon­

tal center of gravity acce1eraticln is obtained ,as shown in Figure 4.18.

The maximum horizontal accelerations are

Roof slab a I X + zE; = 3 + 20 x • 03
h

3.6 g

2nd floor slab

Base slab

ah 3 + 10 x .03

a l = 3 + 0
h

3.3 g

3.0 g

Side walls ah 3 + 10 x .03 3.3 g

The maximum overturning angular velocity is equal to the area,A
1

,shown in

e- .03 x 07 /Figure 4.17; ~~2~~'~ 32.2 = .034 rad sec. The maximum translational

velocity of the C.G. is equal to the area,A1 ,shown in Figure 4.18;

x = 29.4 in/sec. The peak horizontal velocity of the structure can be no

greater than the sum of these two components, namely,

Roof slab VI
h

2nd Floor slab VI
h

Base slab VI
h

Side walls VI
h

29. Lf + 240 x .034 37.6 in/sec

29. Lf + 120 x .034 33.5 in/sec

29. L~ + 0 29.4 in/sec

29. l~ + 120 x .034 33.5 in/sec
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'Example 4.2 (continued)
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Example 4.2 (continued)
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Example 4.2 (continued)

The maximum overturning angular displacement is equal to 6 = AlT,where T is

the time between the centroids of areas,A
1

and A
2

,of Figure 4.17, namely,

e = .034 x .01 = 3.4 x 10-
4

rad. The translational displacement of the

e.G. is calculated in a similar manner to be:x = 29.4 x .076 = 2.2 in.

The peak horizontal displacements of the structure can be no greater than

the sum of these two components:

Roof slab d' 2.2 + 240 x 3.4 x 10-4
2.3 in.h

2nd floor slab d' 2.2 + 120 x 3.4 x 10-4 2.2 in.h

Base slab d' 2.2 + 0 2.2 in
h

Side walls d' 2.2 + 120 -4 2.2 in.h x 3.4 x 10

It is noted that d' = 1.9 in. ,when the rotation is neglected.h

(2) Horizontal deformation response of the walls. The horizontal

motions of the wall located normal to the direction of the blast,with

dimensions,B = 60', H = 20' and t l 12", will be calculated.

The top and bottom ends of the front wall are considered fixed; and

due to the relatively small E I of the middle slab,a simple support at the

intermediate floor level is assumed as shown below.

H/2

L
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Example 4.2 (continued)

The natural frequency is given by (as defined in Appendix B)

T \/~
YErg

y

A

EI

= ~eight density = 150 1bS/ft3

area per unit length = B t
1

= 60 ft 2

= flexural rigidity =18.8 x 104B d3~ lb_in2=13.3xl010 lb_in2

we obtain

T .023 sec

An approxi~ate value of the flexural resistance of the wall may be

obtained (see Appendix B) by considering it as a beam with one fixed support

*and one hinged end,

fIJI f B dZ

Rf .075 (r/J + 2
S)-W

where the values of the various parameters have been given previously

4 2
R

f
= .075 (1.5) 5.2x10 x1~OXxl~Z x (10) = 3.51 x 1061bs•

:2.25 x 10
6 lbs.

load for the half-span H/2 is

6
4.49 x 10

2
p

max

The total

0.26 in.d
Y

The yield deflection is given in Appendix B as

1 H/Z 2

5430 -d-

The ductility ratio,f-L,can be found from the parameters

+t .043r = 1.9
T .023

P - Pso 16 x 144 x 20 x 60r .39
R 6

Z x 3.51 JC 10

] 97

*Except for the frequency, other parameters are calculated based on this
assumpt ion.



Example 4.2 (continued)

+ +
t - t r

T
3.46
023 150

10 x 144 x 20 x 60
6

2 x 3.51 x 10
.25

using the polygonal loading-time curve method outlined in Reference 4.12

and the response chart of Reference 4.10. Accordingly, ~ = 1.2.

Therefore,

d" ~ d 0.31 inchesh y

Using a load mass factor of 3/4,

4
p

4 2.25 x 106
a"

max
33.3 g'3 -- '3 x gh m 9 X 10

4

and

v"
h

a"
h
w

33.3
275 g 47 in/sec

(3) Horizontal ground motions. The ground motions are calculated

from the equations given in Section 3.5 (based on a 5 feet burial depth).

ah a 5 g
v

vh 2/3 v 3.33 in/secv

dh
1. d 2.6 in
3 z

The induced structure horizontal motions are

v"'= 3.33 in/sec
h

d ' , ,
h

2.6 in.

If the base is separated from the main structure, the base slab ground

induced acceleration is

a'" = a'"
h v

2.5 g for an equivalent transit distance= 10'

(simi lar to Figure 4. lb )

b. The vertical motions are now calculated.

(1) Rigid body motions. For footings 5 feet wide and assuming a

soil stiffness k = 100 lbs/in., the total stiffness of the soil is
z

K 11.5 x 10
6

Ibs/in
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Example 4.2 (continued)

62 rad/sec...

The natural frequency is therefcre

w = {f = ~-0-7-~-3-8-6

'~1O
The peak force applied to the roof of the structure is

P p L E 1. 73 x 106 1bs
max so

The maximum acceleration is given by

P 1,730,000
a'

max
1. 5 g-- gv m 6

1. 17 x 10

and the pseudo-velocity is

a' 1. 5 x 386
v t v 9.4 in/sec- 62v w

(2) Roof slab deformation response. Similar to the case of the one­

story building, the natural period T is obtained from

1 L L 1 20 x 12 20
0.0667 sec.T 7200 d 7200 10fl 1

Accordingly,
2 IT 94.2 rad/sec.w =

T

Since the effective positive phase duration is

+ 3.5 sec.t

+ 3.5t 53-= 0.0667T

The resisting force is

5.2 x 4 12 x 10
2

.075 x 2 x
10 x 60 x

R 20 x 12

2.34 x 1·)5 1bs

and the peak applied load is as previously calculated

6
P 1.73K 10 lbs

max

Therefore

p. max
R

=
1. 73
2.34

o. 74
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Example 4.2 (continued)

The ductility ratio is found (from the dynamic response chart of Reference

4.10) to be ~ = 2.

The yield deflection is calculated based on equal fiXity at each support

(defined in Appendix B).

d
y

0.75 in

Therefore the peak displacement is

d"v ~ dy
1. 5 in

The initial peak acceleration is

a"v
1

KLm

p
max

m
4
3"

61. 73 x 10
5

1. 8 x 10
g 12.8 g

and the maximum pseudo-velocity is

v"v

a"v 12.8 g
94.2

52.5 in/sec

(3) Vertical ground motion. The vertical ground acceleration, velo­

city and displacement have been previously calculated and are:

a 10 g, v 5 in/sec d 7. 7 in
v v v

The structure induced motions are:

v",
v

5 in/sec d' , ,
v

7.7 in

For the base slab separated, the vertical acceleration for an effective

length j = 10 feet is = 2.5 g.

The components of the horizontal and vertical ground motions are summarized

in Table 4.4.
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Examp1~_~:3.._.( continued)

TABLE 4.4

Item Acceleration (g) Velocity (in/sec lDisp1acement (in)
a' a" a'" v' v" v' " d' d" d'"

Roof 1.5 12.8 0 9. 4 52.5 5 0 1.5 7.7

-
Wall 1.5 0 0 9. 4 0 5 0 0 7.7

Vertical ,
nd

(See page 206) I2= Floor !
!

Base 1.5 0 0 9. 4 0 5 0 0 7.71
..-

i
Roof 3.6 0 0 37.6 0 3.3 2.3 0 2.6

I I
47I Wall p.3 53.3 0 ~3.5 3·3 2.2 .31 2.6

I
I - - I

6.3 ~3.5
,

nd IZ- Floor 0 O· 0 3·3 2.2 0 2.6 I

!Horizontal I.-
"I 69 .4 I. Base ).0 0 0 0 3.3 2.2 0 2.6 II • ,
I
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Example 4.2 (continued)

The root-mean-square results are given in Table 4.5.

TABLE 4.5
_.,.---.-

Item Acceleration Velocity Displacement
g in/sec in.

.. ,. __.,---- ..._-
Roof 13 54 9

Wall 2 11 C3

Vertical
nd
~ Floor (See page 206)

Base 2 11 8

Roof 4 38 5

Wall 34 58 5
Horizontal

nd
3 35 5c= Floor

Base 3 30 5 I
I !,

The above values are rounded off to the nearest whole number.
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Example 4.2 (continued)

It is a direct and simple step from the calculated results of Table 4.5 to

the peak response values leading to the shock spectra.

Using the relationships,

D = dmax

V 1. 5 Vmax

A 2.0 max

the peak response values are st:rrunarized in Table 4.6. The shock spectra

are plotted in Figures 4.19 an~ 4.10.

TABLE 4.6

Item Acceleration Velocity Displacement
( g) (in/sec) (in)

Roof 26 81 9

Wall 4 17 8

Vertical nd
2-Floor (See page 206)

Base 4 17 8

Roof 8

Wall 68

Horizontal
nd2-F1oor 68

Base 6

203
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Example 4.2 (continued)

200
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FIGURE h.19
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Example 4.2 (continued)

, Shock spl~ctra for
in-structure systems
mounted to walls

6

4

1

10

FIGURE 4.20
205
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Example 4.2 (continued)

The second floor level response can now be calculated. The natural fre­

quency of the second floor is

w 2 IT

T
=

10
94.2 x 12 78.5 rad/sec

where 94.2 is the

of middle slab to

10
frequency of the roof slab,and 12

roof slab, accordingly,

is the thickness ratio

f o 12.5 cps

nd
The 2 level floor slab may be considered as a mass that is mounted to the

walls; and the vertical response of the floor may be obtained from the

critical shock spectra of the walls. (See Figure 4.20a.)

Reading the vertical response from the shock spectra of Figure 4.20a,

A 3.5 g
0

V 17 in/sec
0

0 0.25 in.
0

The upper bound of the vertical response for items mounted to the floor

slab are (see description of method in Section 2)

A' = 2 A 7 g
o

V' = 43 in/sec

D' = 8.25 in.

Figure 2.20b is the plot of the shock spectra bound (vertical component)

for equipment mounted to the second level.

The horizontal response of items mounted to the second floor is assum­

ed to be a function of the rigid body motion of the structure.
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4.2.4 Dome shaped structures. Dome shaped surface structures of mono­

lithic concrete construction may be feasible in regions where the peak

overpressure is less than 75 psi. The streamlined shape reduces the ef­

fects of the reflected and the dynamic pressures. As a result, at higher

overpressures a dome shaped structure is more economical than a rectangu­

lar.

The simplified loading for domes, recommended in Reference 4.13, is

used to estimate the motions of the structure due to the direct impingement

of the air blast. The loading is divided into a uniform compression mode

and a nonuniform flexural mode as shown in Figure 4.21. For any particular

time, the compression mode loading is uniform over the dome,and the flexural

mode loading varies as sin (~ -~) cose/sin~.

p =p (t)
c c

Compression Mode
(Synnnetrical)

Fle},.'Ural Mode
(Asynnnetrical)

FIGURE 4.21

+zero at the time t ~

TheFigure 4.22.

in the time

The pressure-time history for each mode is shown in

compression mode loading rises linearly to a value Pso
; B/u, and decays linearly tot ; (1 - ~/n)T, where T

r +
where t is the duration of the single-triangle representation of the free-

field overpressure,p
so

' The fl,:!xura1 mode 10ading,at the springline,

Pf(t),iS divided into an initial component,Pf1(t),and a drag component,

Pf2(t), as shown in Figure 4.22. The maximum value of Pfl(t) is equal to

the maximum reflected pressure':)r,on the windward side of the dome,and the

maximum value of Pf2(t) is equal to Pdm = (13/n) Cd Pdo' where Cp is the
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drag coefficient consistent with the dome angle at the springline and Pdo

is the peak free-field dynamic pressure. Also, t+ is the duration of the

single-triangle representation of Pdo'

p (t)
c

Pso=Pcmax

Compression Mode

Pf1(t)

I

~f2(t)
Pdm

--r.-.......~_......~-:-------~-- t
Tl2 r(1+3f3/n)

Flexural Mode

PRESSURE-TIME HISTORY AT SPRINGLlNE AND 9=00

FIGURE 4.22

(1) Rigid body motion due to air blast.

Horizontal

The horizontal component of the unsYmmetrical loading creates a net

horizontal force which may cause a translational motion of the domed

structure. This motion is resisted by the friction forces developed at the

foundation-soil interface, due to the vertical component of the compression

mode and the weight of the dome. The acceleration-time history of this mo­

tion is shown in Figure 4.23. Using the graphical procedure outlined in

Section 4.2.2,the maximum acceleration, velocity, and displacement are ob­

tained in a manner similar to that outlined for a rectangular structure.

Vertical

The vertical motion can be estimated by taking the vertical component

of the compression mode loading and applying it as a driving force on the
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structure with a resisting force represented by the soil spring stiffness.

The peak response is then obtained as described in Section 4.2.2.

,Ph(t)/m

,;'7.--- R/m= [W+APc (t)J Cf/m

P -R
h

(ah)max=(-m---)max

P 1m I
hmax

&-._--+~--_·_----~[,ime

FIGURE 4.23

(2) Deformation motion due to air blast impact on the structure. The

sketch of Figure 4.21 shows a compression mode and a flexure mode. The shell

deformation peak response can 1:e obtained for each mode separately. The two

maxima wi 11 not occur at the seme point on the shell; but an upper bound

response for any point on the shell can be obtained by adding the absolute

values of the peak motion in ee.ch mode ,and considering this to be the re­

sultant of the horizontal and vertical components

a" a" • ,07 (a' + a")z h 1 2

V" V" • ,'07 (v' + v") (4. 17)
z h 1 2

d" d" • ,'07 (d' + d II)
Z h 1 2

where ai, vi, di are the peak response motions normal to the shell in the

compression mode

and a" V" d" are the peak response motions normal to the shell in the
2' 2' 2

flexure mode.
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The peak acceleration again is assumed to occur during the initial loading

and is approximated by the peak pressure divided by the mass of the shell

times an appropriate load-mass factor. In the compression mode

Pcmax
~

-J

1a
l =

mrs.m

a
l

circular frequency invI ww cc the compression mode

d l IJ,d
Y

Similarly in the flexure mode

(4.18)

Pfmax

m~

IJ,d
y

-;;: 3/4

circular frequency in
the flexure mode

The resistance force, R, and the period, T, must be calculated to

solve for IJ,. The yield displacement can be calculated from shell deforma­

tion theory,or an order of magnitude accuracy can be obtained from the ap­

proximation d = a/w2 for each mode.
y

The procedure is further explained and illustrated in the example at

the end of this section.

(3) Rigid body motion due to ground motion. The discussion of

ground motion effect for rectangular structures in Section 4.2 is also

applicable for the dome type structure.

Example 4.3

A dome structure will be considered for a design overpressure of 75 psi.

Assumed weapon yield is 20-MT. Figure 4.24 represents a typical dome.
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Example 4.3 (continued)

FIGURE 4.24

The necessary blast wave constants are (from Brode, Reference 3. 1 ):

Overpressure

75 psi n+ 2.4 sec
+

Pso = t 1.3 sec.
p

Dynamic pressure

180 psi n+ 7.9 sec + ~

0.6 sec.Pdo = t =u

Reflected pressure at the spring line

4.5 x 75 337 psi

Dimensional factors for the structure are given in Figure 4.24. The ~eight

of the structure is

W 724,000 Ibs

The motion of the structure consists of three parts

1. Rigid body motion

2. Deformation responses of shell in the compression mode and
flexural mode, and

3. Ground motion.

The response spectra for items mounted to the shell will be developed in

this example. The base response is obtained as demonstrated for a rec­

tangular structure.

211



Example 4.3 (continued)

The compression mode load characteristics are shown in Figure 4.25.

The rise time (t ) to peak pressure p isr cmax

(
(3 •

t = 1 - - Ir n!
B
U

\1- 73.8)
. 180

40
2550 0.00925

The peak pressure p is assumed to be equal to the peak overpressure
cmax

Pso = 75 psi.

The total time duration is

duration,
+

1.3t sec.

the overpressure equivalent triangular pulse

Pcmax -

Timet
r

.L-+------------+-----t
t+

FIGURE Jr.25
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Example 4.3 (continued)

The flexural mode load characteristics are shown in Figure 4.26.

The rise time to peak pressure i.s one half the transi t time of the shock

front across the structure:

B
U

40
2550 ., 0.0157

T2" = 0.00785

The clearing time for the refleeted pressure is

(1 + 3~) T = (1 + 3 x ~~08) 0.0157 0.035

. . ".. ,'"", J'" ;',71t
~~--~

__________JL _

,
p

--- -.\f
I

Pfmax

~--I-..L--t---------------------""'r--t

T/2
Time

FIGURE 4.26

The maximum pressure at the clearing time (from Reference 4.13) is

Pdm ~ CdPdo
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Example 4.3 (continued)

where

Cd drag coefficient = 0.9 at the base of the windward side (assumed)

Thus,
73.8
~

0.9 x 180 66.4 psi

The peak pressure at the springline is

Pfmax = P + p'r (p' is shown in Figure 4.26)

337 + 14.9337 + 66.4 ~:~~~85

352 psi

Accordingly, the flexural mode loading varies as

Pf Pf(t) sin (~ - ~ ) cos e/sin ~

where Pf(t) is represented by the pulse shown in Figure 4.26.

The total time duration is the dynamic pressure equivalent triangular pulse
+

duration t 0.6 sec.

(1) Horizontal rigid body motion: The acceleration-time history for

the load and resistance is shown in Figure 4.27.

5

40
p
max.

m

~---r-----------~:---t-t:-'""-+------_._--~ \......,I A4 ;

~ .~)~;

It:- ~_ ____lL.-_----l- -'-"- 1._~, ...._.L_ '.~

.04 .05
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Example 4.3 (continued)

Only the flexural mode contributes a horizontal force and its maximum value

is given by

'r= [3 e = 2n

P p fmax
r2J Jr- sin2([3 _ $1") cos2e de d yJ

max sin [3

o 0

2
352 x 20.84 x 144 n (1.29 _ sin 147.60)
2 x sin 73.80

72.84 x 10 1bs.

The maximum resistance is a function of the 'Weight of the structure and the

vertical component of the pressu're, namely

Rmax (W + pcA) Cf

5 7
(7.24 x 10 + 1.36 x 10) 0.7

1. 003 x 10
7

1b

The coefficient of friction C
f

i; assumed to be 0.7.

The maximum force at the c1earin;5 time of 0.035 sec is

P
dm

= P
dm

P ~~24 x :~.84 x 10
7 = .536 x 10

6
1bs

Pfmax max

The peak forces in terms of acceleration are:

P 2.84 x 10
7

max g
m 7.24 x 10

5

R 7
max 1. 003 x 10

10
5

g
m 7.24 x

P
dm .536 x 10

6

10
5

g
m 7.24 x

~ C 0.7 g
m f

:19.2 g

13.9 g

"/.4 g
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Example 4.3 (continued)

By inspection of the acceleration~time curve, the maximum acceleration is

~
( P-R )

m max

(39.2-11. 2) g 28g

at time ,.
.00785 sec.2"

The maximum velocity occurs at t
v

0.0293 sec and is obtained from

VI
h

17.5 + 129.5 149 in/sec

The maximum displacement occurs at t
d

where Al + A2 ~ + A4

Accordingly

Al
17.5 in/sec and t

d
t

l
0.085 sec

A2 130 in/sec and t d t 2 0.076

~
7.5 in/sec and t

d
t

3
0.056

A4 '" 141.5 in/sec and t d t
4

0.027

Therefore,

d~ '" ~ Ai x moment arm about t d= 0.089

(1.49 + 9.85 - 0.42 - 3.82)

7.1 in.

(2) Horizonta~ ~nd vertical deformation response of the shell. An

equivalent uniform raqial pressure for each quadrant of the shell can be
.',-(

derived to simplify':~.ne calculation of the flexure mode response (see

below).
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Example 4.3 (continued)

Summing up the pressure over 1/l~ the surface and equating it to a uniform

pressure, the following equivalent pressure, Pfe f is obtained

Pfe 0.47 Pf(max)

P 0.47 x 352 = 165 psife

I
·\-1 Pfe

\ 1 {

\. t
.O~~L

I
I

I
I
I
I···

The compression mqde resistance is given by

= 2[0.S~ f~d +0.009 (~t f y ]
t

) 'c
qc r

and the flexural mode resistance is

[0.S5 fc~ + 0.009 (0t
) fy ]

t
f

qf r

\.-

The terms in the eql\ations are defined in Appendix B, Equations (B-9 and

B-IO)
,

f
cd 4 ksi f 52 ksi .

~\ 1 percent,
y

t
c

and t
h

are the required shell thicknesses in each mode.

The quantity in brackets in the above two equations is

[0.85 x 4000 + 0.009 x 1 x 52000] (3.4 + .47) x 10
3
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Example 4.3 (continued)

Equating qc to Pso and qfe to 1.25 Pf~ the required thicknesses are:

t
c

Pso x r
--.;;.",;;,---~=

2 x 3.87 x 103

37.5 x 2.50 x 10
37.74 x 10

2.5 in.

1. 25 Pfe x r 1.25 3
t f

x 1.65 x 25.0 x 10
13.5 in.

x 103 33.87 3.87 x 10

t t + t
f 16 in.total c

The shell thickness used is 18 inches.

The actual resistances are then proportional to the ratio of the actual

thickness to the required thickness.

18 75 86 psi
Pc 7S

qc 15.7 x 86qc

18 x 1.25 x 165 = 236 psi
Pfe 165

qf 15.7 qf 236

The peak accelerations in each mode are:

Compression mode

0.82

0.7

fEnax= 75
m 1.5 x 150/144

"a
l

Flexural mode

Using load - mass factor ~m
3
4

= 48 g

" 165
to 5 x 150/144

4
3

= l40 g

The natural period of vibration (compression mode and flexure mode) is given

by the approximation:

T r 20.84 0.00835 sec2500 2500 =

Therefore,
2n 753 rad/secW w

f Tc
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Example 4.3 (continued)

Accordingly, the peak pseudo-vel.oci ties are

48 x 386
753

... 24.6 in/sec

" 140 x 386
753

.. 72 in/sec

The pseudo elastic (or yield) displacements are:

24.6/753 ".033

"d 72/753 = .. 096
Y2

The ratio of the pulse durations to,the periods are high (greater than 10).

Therefore the ductility ratios are determined from the response chart of

Reference 4.10 to be:

in compression

I-l. 2.5

flexure

1.8

.083 :lnch .173 inch

These displacements are neglig:lble comp&red to the ground induced disp1ace-

ments.

The max. resultant hQrizontal and vertical acceleration and velocity,

from Equation (4.17}, are:

"a
v

It
v

v

"

"

.707 (48+ 140)

.707 (~4.6 + 72)

133 g

69 in/sec

(3) Horizontaf'&nd vertical ground motions. Using the equations in

Section 3.5, the pe~kground motion intensities-are computed at a 5 feet

burial depth:

a a
h

75 g
v

v 37.5 in/sec vh 25 in/sec
v

d .. 21. 2~i inch d
h

7.1 inch
v
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Example 4.3 (continued)

Accordingly, the induced motion to the structure are

v' , ,
v

dr, r
V

37.5 in/sec

21.25 in

v'"
h

d' , r
h

25 in/sec

7. linch

The vertical rigid body motion is now calculated.

This motion is a result of the compression mode loading. The ideal­

ized model is shown in Fi~~re 4.28.

k .. 100 psi/in

FIGURE 4.28

The total normal force is

p
max

(3

pcmaxf
o

2
cos ,~ - If) 2 n r sin «(3 - tp ) d «(3 - tIJ )

73.8
2

TT r
Pcmax ~QS 2 «(3 - l.f )

n (20.84 x l2)2 75 t (1.845)

The peak acceleration is:

o
. 7

1.36 x 10 lb

,
av

p
m~~
~=

m
1.36 x 107

7.24 x 105

220
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Example 4.3 (continued)

Total stiffness of the soil

K 144 k 11 (.!!) 2
2

1.81 x 10
7

lb/in

w

Natural frequency

=\ 1
m
! = r;:;;. x 10

7
x 386

V V~ x 105
98.3 rad/sec

The peak pseudo-velocity is
v'~ = ~ = 18.8g

v w 98.3
= 73.8 in/sec 6.3 fps

The separate responses that must be combined to envelope the response for

items mounted to the shell are given in Table 4.7 and the root mean square

resultants are given in Table 4.8.

Ta'jle 4.7

Acceleration g Velocity in/sec Displacement in

a' a" a'if v' V" v' " d' d" d'"

Vertical 19 133 0 74 69 38 0 0 21

Horizontal 28 133 0 149 69 25 7 0 7

Ta'b1e 4.8

Acceleration g Velocity in/sec Displacement in

Vertical 135 108 21

Horizontal 135 166 10

The spectra bounds are (based on the amplification factors used previously
in this report)

Vertical
A = 270 g

V .. 162 in/sec

D = 21 inch

Horizontal
A = 270 g

V = 250 in/sec

D = 10 inch

The horizontal and vertical shock spectras are plotted in Figure ~.29.
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4.2.5 Two-story steel frame stl:ucture. A steel framed structure can be

designed to survive only low overpressure levels. The peak values of ac­

celeration, velocity, and displacement, due to rigid body motion, are ob­

tained in the same way as in the case of concrete structures. The horizon­

tal deformation mode of importance is the flexible frame instead of the

wall element. An example of a i:wo-story framed structure will be used to

illustrate how the peak frame dl~formation response Can be obtained in an

approximate manner for use in plotting shock spectra for systems attached

to the structure.

Example 4.4

In the example of Figure ,~, 30 ,the structure is assumed to be design­

ed to survive a 5 psi environment due to a 20-MT contact surface burst.

The lateral loads are transmitted to the foundation by moment resisting

frames on 8 feet centers. The ':wo-mass system's horizontal deformational

response wi 11 be analysed by thl~ normal mode method.

The blast wave conf;itants are (hom Brode, Reference 2.9)

Overpressure:

5 + 6.8 + 6Pso psi D sec t secp

Reflected Pre&SlIre:

Pr 2.~ x 5 11.5 psi

Dimensional and inertia factors for the structure are given in Figure 4.30.

Assumptions:

(1) Consider ~ two-story symmetrical frame structure as a lumped

two-mass system wi th the weight:; of the qqlumns evenly distributed at the

two floors.

(2) The unifQPTlly distributed pressure forces are ,therefore, applied

as concentrated hori?:onta1 fotcl~s at each floor level.

Total horizontal forG~ carried by a column is

11. 5 X 8 x 12 1104 Ibs/in height

If the girder stiffnesses are very large compared to those of the columns,

the appropriate column sti ffnesi;es are given by:
. 3

kll = k
2l

= k
12

= 24 EI/L
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Example 4.4 (continued)

w = 40 psf

I 24 WF 76
,

10 w 30 psf

I

-f
w = 25 psf

18 WF 45
I ,

10 14 WF 87

,
20

---------~

!

P =
2

(c) Eq~ivalent Loads

H
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(b) Plan

FIGURE 4.30
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Example 4.4 (continued)

where the stiffness notation is as follows:

k
ll

stiffness reaction at level 1 due to a unit displacement

at level 1 (no rotation permitted)

k21 = stiffness reaction at level 2 due to unit displacement at

level 1 (no rotaticln perm! tted)

and a harmonic response in freql.lency,w,of the two mass system's horizontal
-/(

motion is governed by

~I :J (::) ~I! k
12

] (::)2
0w

k21 k22

Solving for the frequency . 1 2 and 2 theelgenva ues,w 1 w 2' from characteristic

determinant,we fins:l that

2 12 Er {(2
m1 + t11

2
)

+ l2 ml +2m2 )2 4 }(w ) 1,2 7 m1 m2 m
l

m2(ml m2) .

Using the numerical values,

E = 30 x 106 ~si
EI _ 30 x 106x 8

L3 - 1202
1.67 x 104 lbs/in

5k12= 4.0 x 10 1bs/in. k
22

I
L

8
. 3
In

0.097

72 rad/sec

The two eigenvalues or natural circular frequencies become

w2 182 rad/sec

,'( The matrix method is described in Appendix A.
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Example 4.4 (continued)

If the girder f1exibi1ities had been included, the calculated frequencies

would have been

WI 44 rad/sec

= 162 rad/sec

It is seen that the errors in wI and w
2

are not negligible when the

girders are treated as rigid. The somewhat more involved analysis,in which

girder flexibility has been inc1uded,is described in Reference 4.14. In

this example, the purpose is to illustrate the method of developing shock

spectra for the structure mounted systems, and the simpler assumptions of

stiff girders are therefore used. The normal mode amplitudes or eigen-

vectors (:~)can now be obtained by substituting the frequencies or eigen­

values into the characteristic determinant, and we obtain

°
Normalizing this expression by placing xl = 1 unit, we find

Since,

Also for

2
W 1

2
W 2

4 x 105 2
- w m

l

4 x 105

520O, and ml
26.8,

4 x 10
5

- .52 x 2.68 x 10
5

4 x 10
5

33,000,

4 x 105 - 3.3 x 2.68 x 105

4 x 105

0.65 unit

1.2 units

The normalized amplitudes or eigenvectors are then described by the modal

matrix,13
1

i
[0.65

22fi
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Example 4.4 (continued)

The normal mode responses can no~ be obtained from the normal mode equation~

(See Appendix A and Reference 4.14).

The generalized mass is

[4:
0

1rMJ [f31TIm] l. f3 J I

74 J
The generalized force is

N j
.. [~JT (lmax) ( 146,250 )

P2max -83,750

At time t .. 0, the normal mode acceleratio:1s are Ok] ... 0 at t .. 01
)

r: 7:] (~:) .. C46 ,250)
-83,750

.. 146,250 35E:0 in/sec
2

9.3.,\ 1 ..
4~

.. g

/)'l 2 .. 83,750
74

1130 in/sec2 .. ~ 2.93 g

Transferring back to the couplE!d coordinate system

••
(x)

it is found that

I xl \

k)-
Accordingly,

:.J

x ..
2

..
1 2 'Y,

• l2
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Example 4.4 (continued)

Substi tuting the values for r l1 and "12

..
xl .. 9.30g - 2.93g 6.37 g

The upper bound values are:

12.23

..
x2 .. 0.65 (9.3)g - 1.2 (-2.93)g .. 9.55g 9.55

The peak pseudo-velocity and displacement can be approximated by the

The upper bound values are:following expressions:

x .. _iT_\! +'\ 2 .. (3580) +
1 wI w2 72

C 1l30)182 50 - 6.2 = 43.8 56.2 in/sec

0.65 ri\ 1

wI
32.5 + 7.5 40 in/sec 40 in/sec

..
rr l 1 Crt 2

xl .. --w-z + --2-" 0.7 - .034
1 w2

0.66 inches O. 73 in.

x ..
2

0.65 ,;-
l

..
1.2 11. 2

2w
2

0.45 + .04 0.49 inches 0.49 in.

If the girder flexibilities had been taken into account, the peak accelera­

tion response would not have been significantly different, but the peak dis­

placement response wQuld have been much greater. Repeating the steps above

for the flexible girqer case with

wI = 43 rps and w
2

162 rpd

OJ ·i 127 ,500 3630 in/sec
2

10.3.. .. g
1 35.2

.. -139,500 2rn .. 1550 in/sec -4.0 g'·2 90
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Example 4.4 (continued)

and

xl 6.3 g

x2 == 11.65 g

.
75.5 in/secxl

• 58 in/secx2 =

xl 1. 94"

x2 1.1"

Upper bound values are:

14.3 g

11.65 g

94.5 in/sec

58 in/sec

2.06"

1.1"

The results of the above analyses are compared with the exact solution,

Case III.

Case I Case II Case III

Girders stiff Girders flexible Girders flexible
peak response :Jeak response peak response
based on acceleration Jased on acceleration calculated
at time t = 0 -:it time t == 0
(absolute values) (absolute values)

\ i

<=::::::-.
\

~Peak Acceleration .~

xl 12.23 g 14.3 g 9.0 g

x2
9.55 g 11.65 g 10.5 g

Peak Velocity

.
56.2 in/ sel~ 94.5 in/sec 25 in/secxl

.
40 in/sec 58 in/sec 34.5 in/secx2

Peak Displacement

xl 0.73 in 2.06 in 2.5 in

Xz 0.49 in 1.1 in 1.4 in
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Example 4.4 (continued)

From this summary,it can be concluded that Case I gives acceptable

values for peak acceleration and velocity,but peak displacements are too

low. Case II gives acceptable values for all three response parameters

(within 20 percent of the calculated values shown for Case III).

The horizontal rigid body motions may be combined with the above mo­

tions by the root mean square procedure. The horizontal shock spectra for

items mounted to the roof and to the top of the columns would be based on

motions of mass,ml,combined with rigid body motion; for items mounted to

the 2nd floor level and to intermediate heights of the columns, the hori­

zontal shock spectra would be based on the motion of m2 combined with rigid

body motion.

The deformation response of the girders in the vertical direction is

obtained in the same manner as previously explained for concrete structures.

4.3 Partially Buried Structures

Partially burled structures have earth mounds on all sides of the

structure,and are distinguished from shallow buried structures by the

amount of cover over the structure and the slope of the mound. Figures

4.31 and 4.32 show the required coverage for fully buried rectangular

structures and dome structures,as well as normal coverage for partially

buried structures.

The structure motions will be a combination of the rigid body motion

and deformation motions of the parts of the structure exposed to the direct

air blast.

As a general g4ideline,rectangular structures may be considered

partially buried,if ~s a minimum they have a mound of I to 2 slope be­

ginning at the H/2 level. Flatter slopes beginning above H/2 will result

in earth cover conditions approaching those of shallow-buried structures

(see Figure 4.34). Also, for domed structures, a nominal cover over the
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4.3.1 Mounded rectangular structures (Figure 4.31)

(1) Rigid body motion. For very flat slopes (greater than I to 2) ,

the rigid body motion of the structure relative to the ground is negligible.

The mound and structure may be assumed to have a dome shape as shown in

Figure 4.33, moving together in the horizontal direction, due to the hori­

zontal component of the air blast on the mound. The procedure described

in Section 4.2.4is, therefore ,applicable for calculating rigid body motion

of the structure and the earth mound.

.. ,

1:f~'

J.L..,....-,--__~-:-.-,.r-.. -'----; C1

-----{"- - -- -- - ---'-----"'---'-+---'----'-

I,

j
I

I
I

. I

~~
\ I

FIGURE 4.33
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2 for all overpressure levels<

If it is justified to aSS'Jme that the structure's overall properties

(compressibility, etc.) are roughly similar to those of the soil, the

structure's motions can be take1 as the peak ground motions at the average

depth of the structure. (This ~ssumption will be more fully discussed in

Subsection 4.4, Shallow Buried :;tructures.)

(2) Deformation response due to air blast

Wall: The reflected pressure on the wall is reduced by a fac­

tor dependent on the mound angle (angle of incidence). For a slope of I

to 2,the reflection factor is:

Pr

Pso

By use of the method described in Section 4.2.2,the motion of the wall can

be determined for the revi sed r,eflected pressure.

Roof Slab: The roof slab deformation motion is the same as the

deformation motioq for the abov.eground structures (Section 4.2.2).

Base Slap: The base slab deformation motion due to the slap of

the air blast on the roof cannot be distinguished from the ground induced

motion. An assump~ion that the structure moves with the ground will ac­

count for the total inertia load to parts of the structure not exposed to

the direct air blast.

(3) Rigid bodl motion dU<: to ground motion. The direct air blast

induced ground motiQn is accoun':ed for under heading (1) of this subsection.

If the air blast is superseismic,then the shock spectra based on peak mo­

tions described in (1) and (2) above is adequate. For the outrunning con­

dition,a ground induGed motion of the structure may take place slightly

ahead of the air blast induced motions,thus,resulting in an increase in the

shock response of the items mounted to the structure. (Section 4.4 on

Shallow Buried Structures wi 11 define motions due to outrunning that should

be added to motions under headings (1) and (2) above,for plotting the shock

spectra envelope).

4.3.2 Mounded dome structures. The stream-line shape of the dome and

earth mound wi 11 minimize the rdative motions of the structure wi th re­

spect to the ground; and it may be assumed that the structure will move with
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the ground. The effective load on the dome will have a small increase in

rise time due to the earth mound;and the motions of the partially buried

dome may be considered to be the same as that of a shallow buried struc­

ture.

4.4 Shallow Buried Structures

The minimum soil coverage shown in Figures 4.31 and 4.32 define the

mi nimum soi 1 mound for the classification of shallow buried structures.

The depth of earth cover,at which structures are no longer considered

shallow buried, but deep buried, is in the order of 100 feet.

Air-blast-induced and crater-induced ground motions are both import­

ant considerations. If the soil is layered, the underlying media will of­

ten be hard strata that will serve as wave guides for the crater induced

motions. In overpressure regions of 100 psi to 1000 psi and for weapon

yields greater than 1 MT,the motions of a shallow-buried structure will be

the result of:

(1) Air blast induced dilatation and shear waves through the soil

directly above the structure, blast slap.

(2) Crater induced motions through the hard layers.

(3) Air blast induced refracted-reflected waves in the layered soil.

These effects are discussed in Section 3. The complete ground mo-

tion history, when ~hock spectra techniques are being used, can be describ­

ed by a shock spectra envelope that involves larger amplification factors

to account for outrunning motions ,that may have been critically phased with

the air blast slap motions. In Section 3 on Input Motions,these factors,

as well as pulses to be used as input waveforms ,have been discussed; they

should be used in the design of in-structure shock isolation systems.

4.4.1 Shock spectra approach. Three basic types of structures will be

considered; a rectangular structure with very little earth cover over the

roof slab, a cylindrical structure with substantial earth cover, and a

cylindrical silo with its top flush with grade.
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The shock spectra method ~'ill assume that the structure motion is the

same as the ground motion, i.e., the flexibility of the structure is ne­

glected. Most structures desi~;ned to survive the high stresses induced

by the air blast will be stiffer than the soil medi8;and, therefore, in

some cases this assumption may not be conservative. The more specific

method will use the free-field motions in the form of pulses (defined in

Section 3) that are applied to 8 soil - structure model, a model that will

include the fleXibility of the structure. When the structural enclosure

is designed to yield at a specified overpressure level,the high frequency

response of its in-structure systems will be attenuated significantly, if

the structural enclosure's frequency in its first deformational mode lies

in the intermediate frequency region.. (A shallow buried rectangular struc­

ture may fall in this category). In this case, the shock spectra for the

in-structure systems will be modified to account for flexibility and yield­

ing of the structural enclosure. Most shallow buried structures will be

in a soft soil layer with a hard underlying layer. Therefore, response

spectra for in-structure systems should normally be based on the assumption

that the structure is located in a layered media (unless specific soil data

is available indicating a relatively homogeneous media to a large depth

be low the structure~.

4.4.2 Rectangular b~ried structures. This type of structure is normally
!

feasible at moderat~tY low overpressure levels (less than 100 psi) and at

shallow burial depths. The rigid body motion of the structure can be

taken as approximately equal to. the ground motion predicted at the average

depth of the structure (see Figure 4.34) •
.,

Since the roof slab is us~ally close to the ground surface, it will

respond to the impingement of the air blast,in addition to the rigid body

motion of the structure. The rigid body motion may be considered as an

input to the bottom slab communicated by the downward motion of the walls,

and it may be taken equal to th€~ ini tial ground motion. The response of.

the roof slab will then be an initially upward deformation. If this de­

formation is in phase wi th the ceir blast effect, which results in an

initially downward deformation c,f the roof slab, the combined effect
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will be less than the larger of the two effects. The peak vertical accel­

eration maY,therefore,be taken conservatively as

either Pso
a

m ~m
where m mass of the roof slab

~
= load factor formass

roof slab

or a a where a peak vertical ground
v v acceleration at the

average depth

whichever is greater.

The peak vertical pseudo-velocity is

either
a circular frequency ofv - w
w the roof slab

or v v v peak vertical groundv v
velocity at the
average depth

whichever is greater.

The peak verticql displacement, d, can be taken as the ground dis­

placement,since the roof slab response displacements are negligible compar­

ed to the ground displacements.

The above method will be a reasonable approximation when the ai~ blast

wave is superseismic with respect to the waves traveling through the ground.
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In an outrunning cond i tion, hOWE!Ver, the ini tial ground motion may be up­

ward and may slightly lead the arrival of the air blast on the roof slab,

thus, inducing a combined respom:e which may exceed the separate responses.

An upper bound for this conditicin is the algebraic sum of the two peak

values; the vertical shock spectra for items mounted to the roof slab are

often based on this combined value.

(a) Elastic response of the structure. It is usu~lly assumed that

a buried structure moves as a rigid body with intensities of displacement,

velocity and acceleration (at all points on the structure) equal to the

free-field ground motions at sonle effective depths. The flexible elements

of the structure, such as beams, slabs, or shell segments, may be excited

at their natural frequencies during this rigid body motion. To assess

the complete effect of flexibility of the structure in altering the input

motion to systems attached to the structure, the numerical methods out­

lined in Appendix F would have to be used.

The flexibility of the structure will influence primarily the peak

acceleration input to rigid mounted systems. Let us consider a buried

rectangular structure with equipment mounted to the bottom slab as shown

in Figure 4.35a. +~e bottom slab is usually designed to resist the ground

stiffness
of slab

(b)

Slab

Equipment N
f/'~~ Jkitt::=spriflg stiffness

. of equipment
attachments

I
10

£1= ~1C Jk/ml
r-rr-rf,,.-F;T"7'"T'Tlr7

Free-field ground
motion and stress wave

'10'

.I--~_-J""'----i"

: ...:;, '.•. 0 • ~ •• -. 'f ...... '.'"

-...
"". ..

~. .....2"",-0_' _

(a)

FIGURE 4.35

motion vertical stress wave based on response in the fundamental frequency

mode. If the equipment mass is small relative to the structure bottom slab
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mass, then the slab can be assumed to be an SDOF system with a response

bounded by the shock spectra envelope defined in Section 3.7. Conse­

quentlY,the two-mass model shown in Figure 4.35b can be considered as

a simplified model of the equipment attached to the structure slab in

Figure 4.35a and the method suggested in Section 2.4.2 may be used to

derive a spectra bound for designing the equipment attachment mounts. The

following example illustrates this technique.

Example 4.5

We consider the structure in Figure 4.35a at a 25 psi overpressure

location (weapon yield 10 MT). An equipment is hard mounted at the center

of the slab;and the assumed characteristics of this equipment and mount

give a frequency,f 2 = 40 cps. The natural frequency of the bottom slab,

f
l

, as an equivalent single-degree-of-freedom element, is equal to 13 cps.

A shock spectra envelope for an SDOF system responding to the free-field

vertical ground motions is assumed to be bounded by the two straight lines,

V = 18 ips and A = 25g,in the mid-frequency and high frequency region.

This envelope is based on the free-field ground motion at a depth of 10

feet. In this shock spectra envelope, plotted in Figure 4.36, neglecting

the equipment weight, the vertical response of the slab is found to be

Al 3.8 g

VI 18 in/sec

These peak values may be assumed to constitute the input to the equipment

attachments. The response of m2 in the high frequency region is then

bounded by the straight line

7.6 g

as given by the procedure summarized in Section 2.4.2.

In this example,the figure shows that the peak acceleration response,

A
2

, of the equipment at f
2

= 40 cps is

instead of the 13 gls given by the shock spectra envelope based on [ree­

field ground motion peak intensities.

238



Example 4.5 (continued)

f -=13 cps
1

Response spectra envelope
for ml

FIGURE 4.36

(b) Elastic-elastic behavior of the structure. If the structure

yields at the specified overpressure region,then the acceleration response

of items mounted to the structure will be less than the corresponding ac­

celeration respon~e for a non-yielding structure. In the model shown in

Figure 4.35b, the spring element representing the slab is now idealized

to represent an elastic-plastic hysteretic spring. It is seen in Reference

4.20 that yielding in the first spring will reduce the maximum de£ormatl<rn.... __ ,

in the second spring,especiallywhen f 2/£1 = 1 (for m2/m1 « 1). The re- ~

duction factor is not constant,but varies with the ratio of f2/f l for a

particular m
2

/m
l

ratio. Therefore, general conclusions cannot be drawn
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Example 4.5 (continued)

about the response bound on m2 (the equipment) when the first\spring, k2
(the slab), is elastic-plastic. However,when f2/fl> 1, and m2tml« 1,

we Can bound the acceleration response of m
2

in the following wa~~
\

(1) Construct the elastic-plastic shock spectra envelope fi9m the

elastic-spectra bound by the method suggested in Section 2.4.3 for

the [1, value used for design of the structure element that supports

the equipment.

(2) At the frequency of the first spring system, f
l

, determine the

acceleration response, AI' of the first mass.

(3) The relative response of the mass,m2 , (the equipment) in the

region,f2/fl> l,will be bounded by the constant acceleration line,

A' = 2 Al

~len a more precise analysis is warranted, the more correct models and

numerical analyses described in Appendix F should be used.

Example 4.6

If in the previous Example 4.5, for the 25 psi overpressure location,

the structure bottom slab is designed to yield to a [1, of 5, the natural

frequency of the roof slab (Within the elastic range) will be less than

the value of 13 cps obtained in the example, namely ,10. 5 cps. (The slab

is assumed to be a one-way reinforced concrete slab;and the frequency is

calculated from Equation B-16 in Appendix B.) Then the elastic-plastic

spectra envelope in the high frequency region is defined by the straight

lines

This is shown in Figure 4.37;

10.5 cps, 0.7 g

The shock response envelope for the equipment when f 2/£1 > 1 will be bound­

ed by the straight line

Therefore,at f
2

A' 2 Al 1. 4 g

40 cps, A
Z

= 1.4 g for design of the equipment mounts.
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Example 4.6 (continued)

o
(j)
til­s:::

-.-I
'-.-/

FIGURE 4.37

4.4.3 Cylindrical shaped structures. This type of structure is feasible

at high overpressure regions in the order of 1000 psi. Figure 4.38 shows

a normal condition.
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FIGURE 4.38
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The walls are usually of very thick reinforced concrete, so that the

primary loading induces compressive stresses in the cylinder. The cylinder

is usually designed to remain in the elastic region.

The deformation frequencies of cylindrical structures are high com­

pared to those of rectangular structures; and in relatively soft soils the

rigid body mode is usually the only significant mode. Therefore, the peak

structure motions are assumed to be the peak ground motions at the average

depth in both the horizontal and vertical directions; and all points on the

structure are assumed to have the same motion. The amplification factors

for deriving the shock spectra envelope are given in Section 3.7.

4.4.4 Vertical silos. The protective design of a vertical silo is feas­

ible in overpressure regions of the order of 500 psi. Construction is

usually in reinforced concrete; and a heavy cover at the surface protects

the interior equipment. Si 10 structures have been used as missi Ie launch­

ers and retractable antenna enclosures. (See Figure 4.39.)

Average depth

H/2

... "',. 4
:I

j
I

.. ~)

_.._---_.

FIGURE 4.39
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It is very difficult to assess the significance of the deformation

response of the silo,as it influences the response of systems attached to

the structure. For lo~ frequency systems, the effect may be negligible,

whereas for high frequency systems it may be important. For shock isola­

tion systems located in the silo, the deformation responses of the struc­

ture may be neglected in deriving a shock spectra envelope.

The vertical motion of the silo is initially do~nward if the air

blast is superseismic, but an initially upward motion may be expected [or

an outrunning condition. For the superseismic case,the vertical motion of

the silo is the same 8S the groJnd motion at depth,lI. For the outrunning
.. '. 11

case, the vertical ground mati on predicted at the average de'pth'2 ,i s prob-

ably more applicable; although this distinction cannot always he justified

rationally because of the compl'2xity of the wave propagation history for

outrunning conditions.

The horizontql ground motion may induce some tilting as well as trans­

lational motion of the silo, especially if the silo penetrates through sev-
-1<

eral soil layers. The magnitude of the tilting motion will usually be

small compared to the translati()n; and in the shock spectra envelope ap­

proach the silo tilt motion is usually neglected. The horizontal motion of

the silo will be assumed equal to the horizontal ground motion ill the ilver-
:1

A,ge depth'2 .

The silo roof slab and closure will also feel the impingement or the

air blast. The acceleration and velocity Tesponse in this area may be

amplified under certain conditions of phasing of ground shock and over­

pressure. The roof slab and closure wi 11' have modi fled motions ,\vhich nre

treated in the same manner as those defined for the roof slab of rectangu­

lar structures (Section 4.1.1), if the shock spectra technique is used.

,'(
The tilt effect may he important for missile silos and antenna structures
under certain operational requirements. The lumped parameter model of
the silo shown in Appendix F molY be used for em estimate of the tilt.
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4.5 Deep Buried Cavity Liners

Cavity liners are designed to be placed in deep underground locations,

when they are required to survive direct or near miss hits from large yield

weapons. A high degree of invulnerability is achieved by placing the system

in a cavity in competent rock,where full advantage may be taken of the

strength of the rock. The principal input to the liner is due to the trans­

mi tted shock wave from the crater in a direct radial path; since at great

depth and at close-in locations, the crater-induced ground shock will he

more important than the air-blast induced pressure. (See discussion in

Section 3 on Ground Motions.) The survival requirements for the rock

cavity itself and its liner are not within the scope of this report. The

present discussion will be concerned only with the influence of a cavity

liner on the transmission of ground shock. Figure 4.40 shows one type of

Rock media

FIGURE 4.40: ROCK CAVITY INSTALLATION

rock cavity installation. In this simple case,a liner or filler material

intervenes between the rock medium and any internal system.

In some cases, the liner may consist of nothing more than a steel

plate to protect the internal systems from rock spallation. In other cases,
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a concrete liner may be poured directly against the rock. Such a liner

does not significantly affect the free-field input at the boundory of the

cavity. In order to increase the survivability of a liner in the rock

cavity,crushable fillers are often placed between the rock and the liner.

Test data (see References 4.15 and 4.16) indicate that some atten­

uation of the free-field stress wave is due to this crushable material.

The emphasis in the tests has been to evaluate the effect of the filler

material on the stress level in the structure liner. Filler materials

that exhibit energy absorbing pl~operties \Vhile at the same time preserving

their shape stability under static conditions, have been used in the

tests. Foamed plastics (such a~; rigid polyurethane) and lightweight con­

cretes (such as cellular vermiculite) are examples of materials tested.

Some semi-quantitative estimates may be made from model tests re­

ported in Reference 4.15,where tests were performed on model cylinders by

using rigid polyurethane as a LIler with a yield value of less than 100

psi. Various ratios of foam th'.ckness, F, to liner radius, R, were tested

(aS ~ OS 0.5) for dynamic loads; and it was found that the stress in the

liner was significantly reduced when the FIR ratio was greater than 0.2.

The rigid body displacement of the liner \Vas not reduced appreciably \"hen

the foam was added. Accelerations were not measured. Therefore, from

these tests,it can be concluded that the crushable filler will not affect

the shock response of internal !;ystems in the low and intermediate fre­

quency region,but it may reduce the high frequency response.

Other investigators have :.ooked into the advantages of crushable

[i llers ,primari ly for tunnel liners in rock at very high stress levels

(see References 4.1 and 4.17). The filler definitely protects the liner

from total collapse,b4t it has only a negligible effect in reducing the

peak displacement, velocity, and acceleration imparted to the liner (the

accelerations may have a reduction up to a factor of 2).

Therefore, based on available test data, it can be concluded that a

crushable filler is not an efficient method of attenuating the shock input,

although it may be an advantage to the liner design itself.

The location of the attact~ent to the liner (or caviti) with respect

to the direction of the stress ,~ve is of importance to the reeponse of the
"

245 .",,,....,
"

-".'..



internal system. Figure 4.4Ia~ taken from Reference 4.18 shows the am­

plified acceleration at the zero degree boundary point that experiences a

full reflection;whereas the 180
0

boundary point, Figure 4.41b, shows an

attenuation of acceleration below that of the free field. These differ­

ences from the free-field acceleration are of importance in the high fre­

quency region. In the very low frequency range associated with the nat­

ural frequencies of shock isolated in-structure systems,the calculated

difference is not marked.

Shock spectra based on free-field motions arc applicable for any

point on the cavity boundary in the low frequency (constant displacement

and constant ve loci ty) region. In the hi gh frequency region ,unconservil­

tive results will be obtained if the support points are located at the up-

per portion of the cavity where the direct stress wave impinges first.

Therefore, the shock spectra envelope can be based on the free-[-ield mo­

tions,except in the case of high frequency systems mounted in the upper

half of the cavity. The response amplification factors can he based on

stress wave propagation in homogeneous media using ground displacement

pulses with a full ground return (see Section 3.6).
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SECTION 5: :mOCK ISOLATION SYSTEMS

5. 1 Introduction

Hard mounted systems may b,~ considered as partially shock isolated. i f

their shock response is reduced ,jue to inherent flexibility or yielding of

the supporting structure. If deliberately designed flexible components

are interposed between the shock sensitive equipment and the structure,

the system is called soft mounted or shock mounted. Stiffness of hard­

mounted or soft-mounted systems !nay be described as being linear,non-linear,

and/or elastic-plastic for vario'ls ranges of response. Damping is some­

times important in the design of shock isolation systems,and may be de­

scribed as a constant force resisting motion (Coulomb) or a force propor­

tional to velocity of distortion (viscous).

In this section,types of s'lock isolation systems will be described,and

examples of design for weapon effects will be given. The types of springs

suitable for the various configurations and ranges of response will also

be spec if i ed.

It will also be assumed that, using the data and procedures of Sec­

tions 2, 3, and 4, the reader has determined the motions of the supports of

the hard or soft mounted system. This information may be either an elastic

shock response spectra envelope and/or spe~i.fic input motions of the struc­

ture in ter~ of motion-time histories.
,

The design of the shock is,)lation system wi 11 start wi th the follow-

ing given data:

(1) Preliminary weight an:i C.G. location data of the equipments to

he supported.

(2) Tolerable accelera~iol or velocity responses of equipment and/

or personnel to be protected during the attack mode.

(3) A space envelope of the internal system and an available rattle-

space.

The designer then has the task of developing a soft mounted system,

or relying upon a hard mounted system such that relative displacements
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bet~een supported items and the structure may be accomodated ~ithin the

available rattlespace ~hile tolerance response magnitudes are not exceeded.

5.2 Symmetrical Spring Systems

A symmetrical system is nearly al~ays preferable since it is an op­

timum system. In that case the center of rigidity ~ill be coincident ~ith

the center of mass ~hen the system is in its static equilibrium position.

Consider the four-spring system of Figure 5.1 and the t~D-spring system of

Figure 5.2 with their respective equivalent eight and four horizontal and

vertical spring components.

z z

xx C. G.
A •
R -R ....

z x,
o CoR.

kX3 k
r3

k
z3

= k
q3

: ,J

k l 5 k2
'1

k
3

k
4

-N NY-

Arrangement of Springs Spring Components

(a) (b)

FIGURE 5.1; SPRINGS PARALLEL TO nUNCUAL AXIS
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z z

C. G. ,x .. x
R

z

Arrangement of Springs Spring Components

(a) (h)

FIGURE 5. 2: INCLINED SPRINGS

The definition of spring symbols in Figures 5. I and 5. 2 are:

251

Spring number designationk
l

, kZ
,

krl' k
r2

,

kql' kq2'

kzl' kz2 '

k kx2 ' - - - .
xl' .

Spring rate in aXial direction for the specific

numbered spring (lbs/inch)

Spring rate in transverse direction for the

specific numbered spring (lbs/inch)'

Spring rate component along vertical principal

axis for the speci fic numbered spring (lbs/inch)

Spring rate component along horizontal principal

axis for the specific numbered spring (lbs/inch)

The center of rigidity is defined as the point on the mass where a force

must be applied if the mass is required to displace only in translation]

i. e., without any rotation. Conversely, if a moment is applied about an axis

through the center of rigidity (C.R.), the mass will be displaced only in

rotation without any translation. Restricting the C.R. to coincide with

the e.G. will enable the designe:~ to simplify the dynamic problem mathe­

matically by decoupling the natu:~al modes,and to make an optimum design

from the point of view of required rattlespace and minimum transmi tted accel­

eration and/or velocity.



A discussion of spring rates will be necessary for understandin\~ how

to calculate locations of centers of rigidity or stiffness.

5.2. I Spring lateral stiffnesses. Assume linear, weightless springs and

small deformations; moreover the spring ends are either simply hinged or

fixed as shown in Figure 5.3a and 5.3b respectively.

+ +

~
- P ! - P

~

2

,
I I

(a) t (b) t
FIGURE 5.3

Denote the axial direction by r and the transverse by q. Buckling is

critical when the axial load is in compression.

If the static load is zero, spring (a) in Figure 5.3 will have no

transverse stiffness, but due to its end fixity, spring (b) will have one,

denoted by

its degree

spring (b)

k ; its magnitude will depend on the spring's dimensions and on
q

of end f:!.xity. If a tensile load,P, acts, spring (a) as well as

will have transverse stiffnesses. If a compressive load,- P,

acts,spring (a) will have a negative transverse stiffness,and spring (b)

will have a positive transverse stiffness,unless the load is large enough

to cause buckling. It is,therefore~seen that the value of P will enter in­

to the expressions for the transverse stiffnesses of springs (a) and (b).

The simplified relationships are:

(k) ~
q a

+ P
"

)
(k )

q a
+ P

(5. 1)

-::
The lateral spring rate for fixed-ended coil springs is here assumed to he
a function of two independent terms, (k) and pI, , to illustrate the

q 0
significance of the axial load on the lateral spring rate.

252



This relation is schematically shown in Figure 5.4 for spring (a) and

for negligible variation in ' (based on small angle approximation).

r I ~ p

rM 1/ F = Psi n e,e __ .. _

+
(k ) - P sin e

q l\q

i\q ,~ sin 9

+
k - P

q 2

/
FIGURE 5.4

,

q

For compressive loads, buckling criteria (not considered here) will limit

the value of P in both cases. Since the operational spring length.) : is

related to the unstressed spring length,l , it follows that (k) and
o q a

(kq)b are numerically larger for compression than for tension. Thus.

(k )
q a

Example 5.1

+
- P

1 :: p/k
o r

f (p) and. (k ) b;::: (k)
q q 0

+ f(P) (5.2)

~(

the lateral stiffness is negative

This example will show the effect of an axial load, both tension and

compression, on the lateral spring rate. Let

k 4000 lbs/in; (kq)o 1000 lbs/in; ,-{ 40 in;r 0

+

(kq)a
- p f (P); (kq)b 1000 + f(P)

40
+ P
- 4QOO

The Figure 5.5(a) of 10ad,P,versus spring component, (k) .shows that
q a

for all compressional loads. and is

A negative spring rate means that instead of tending to restore a config­
uration to its static equilibrium the spring tends to oppose such a
restoration.
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Example 5.1 (continued)

(k) lbs/in
q a

. . 4
3 PxlO lbs

(k
q

\ lbs/in

2000

1800

1600

1400

1200 /

/r::~
-__ 06~ J:~~ ,
;tf-~i -1 1 2

(b)

4
P x 10 1bs

630/

! Extension

Ii--+-­
1 2 3 4

-200

-400

-600

-800

1
-1000

-1200

(a)

800

600 -

-4 -3 -2
-+--....

i

Compression

FIGURE 5.5

numerically higher than for extensional loads. Thus, for P

i. e., for a deflection of l\r = 7.5 inches,

3 x 10
4

1hs,

630 Ibs/in for extension

(k )
q a

l -924 lbs/in for compression

Figure 5.5(b) shows that for (kq)b the negative stiffness does not occur

until the compressional load is slightly larger than 3 x 104 lbs;

r 1000 + 63G 1630 lbs/in for extension

1000 - 924 76 lbs/in for compression

These values are indicated in Figure 5.6. If it is assumed that a linear

variation in (k) occurs due to the lengths being 47.5 and 32.5 inches in­
q 0

stead of 40 inches,the assumed constant value of 1000 1bs/in will be changed

so that:
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Example 5. I (continued)

842 + 630
)

1472 lbs/in for extension

: 1230 924 306 lbs/in for compression

Figure 5.6 shows the two springs in the extended and in the compressed

conditions.

The above variations for k as a function of the axial load or dis-
q

placement are important considerations in designing a system composed of a

group of springs for combined vertical and lateral displacements. This

will be shown in Subsection 5.2.3 and 5.2.4.

P

t

P

t
c <;: =<......- 0
({J ~--- 0

..0 0 _.-'>

...-l ..;:t
<~:

0 <.~--.-
0
0 .....;---.,--. ..0
..;:t ;--..

":~ H

" "" ~
CI1 '-' --:-:.

;--..

H _c
~ .:.. ....

'-"

FIGUF~E 5.6

-1'

~

-1'

o
o
o,t

5.2.2 Spring systems that are parallel to the principal axes of the mass.

It was stated in the ~ntroduction that the spring arrangement (Figure

5.l) for decoupling can be determined by making the resultant horizontal

spring force and the resultant vertical spring force pass through the mass

center or C.~. The number of s]rrings in each direction will depend on the

capability of the SPl."i~~lementB. If the C.G. is centrally located within
.,-r-

_:~~~_-tnass, a~Of additional springs may be more desirable than to vary

/'_. the spri,~ates of initially aSBumed springs so as to achieve the desired
r

sy~i:'Y.
,;-:,"rr.

r
//

~.,r-
'"f'"
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Referring to Figure 5.7a, a plate is acted upon by four coiled

k stiffness.
q

h .. respec t i ve ly.
1

that the center

springs. Each spring has an axial k as well as a transverse
r

Let the application point coordinates be denoted by b. and
1

Figure 5.7b shows the eight component stiffnesses. Assume

of rigidity is located by the coordinates.R and R. Then for a smallx z
horizontal-x displacement only four of the stiffness components will he

active. Since the sum of the moments about the CR must be zero,

givi ng at once:

Rz

- hlkrl + h2kq2 + h]kq3 + h 4kr4
- k

rl
+ k

q2
+ k

q3
+ k

r4
( 5.3)

SimilarlY,a vertical-z displacement must result in zero moment of the

springs about the CR, giving the coordinate

R
x

b k + b k - b
3

k
r3

- b k
1 ql 2 r2 4 q4

k
ql

+ k
r2

- k
r3

- kq4
(5.4)

The resultant translatory spring stiffnesses are

(k )
x

(k ) =
z

and the resultant torsional stiffness,ke,about the C.R. can be obtained

by considering all stiffness component contributions of the same sign;

(5.5)

22222
k

q2
(h

2
- R

z
) + k

r3
(b

3
+ R

x
) + kq3 (h3 - Rz) + kr4 (h l - Rz ) + kq4 (b

y
- Rz )

Therefore,a coincidence of the C.G. and the C.R. can always be achievec1

from Equations (5.3) and (5.4»)i.e.,Rz and Rx can be reduced to zero, if

two or more additiona.1 springs can be applied or if the existinr; sprini',

locations and spring rates are revised.
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5.2.3 Spring systems that are inclined to the principal axeS of the mass.

A typical inclined spring base mounted system is shown in Figure 5.2. In

this case the static axial load in the spring is in compression. An in­

clined tension mounted system is shown in Figure 5.8 where the static

k
,~A'

/~
kL

q / Ll-z

0-
C. G.

FIGURE 5.8

x

axial loads in the springs are now in tension. The analysis applying to

springs in tension wiLl also apply to springs in compression,provided that

their compressive loads"- P,are not so large as to make the transverse

stiffnesses, k ,approach zero (see Section 5.2.1). Ordinarily base mount-
q

ed systems use springs with end fiXity, so that the fixity will always pro-

vide a restoring spring rate, k , for the motions postulated.
: q

a. Stiffnesses along arbitrary axes of inclined coiled springs. Assume

small deformations,and that k and k are the spring's axial and transverse
r q

stiffnesses,respectively, assumed to be constant over the range of small

deformations.

Referring to Figure 5.9. a spring wi th k and k stiffnesses is shown
r q

inclined at an angle. 0 to the horizontal. If a horizontal displacement or

i\x is assumed in Figure 5.9~, the spring shortens the amountAr in the

axial direction, and the spring lengthens Aq in the transverse direction.

258



The two forces exerted by the spdng will, therefore, be as indicated in

Figure 5.9~. and will amount to

F k IJr k cos f/J IIX ( in the axial direction)r r r

F k f\.q k sin r/J ,\x (in the transverse direction)q q q

The equivalent spring reactions in the horizontal-x and in the vertical-z

direction are shown in Figure 5.9c. They are expressed by

F
x

k
r

2cos r/J [l,x

F k cos f/J sin 0 [l,x+ k sin f/J cos f/J Ax
z r q

Accordingly,the equivalent stiffnesses of the spring in the x and in the z

direction due to the displacement Ax will be

k k 2", k .2",cos YJ + SIn YJxx r q
(5.6)

k (k·~ k ) sin f/J cos f/J
zx r q

Similar reasoning relating to an assumed displacement [l,z is illustrated

in Figure 5.10 a, b, and c, and results in equivalent stiffnesses in

the z and in the x direction due to the displacement {l,z expressed by

k k sin2
r/J + k

2
r/Jcos

zz r q
(5. 7)

k (k - l< ) sin f/J cos r/Jxz r . q
It can, therefore, be seen that t~~ inclined spring's resultant equivalent

stiffnesses in the x and in the ;~ direction as functions of displacement

Ax and [l,z are respectively

(k ) k + k
{lz

in the x direction (a)x xx xz Ax
(5.8)

(k ) k + k
!'ox in the z direction (b)

z zz zx !\z

The differential quotients will vary for arbitrary displacements in

the xz plane; when decoupli ng i:; assumed they wi 11 be zero.
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h, Calculation of location of center of rigidity of inclined coiled

spring system. The point of action of a spring on .1 mass is o[ "reat im­

portance in locating the center of rigidity of two or more springs, ~i~-

ure 5.11a shows a three-degree-of-freedom plate (as shown in Figure 5,8)

suspended by two inclined springs, I and 2, acting at the point~ WiUl

coordinates.h
l

, b
l

and h
2

, -b
2
,with respect to the axes of the ccntero[

mass, C.G. The diagram shows the spring components fora horizontal tJis­

placement; and the center of rigidity is assumed to be located at the point

CR.at the distance. R, from the C.:;. with the coordinates.R and R. III
X ;;:

Figure 5.11 b, the inclined sprilg componenbs for a vertical disrlaccmcIlt

(k ). 2xx

i
J

<<" (k )"<: zx._
?

2!

,
t,

"

1

(k ) 1xx
. \r '

(a)

(k )2zz

cc:

CR

(

1
1

'-.--'-----_.__ .__ ..-_.-

FICURE 5. 11

:~61
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are shown. The center of rigidity coordinates,R and R ,are then deter-x z
mined by two conditions, requiring that an arbitrary translation 6x as

well as an arbitrary translation 6z must not produce spring induced mo-

ments about the C.R.

be determined.

This gives two equations, from which Rand R can
x z

for the displacement !':,x, and

(hl-R )(k )+ (h2- R )(k )2z xz z xz

for fjz

(5.9)

= (b l - R )(k )1+ (b2- R )(k )2x zz x zz

It is obvious that the above expressions may be generalized to include n

springs by writing

n n -
.z::: [ (hi - R)(k ),-1 L: (bi R)(kZ)i

i=l Z xx 1_
i=l "-

(5.10)
n .- n
L: i (h. R ) (k ). i L: i (b i - R)(k ).

i=l I 1 z· XZ 1 J i=l x zz 1

with R
2

R
2

R
2

+x z

It is clear that R may be made equal to zero if R = R = 0, andz x
this can always be accomplished if it is possible either to change stiff-

nesses and/or locations of existing springs or to add one more spring in

the x direction and one more in the Z direction.

Assume two identical springs with

k /k = m
r q

which is the normal qase when inclined springs are used. From Equations

(5.6) and (5.7) (k ) = (kxx) 2
2 1 . 2 ¢)= k (cos ¢ + - SIn

xx 1 r m

(k ) = -(kz)2
1 sin ¢ cos ¢k (l - -)

zx 1 r m
(5.11)

(sin2 ¢ 1 2
(kzz )l= (kzz)2 k + - cos ¢)

r m

(kxz )l= -(k ) k (l - 1:.) sin ¢ cos ¢
xz 2 r m
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Equations (5.9) become

1
k (1 - -) sin 0 cos 0r m

2 '1 2
k (cos 0,'+ - sin I~) == 2 h
rim

(R = O/due to symmetry).
x i

/

~ (1. ~) sin ~ cos ¢
R 9" h - b --2::-----.".----,,:---
ZI " 1.2"cos YJ + - Sln YJm

(h - R ) 2
Z

Accordingly

for locating R
Z

with

/
h - b

(1 - ~) tan f/J

1 2
1 + - tan f/J

m

1
(l - -)tan 0

m

(5.12)

(5.13)

of ~ from Equation (5.13) is shown in Figure 5.12 for values

ranging from 1 to infinity.

"

and for rj CG-CR
",/

// A plot

r& m = k /k
/ r q

./~

concentric system" R - 0,, z h/b = \fJ

Example 5.2: Location of the center of rigidity of two inclined springs.

Figures 5.l3a and 5. 13b show two eqUivalent diagrams of a rec-

tangular plate of width,2b,and height,2h,suspended by two identical springs

inclined 45 degrees with the horizontal. If it is assumed that k Ik = m =3,
. r q

Figure 5.12 gives ~ = 0.5, and accordingly Equation (5.12) defines the z

coordinate of C.R. as

h - O.5b

From inspection,it is obvious that R = O. Therefore,
x

R R = h - 0.5b
z

and

h - R = O.5b

Moreover,

r [ ]
1/2

b 2 + (ll _ R)2 1. 23b
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Example 5.2 (continued)

For ~ concentric system,

h/b 0.5 whIm k Ik = 3
r q

c. Rotation stiffness evaluation of system with two inclined springs.

The arbitrary displacements ~z, ~:<, and 68 are related by

6z

6x
- r cos 8 68

r sin 8 68
(5. 14)

for pure rotation motion about the CR.

Accordingly,

6x
6z

Referring to Figure 5. l3a,

6z
tan e and -- = - cotan 86x

it is seen that

Spring (1)
6x
~z

~and 6z = ~
b 6x - h - R

(5.15)

Spring (2) = h - R 6z
-- and -- =

- b 6x
- b

h"':R

of ~~ 6zHowever, only positive values LIZ and 6x are to be used in Equations

(5.8).

Equations (5.6) and (5.7) give for identical springs and for.°1 = TT - 02 = 0 the following sti ffnesses

k (cos
2 0 + ! sin

2 0)}' m

2 1 2
= k (sin 0 + - cos O)

l' m
(5.16)

1
k (1 - -) sin 0 cos '/J}' m

k (1_!') sin '/J cos '/J
l' m

Accordingly,the component equivalent stiffnesses in the x and in the z
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Example 5.2 (continued)

direction, as given by Equations (5.8) will be

(kxe) 1= [kr
2 1 . 2f/J + (l 1) . 0 cos 0 (+ h ~ R)]cos 0 + - Sln - - Slnm m

(kze)l= tr
. 20 1 2

+ (l - 1) . o cos 0 (+h ~ R)JSln + - cos f/J - Slnm m
(5.17)

(kx8)2= [kr
2 1 . 20 + (l - 1) . o cos f/J (+ h ~ R)]cos 0 + - Sln - Slnm m

(kze)2= [kr
. 20 1 2 1 (+ h ~ R~Sln + - cos 0 + (1 - -)sin 0 cos f/Jm m

and finally for a unit rotation 68 the resultant translational stiffnesses

become

(kxe)I,2= 2kr [ cos
2
¢ + ~ 8in

2
0 + (1 - ~) h ~ R sin 0 cos 0J

(5.18)

[
2", 1 2", 1 h - R ]

(kze-> 1 ,2= 2kr sin VJ + mcos VJ + (l - iii) -b- sin ¢ cos 0

From Figure 5.13 b, the rotational stiffness kg about the C.R. is seen to

be

(5.19)

Example 5.3:

This example shows the application of the above equations in solving

k
Assume that -E = 3 and that f/J

k
q

"
45, then from Equation (5.18),

(kxe)1,2 2 k [1 1 2 1J ~ k
r '2+6+3"x2x'2 3 r

(kze)1,2 2 k [1 1 2 1 1) ~ k
r '2+'6+'j'x"2 x "2 3 r

and from Equation (5.19)
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5.2.4 Shock isolation system design using shock spectra. A decoupled

3-degree-of-freedom system can be treated as three undamped single-degree­

of-freedom systems, involving vertical translation and horizontal trans­

lation as well as rotation. The .;hock spectra are then directly applicable

for calculating the peak response; in the horizontal and vertical direct­

ions, but rotation inputs are norlnally neglected. The peak response is

ordinarily assutned to occur in each translation mode simultaneously,thereby,

resulting in an upper bound of the maximum response.

The step-by-step design procedure is as follows:

(1) Describe the input in terms of vertical and horizontal shock

spectra by the methods of Section 3.6.

(2) Determine the mass and C.G. of the system. Note that,in order

that the system may be treated as a rigid mass on springs,the in­

ternal stiffnesses of the mass system may have to be estimated,so as

to be certain that the interconnecting elements of the mass have much

higher stiffnesses than thoBe required for the isolation system.

(3) State the allowable accelerations of the mass. If A is the
a

given allowable acceleration in any direction, then the resultant of

the horizontal and vertical peak response must not exceed this value,

and + 'S A
a

Sometimes the allowable horizontal and vertical accelerations may be

specified separately as A (vertical) and A (horizontal). If these
z x

two allowable values are eqL.al, then

A A • 707 A
z x a

(4) Enter the shock spectra (Figure 5.14) at the tolerable acceler­

ations to determine the frequency requirements (f and f ) and the
z x

peak displacements (z and x ).max max

(5) Select an arrangement of springs (and types) that will give

adequate performance requirements of the frequency and the displace­

ment determined by Figure 5.14. (See Section 5.9 for feasible spring

arrangements for specific requirements. The arrangement must be

symmetrical.) Either Step 6a, immediately following, or Step 6b,

page 275, may then be performed.
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FIGURE 5.14: SHOCK SPECTRA CRITERIA·

(6a) Horizorttal and vertical springs (springs act in tension and

compression only, i.e., no end fixity). See Figure 5.15.

VERTICAL MOTION HORIZONTAL MOTION

FIGURE 5.15: VERTICAL AND HORIZONTAL DISPLACEMENTS
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Calculate maximum allowable spring rates, 2::k and L~k ,from the fund-z x
amental equation:

k 4 TT
2 f2 m

Establish support points based on given envelope. Calculate angles,

y and a" (see Fi gure 5.15) at peak dynamic response. If y and a are

small, linear independent behavior in horizontal and vertical direct­

ions may be assumed. (For large angles greater than approximately

15~ the non-linear response accelerations may be significantly higher

than the predicted response based on linear behavior,but the dis­

placements will not be affected if the response is in the constant

displacement region of the shock spectra. A more refined dynamic

analysis may be required for such a situation.)

The axial spring rates are ,:,stimated by the following method.

First calculate maximum allowable 2::k and Zk •
z x

k
z

2 'J
4 TT C m

:~
k
x

(The summation symbol is dropped since individual spring stiff­

nesses have a number designation.)

kz

k = k + kq2 + "r3 + kr4 + krS
+ k '

x ql r6

The total allowable axial spring rates are

(P h P Pf. Ppl4')
k + k = k _ -E.:2:. +~+~+
rl r2 z 2x Jx lx Jx

k
x

where PpQ = Preload in horizontal springs

W Weight df suspended mass

i x and 1,z Spring lengths in the static position.

The individual axial spring rates are determined by choosing the con­

stants in the system so that Equations (5.3) and (5.4) result in zero

eccentrici ties, i. e., R
x

R
z
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The peak axial dynamic spring displacements per spring are calculated

from the combined displacements in the geometry shown below:

The system design for this specific system is now complete with the

three basic requirements established:

(a)

(b)

Axial spring rate per spring, k ri
+Peak axial dynamic displacement, - 6r, in each spring.

must be remembered that 6r will be greater than x and
max

It

because of the combined excursion.

and(c)

Z
max

Ratt1espace requirements xmax
occurring in any phasing as shown

Zmax' peak displacements,

in Figure 5.16.

Ratt1espace Envelope

Zmax

I__._~

x
max

FIGURE 5.16: RATTLESPACE ENVELOPE
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Design Example 5.4

Step 1: The input in terms of a shock spectra is specified in

Fi gure 5. 17.

FIGURE 5.17: SHOCK SPECTRA CRITERIA

Steps 2 and 3: An equipment module weighing 3860 Ibs is to be sup­

ported so that the peak dyn~mic acceleration response is less than 3

g r s. The mass has approxim,~te1y uniform distribution and the mass

C. G. is assumed to be at thl~ geometrical C. G.

Step 4: From Figure 5.17 for a resultant response, A less than 3

g's,the horizontal and vertical response allowables are:

A z
2g
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Design Example 5.4 (continued)

Peak dynamic displacements are:

Limiting frequencies are:

x
max

3 inches, z
max 9 inches.

f ~ 1.5 cps
z

f <.. 2.5 cps
x

Step 5 Design Configuration: Vertical and horizontal springs are

positioned so that the resultant horizontal and vertical spring rates

are syrmnetrica1 with the C.G., Le., the center of rigidity is coinci­

dent wi th the C. G., in the static (l g) condition as shown in Figure

5.18. The two vertical springs will have equal spring rates;and

horizontal spring rates at each level are equal.

'5"
25"

Leo"

40"

k . /
1 r3{' \ " ~ j , ,

., 'I ,'V, I. ,

t.

I k rl
. k

-::.,=_'iL

Tc.e.
f

, ,c rl

k
r2

~k
r3

t ••• ,.1.

if. 25",~-25" .....,'
I I '
1___ _ _..~ __

FIGURE 5.18

Step 6a: The resultant spring rate requirements are:

k
z

k
x
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Design Example 5.4 (continued)

Assume that the horizontal springs will all have a tension preload

2500

PpQ IOO Ibs

2krl
= 900 4(100)

25

krl
4l~2 Ibs/in

2kr2 + 2kr ::

From Equation (5.3), for R 0
2:

3860
40 2403 Ibs/in

2kr2 40 - 97 x 50 o

k
r2

and k
r3

are then calculated from the above two equations

570 Ibs/in k = 632 Ibs/in
r3

The increase of lateral spring rates at peak dynamic response will

now be checked. First,consider the two horizontal springs at the

lower level. On one side the spring is in tension,:md on the other

side the spring acts in corrpression.

1996 Ibs

Side 2

100+3x632
k3

#-- ,

~{I \ = 28"J
! x-max I

PmaxIbs

Side 1

P . = 100-3x632=-1796mIn k
3

., ---- .-# -.

({ )=.2~
x mIn! I

Lx= 25n -J t
kq3

lower level-- ~-... •.. - -- .-... -.

spr; ng 1ihe ~

82 Ibs/in

+ 71 Ibs/in1996/2'8

1796/22on Side 1

on Side 2,

(k 3) .q mIn

(kq3 )max

The lateral spring rate of the vertic~l springs at peak dynamic

response is:



Design Example 5.4 (continued)

40"

J

(j ) . = 31"z mIn
(Q )

z max 49"

(k 2) .
q mIn

3860/2 + 442 x 9
49

3860/2 - 442 x 9
49

120 1bs/in

= - 42 1bs/in

The above maximum lateral spring rates can be compared with the axial

spring rates in their respective translation modes. For example.in

the horizontal mode:

(k 1) .q mIn

in the vertical mode

10 percent (2 kr2 )

5 percent (2 k r2 )

(k 3) and (k 3)' ~ 15 percent (kr1 )q max q mIn

The maximum and minimum lateral spring rates of the horizontal

springs can be reduced significantly py lowering the horizontal fre­

quency to well below the allowable. For example,

let f
x

0.5 cps

The relative response displacement re~ains 3 inches from the shock

spectra envelope of Figure 5.17, but ~he horizontal stiffness is

significantly reduced

k 100 lbs/in
x

whereas,at f 2~5 cps, k was 2500 lbs/in. Therefore,by inspection
x x

the lateral spring rates of the horizontal springs noW become in-

significant compared to k
r1

•
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(6b) Inclined Spring System: From the geometry of the system and

the characteristics of the spring, i.e., ratio, kr/kq ,to be used, de­

termine inclination angle.~. from Figure 5.12 so that the C.G. and

C.R. are concentric from E(~ations (5.12) and (5.13). Calculate max­

imum allowable vertical ane horizontal rates, k and k , from fre-
z x

quency equation as shown i r, Step (6a). Calculate the axi al spri ng

rates of each individual srring from Equation (5.8a,b) neglecting

the non-linear term. Both equations must be satisfied.

Design Example 5.5

Steps 1 - 4: An equipment module with mass and geometrical proper­

ties is specified in Figure 5.19. The shock spectra envelope in the

low frequency region is defined by constant displacement lines of

D = 6" for vertical relative response and D 2" for horizontal

relative response. The acceleration response is to be less than 3 g.

The maximum allowable responses determined from the shock spectra

envelope defined by the given criteria are:

A = A -:: 2g; f S 1. 7 cps ;
z x z

f < cps
x

xmax 2"

z 6"max

Step 5 Design Configuration: Use inclined springs at the base with

an inclination angle, 0 ,and spring rqte ratio, kr/kq ~ to make the

C.R. coincide with the C.G.

e.G. and C. R.
H == )bGO Ibs.

b

FIGURE 5.19
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Design Example 5.5 (continued)

Step 6b: From Equation (5.12) for C.R. to be coincident with e.G.

by

1+ = h/b 25/50 0.5

Let C/J = 450 and from Figure 5.12 the required ratio,m k /k ,i s
r q

found to be:
k

r
3m = k

q

The allowable vertical spring rate is calculated from the frequency

equation:

k 4 n
2

(1.7)2 10 = 1140 lb/in
z

From Equation (5.8b) (Due to sYmmetry,kr1= k r2 , kq1 kq2 .)

2 kr1 2 °
krl sin 45° + --3- cos 45

\1/2 + kr /6

k
rl

k
ql

The allowable horizontal spring rate is:

1140
-2-

1140/2

855 lbs/in

855/3 = 285 lbs/in

k
x

3540 lbs/in

Using the calculated values for k
rl

and k
gl

,the horizontal spring

rate is, from Equation (5.8a)

k
x

2
2(k cos C/J

r

2(855/2 + 285/2) 1140 lbs/in

which satisfies the horizontal spring rate requirement, k 3540
x

lbs/in. The spring capability must be considered in providing the

required ratio of k /k. Coil springs are the type springs that
r q

have this capability. Design factors and limitations are given in

Section 6.

276



5.3 Near Symmetrical Systems.

Most practical shock isolation systems will not be true symmetrical

systems,where the resultant of the spring forces is coincident with the

center of gravity. The weight distribution and C.G. location are usually

assumed during preliminary design,when the arrangement of springs is es­

tablished. The final weight may be greater or less than the assumed weight;

and the C. G. wi 11 shift as a result of different weight distributions.

Therefore,the system design must account for variations in weight and e.G.
location.

This section will cover systems with small eccentricities between the

C. G. and C. R.

h + R c
i'I z

,
1

k
1 h2 R c l" z

< •

> h3 R cz,,,.;.::
I --, Z

,;,·\\V'-i\l'I,)'./\J'· 1,\',".":!N'JY
blkz

R a l
~

x
f\.

CR~
x

h2 h3
b + R a lZ x

(~L, "

Y b
3 R a2- ----

'R
,

, ,\j. x
') r z

,1 b
4 + R a2e.G: hI x

k
3 ~

WvWA.\,\',i ~ '••' 'j '1/ /v\"
I

1

FIGURE 5.20: NEAR SYMMETRICAL SYSTEM

Consider the design shown in Figure 5.20 where the spring system ar­

. rangement was based on the C. G. being at the geometri cal center. The de­

sign must now be verified based on the final e.G. being displaced [rom the

C.R. by eccentricities,R and R. Assuming linear behavior at the spring
x z
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attachment points and small angle rotAtions where sin e = e and cos G = 1,

the three equations describing the undamped free vibration of the system are:

mz + k z + k R e 0 (5.20)z z x

mx + k x + k R e 0 (5.21)x x z

..
k R

2 k R 2)JO + (k + + e + k R z + k R x a (5.22)e x z z x z x x z

where

k 2k
r1

+ 2k
q2

+ 2k
q3z

(no preload in horizontal springs)

k 2k
ql

+ 2kr2 + 2kr3x

The ground motion is specified as a vertical and horizontal displacement of

the support points. The above equations then become

mz + k z + k R 8 k z (5.20a)z z x z s

mx + k x + k R e k x (5.2la)x x z x s

.. 2 k R 2)8 +J8 + (ke+ k R + k R x + k R z k R x + k R z (5.22a)
x z z x x z z x x z s z x s

Introducing a coordinate transformation so fhat the relative displacement

response can be obta}ned, let

(5.20b)

..
'1 = z z

s..
y x xs

.,
8 0

become

x
s

- z s

y = x

o 8

Equations (5.20), (5.21), (5.22)

m",,/ + kz'J + kzRxe = - mzs

my + k Y + k R e = - mxx x z s
(5.21b)

J8 + (ke + k R 2
x z

+ k R 2) e + k R Y + k R n.
zx xz 7.xl

o (S.22b)

nR



The coupled frequencies are calculated from the homogeneous portion of the

equations and are based on harmonic response. (See Appendix A for deriva­

tion.)

The resulting frequency equation is:

6 4 [( 2 2 2 ) + _1- ( R 2w 2 R/WZ

2 )JOJ ill W
z

+ W
x

+ Cllg +
~2 z x

(5.23)
2 2

2[( 22 2 2 2 2
) +

w w (R
X

2
+ R 2 )Jx z

+ ill ill W +W iJJ + Wx We 2x z z e z
~

2 2 2
- I)l iJ) Illex z

where and iJ)e are the uncoupled frequency parameters given by

II)
Z

2
k

z
m

C/)
X

2
kx
m

2
and \) = JIm (radius of gyration).

" 2The frequency equation is a cubic equation in ll. The roots of the
2 2 2

equation are the three coupled frequencies, wI ' (lI2 ' 1ll3 ; and are express-

ed in terms of the uncoupled frequencies, U! , (lI , wa , the eccentricities
Z x <:7

R ,R ,and the physical pararreters of the rigid mass, m, J, P. A com-x z .
puter solution is given in Appendix A for the three roots of the frequency

equation for numerical values assigned to the shock isolated system char-

acteristics.

Two cases will be treated herej(a) coupling negligible, and (b) coup­

ling significant. The significance of the coupling can be roughly estim­

ated if the coupled frequencies are known for comparison with the uncoupled

frequencies. The response of the coupled system will be close to the single­

degree-of-freedom response (uncoupled) when the coupled frequencies are

close to the uncoupled frequencies. This will be the case when the eccen­

tricities, Rand R , are small compared to the radius of gyration, (J , and
x z ,

when the uncoupled pitch frequency,we,is much greater than the translation

frequencies,w and U! •
Z x
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(a) Negligible coupling. Consider first a two-degree-of-freedom

system with one translation mode and a pitch mode. It has been shown in

Reference 2.6, and it appears in Figure 5.21 that for

R
<.. 1/2 and

(i
\,

Ui
t

the coupled frequencies, lUI and 012 , are wi thin 9 percent of the uncoupled

frequencies, we and we In the above relationships

? rr ' the radius of gyration

R eccentricity between C.G. and C.R.

pitch frequency, uncoupled.

.;.....:•.. ".-','

W
t

translation frequency (w or (I! ), uncoupled
x z

1.

(j) / CDe t

FIGURE 5.21
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Consider next a three-degree-of-freedom system that has two transla­

tion modes and one pitch mode. An estimate of the significance of R com­
x

bined with R can be obtained by assuming that the interaction of the two
z

translation modes with pitch can be approximated by an equivalent two-

degree-of-freedom system in which the equivalent Rand 0\ values relating

to the two eccentricities and two translational frequencies are given by

R t;;2:~.J K X + Z and + III
Z

2

The limiting criteria maY,therefore,be written as:

R jRx
2

+ R 2 < 1/2 nz

and

> 1. 5
I 2 2

we V lllX
+ W

Z

(5.24)

(5.25)

A coupled three-degree-of-freedan linear system may be treated as an un­

coupled linear system if the aba~e relationships are satisfied, and the re­

sponse predicted by shock spectr3, horizontal and vertical peak displace­

ments and accelerations is a satisfactory measure of the dynamic behavior

of the shock isolated system.

Example 5.6

In the dynamic model shown in Figure 5.20 the following numerical

values are assumed for the physical characteristics of the system.

m 10 lbs sec
2
/in

k 1000 1bs/in
z

k 10,000 1bs/inx

R 3 in
x

R 2 in
z

800 in-lbs
2

J sec
C. G.

ke 5.6 x 106
in-lbs
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Example 5.6 (continued)

The frequency parameters are:

2
k 2x

1000 l/secwx m

2
k l/sec

2
z

100w -z m

2
ke l/sec2

we J
7000

The radius of gyration is:

~= [f~ 9in

The equivalent Rand w
t

are:

R

W
t

= j3
2

+ 2
2

)1000 + 100

= 3.6 in

32 l/sec

The limiting ratios defined by Equations 5.24 and 5.25 are:

2.6283.7/320.43.6/9R
P

We
w

t

which are within the limits where the peak response may be predicted

directly from"the shock spectra without appreciable error.

(b) Significant coupling. The system shown in Figure 5.22 is a

I -L
-'"~" ,bI ~2~ ,-,. .,.....

r---~----

FIGURE 5.22
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equipment corners and spring

and R may be relatively small,
z

trans I at ion frequene i es, iii
X

a, may be signifieant,and it may

typical equipment isolation system,where R
x

thebut the pitch frequency, we' is close to

and w. Consequently,the pitch response,
z

introduce additional displacemer.ts at the

support points. Additional rattlespace and spring travel capability are

thus required, but the response accelerations are not significantly ampli­

fied.

This situation is treated here by the normal mode method and an upper

bound to the response is obtained.

For the three-degree-of-freedom system shown in Figure 5.22, the

equations of relative motion are defined by Equations (5.20b), (5.2Ib), and

(5.22b). The solution to these equations is given in Appendix A where the

coupled equations are written as uncoupled equations in the normal coordin­

ate system. In the normal coordinate system,the equations are of the snme

form as the equation of a single-degree-of-freedom system, and peak responses

for each mode may be obtained directly from the shock spectra.

For the particular case illustrated,the upper bound on the maximum

rotation response is given by (s2e Appendix A for derivation)

amax

.- ll(1) J

+

+

[(2)JI
(5.26a)

where

D
ll

vertical response Hpectra displacement at frequency 1

D
2l

horizontal reSpOnSE! spectra displacement at frequency I

D
3l

0 (no rotational input)

D
12

vertical response ~:pectra displacement at frequency 2

D
22

horizontal response spectra displacement at frcC]uency L
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o (no rotational input)

vertical response spectra input at frequency 3

horizontal response spectra input at frequency 3

o

and f' .. are amplitude ratios in each mode (defined in AppendiX A).
1J

The upper bound translation displacements of the C.G. are:

Relative horizontal displacement

(5.26b)

where the terms in the bracket are defined in Equation (5.26a).

Relative vertical displacement

[312 [(2) ] +(IX)
(J max

The following numerical example illustrates the procedure

Equation (5.26).

(5.26c)

in solving

Example 5. 7

An equipment module weighing 1800 lbs is isolated from shock with a

spring support arrangement as shown in Figure 5.22. The shock spectr~ in

Figure 5.23 represent the peak relative response envelope of the vertical

and horizontal motions if there was no coupling. Determine the upper bound

response when coupling is considered if the properties of the isolation

system are:

Weight ~ 1800 lb

Moment of inertia N 1300 in-lb sec2

k 2540 Ib/in
x

k 3320 Ib/in
z

R 2.5 in
x

R 1. 38 in
z

kg 2.287 x 10
6

in-lb
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Example 5. 7 (continued)

VERTICAL I

0.2 03 A... Q6 a,l I

FRf.QLl NCt' (CpI)

FIGURE 5.23

Step 1: Compute uncoupled natural frequencies

f
1 /2540 3. 7157x 2TT 4:66 cps

f
1 /3320 4.2481

z 2TT 4:b6 cps

fa
1 /2.287 x 10

6
6.6755 cps'" 2TT nOD

Step 2: From the solution of Equation (5.23) by the procedure used

in Appendix A,compute coupled frequencies

:~85



Example 5. 7 (continued)

f
1 4.2169 cps

f 2 3. 7098 cps

f3 6. 7356 cps

Step 3: From the following equations which are derived in Appendix

A,compute the modal matrix elements

2
R

2 2
w (1) - w

f3 ln
z x n x

2 2 2
(1) R w - wx z n z

f3 2n 1 n 1 , 2, 3

2 2
(l) - w

133n
n x

2
(J) R
x z

and the resulting matrix is:

-35.6160

1

0.2086

0.0243

1

- 0.0023

2. 7354

1

1. 6565

Step 4: From the shock spectra of Figure 5.23 and using the nomen­

clature of Equation (5.26), compute the peak translational vertical

and horizontal response at the three coupled natural frequencies.

D
ll

= 4.8 in. from the vertical spectra envelope at frequency f = 4.2 cps
1

D
12

= 5.2 in. from the vertical spectra envelope at frequency f
2
= 3. 7 cps

D
13

= 3.4 in. from the vertical spectra envelope at frequency f = 6. 7 cps
3

\

D2l= 3. 1 in. from the horizontal spectra envelope at frequency f = 4.2 cps
1

D
22

= 3.2 in. from the horizontal spectra envelope at frequency l' = 3. 7 cps
2

D
23

= 2.3 in. from the horizontal spectra envelope at frequency f = 6. 7 cps3
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Example 5.7 (continued)

°31 0
Since translati on mctions are only provided by the

°32 0 shock spectra, a rotation input is not considered.

°33
0

Solve Equation (5.26) and take the absolute value of theStep 5:

result.

emax 1·208651(-5~~~:;)1+ \
fIS.49)\ \ i 47.86 'I'- .0023 \ 4.669 + 1.6565 ;\3599.46 J

e 0.057 radmax

Ymax= 1 0• 13 I + \3. 32 1 + I0.013\
1:<', ',1'." ".

3.46"

,,!max
= \4. 7 \

+ 10.08 \ + \0.035 \
I

'; max
0= 4.82"

Step 6: Compute the translational contribution of the rotation at

the corners of the module and add to the translational response

Ymax
+ e h 3.46 + (27.4 in)(.057 rad) 5.01"max

<t:max + e b 4.82 + (13.0 in)(.057 rad) 5.56"max

If the coupling effect had been neglected ,the peak horizontal and

vertical response would have been taken directly from the shock

spectra (and rotation neglected) giving the following magnitudes

j'max

3.2" at f x

4.8" at f
z

3. 7 cps

4.2 cps

Therefore,it can be seen t~at the rat~lespace at the corners and

the spring travel capability will have to be increased to conserv­

atively account for the coupled response.
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5.4 Base Mounted Spring Mass Systems

5.4.1 Introduction. Usually, an attempt is made to achieve spring mass

symmetry in the design of shock isolation systems; but frequently, circum­

stances require that an asymmetric system of one form or another be con­

sidered. This may be due in part to the rather elaborate support structure

required to achieve symmetry if the protected structure is to be located

above ground, or to the limited space available if the structure is to be

located below ground level. The type of structure may also suggest a

particular isolation technique which is more convenient to use than any

other, for instance,the pendulous system currently used in silo housed

missiles. Certain "off the shelf" equipments will have their mounting

points established; and to rearrange the method of support will be costly.

In any case, the types of isolation systems which have been asym­

metrically arranged are rrnre often encountered than sYTffiletrical cases. rt

may thus be assumed that this trend will continue since a system, whatever

its type, can be considered to be satisfactory if it performs according to

specification and is economically attractive.

The most serious objections to an asymmetrical system is the diCf­

iculty in predicting its transient response. The system may have many par­

ameters which, when varied, profoundly alters the response of the sys-

tem. The engineer is,therefore~interested in a parametric study of the ef­

fects of changes in system constants so that he may optimize the design.

However, if certain parameters may vary during the normal use of the system~

it is important that these changes do not markedly affect the response char­

acteristics.

Before the advent of automatic computational methods, the amount of

labor required to study the effects of parametric variations would allow

only a cursory look at the system. Today it is fairly easy to write a

computer program and obtain the dynamic response solutions for a large num­

ber of parametric variations. What is needed is a concise easily under­

stood analysis which will allow the designer to evaluate his proposed de­

sign quickly and with a reasonahle degree of accuracy. This section

288



concerns itself with establishing workable methods for evaluating the

general response of asymmetric spring mass.

Base mounted systems are ~ere considered as shown in Figure 5.24.

~--~ /

~~ ~
?
'---.

- Mass C. G.

Geornetri cal C. G.

FIGURE 5.24

Vertical springs wi th end fixi ty are placed between the equipment or plat­

form and the structure foundation. It was seen in Section 5.1 that the

shock isolation system could be designed quickly and with sufficientac­

curacy by using shock spectra techniques,provided that the system was

symmetrical, i. e., C. G. and C. R. are nearly coincident, and the shock dis­

turbanceswere limited to occur along orthogonal axes.

The shock spectra techniques may also be applied to the base mounted

system,except that certain allowances should be made to account for its

more complex response motion. Whereas, in the symmetrical system, angular

responses are not excited, these modes of response are always present in

the asymmetrical system, and their severity can be estimated or determined

by the degree of asymmetry or coupling present.

In general, the shock response of an isolated elastic structure will

consist of three rigid body translations, three rigid body rotations, and

an indeterminate number of deformational responses of the structure itself

with all modes more or less coupled together. Obviously, a rigorous in-

vestigation of the complete motion is difficult, time consuming ,1Illl of len
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unnecessary with proper precautions.

The rigid body equations of motion in a vertical plane x-z for small

displacements of the base mounted system illustrated in Figure 5.24 are

given by

[
..,

mx + 2k x • x - RzSJ 0 (5.27)
q s

mz + 2k [ z • z • RxSJ 0 (5.28)
r s

..
[ (R/ \ JJ8 + 2k + R (x - x ) S . R (x - x ) +

q x s ) z s

[ (b
2 2

- zs»)
,

2k + R - R (z 9 - R (z - zs)J - m g R S +r x z x z

( 2k(j r R ex - x s ) ] +2k
r
[b

2
• R (7, - I\)l ml', H;,.) ["()

L x z

where

m

J

x
s

zs

kq

k
r

[30

Rz

m g R 0
x

mg R

[30
x

2b2 k - mg Rr z

mass of structure

mass moment of inertia about y axis through C.G.

displacement of foundation in x direction

displacement of foundation in z direction

spring rate in x direction lb/in per side

spring rate in z direction lb/in per side

angle of list due to asymmetrical load

(h + E:) as shown in Figure 5.25a.

(5.29)

The spring components and idealized characteristics of the system are shown

in Figure 5.25a. These equations are similar in form to Equations (5.20),

(5.21) and (5.22) of Section 5.3,except that the spring rates have been
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k k--,-t"q I
r\\\~ i .

~k::-;; r
~

stated explicitly,and the static listing and foundation displacements have

been accounted for.

,.-----------<.------,

i :
...-rR ~CG; x! (-- • •

~ ! /' I \-\-;- t) --r ,----+-- X
E I I Y8

-'---'-jl-J- --:----i---~-

I~' Ii I
t z "
! 'I

~- ... '- b -~! k

--1.. -,,'~ .\~\\'< ,.-t_
--v ,r i

I ;; k I
CR :-, r

A
~~

i-'1GuRE ';.25a

FIGURE 5.25b

If the placement of the ma:3S is confined to the vertical center line.

R = 0, the listing angle,13 ,vanishes, the system acquires onefold syrrmetry.
x 0

and considerable simplification of Equations (5.27) and (5.29) will occur

(see Figure 5. 25b). For many syBtems the horizontal location of the C. G.

is adjusted by ballast weights so as to keep the structure leveL

291



Additional simplification is achieved by dropping the dynamic coupling

terms and the pendulum term,mgR 8.
z

The reduced equations are:
,~ ..

mx+ 2k IX X Rz8 J 0 (5.27a)q s

mz + 2k (z z ) 0 (5.28a)r s

Je + 2k LR 2e - R (x - x )J + 2k b2e 0 (5.29a)
q z z s r

The effect of dropping these terms will change the total response of the

system on the order of 5 percent for a high C.G. placement and impercept­

ibly for a very low C.G. location. These errors. therefore, are usually con­

sidered acceptable for analysis.

It is to be noted that Equations (5.27a), (5.28a) and (5.29a) de­

scribe a rigid body motion confined to a verticnl plane. This restriction

is a common one,and is justified on the basis that many structures are

usually more responsive or critical in one direction than in another. If

these assumptions cannot be justified,a more complete set of equations in­

volving additional degrees-of-freedom must be considered. Additional terms

describing viscous and friction damping forces could also have been inc lud­

ed,but they are neglected on the assumption that their effect is small on

peak acceleration and displacement response.

Shock spectra solutions similar to those discussed for symmetric and

near symmetric systems (Sections 5.2 and 5.3) are a starting point (or

preliminary design phase) of a base mounted system. The stiffness require­

ments and rattlespace requirements predicted from the shock spectra must

now be modified to account ror the significant coupling response. The foll­

OWing section (5.4.2) provides conservative guidelines for this preliminary

design with recommended factors for modifying the shock spectra response re­

quirements for a base mounted system.

The design is finally verified by solving the equations of motion by

numerical methods for the specified input in terms of a velocity pulse. In

this phase,the system is investigated for a range of all the parameters of

importance, t.e.,small shifts in C.C. loc:ltion, wei,p,ht v;lrintiolls, pkl:;i11i',:,

of the horizontal and vertical components of the input pulse, etc ,to
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verify the adequacy of the design within the anticipated or specified var­

iations in the magnitudes of these parameters. Section 5.4.3 demonstrates

this final analysis phase with a numerical example illustrating the step

by step procedure.

5.4.2 Preliminary analysis. Investigation has shown that for a physical

system with a rectangular shape,as shown in Figure 5.24,the single-degree­

of-freedom (SDOF) shock spectra can be modified to account for the effects

of amplified response which occurs as the result of asymmetry in a base

mounted system. This modification is stated as follows:

and the unprimedwhere the
~

, , ,
V /V , Vh/Vh , D /D ,v v v v

primed symbols indicate amplified response

2 (5.30)

symbols indicate SDOF shock spe~tra response. This modification factor of

2 will bound the response at all points on the periphery lor pr:lctictl

systems defined by the follOWing range of physical characteristics

R 2
o 2 ~. _2_ ~. 2

. 0 2

"
0.8 <.. (fe/f

z
)2 <. 3

where
2

\)
J
m

I
2rr

R 2 + 2k b2
z r

J
f

z

and

(fe/ fz) 2 "" ...!..
~2

for the special case when the ~)rizontal spring stiffness of the isolation

system is close to half the vertical spring stiffness.

Example 5.8.

Assume that the equipment illustrated in Figure 5.22 is a square box

with b = h = 10 feet. Further assume that the equipment is placed in a

shallow buried structure and that the foundation depth is 40 feet. The

equipment must survive a I MT nuclear surface burst in the 300 psi over­

pressure region. The soil is a:3sumed uniform with a seismic velocity of

3000 ft/sec. The equipment must he isolated to the extent thnt its response
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Example 5.8 (continued)

acceleration will not exceed 1 g either horizontally or vertically.

From the above data it is immediately possible to determine the peak

shock ground motions and pulse shapes using Equations (3.19), (3.21) and

0.26) in Section 3.5.3. At the 40 foot depth, the peak downward acce1-

eration, ve10ci ty and displacement are, respectively:

a 28 gvz

v 37.5 in/sec
vz

d 5.2 in
v

In the horizontal direction, it is assumed that

a
v

2/3 v
v

28 g

25 in/sec

1/3 d
v

2 in

From the peak ground motions,the SDOF shock spectra of Figure 5.23

are constructed for the following response accelerations and rattlespaces:

A ~= 2 a = 2 a = 56 g
v v h

V 1.5 v 56.2 in/secv v

Vh 1.5 vh 37.5 in/sec

D d 6 in.v v

Dh
d

h
2 in.

The expressions of Equation (5.30) allow the shock spectra envelope

to be modified~as illustrated in Figure 5.26 where the modified spectra

envelope is indicated by the dashed lines.

Assume that the shape of a multistory platform is a rectangular box

and behaves as a rigid body. The system is described by Figure 5.24,

b = h = 120", and for a platform length of 8 feet weighing 35 kips, it is

found that
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Example 5.8 (continued)

91 lb. sec
2

m In

J 1. 14 10
6 in 1b 2x sec

E: 21.6 in R 120 - 21.6 98.4 inz

2 J 1.25 x 104 :Ln
2() m

R 2 m (98.4)2 91z .722
J 1. 14 x 10

6

Enter the amplified shock spectra envelope of Figure 5.25 at the in­

tersection of the 1 g vertical Clnd horizontal response,and find the required

frequencies

f 1.6 cps hori zontally
x

f 0.9 cps verticallyz

Recalling that for
2 1 k

the translationa SOOF system f = --- , spring rates
4TT2 m

are determined as

k
x

k
z

4TT 2 m f 2
x

4TT 2 m f 2
z

9170lb/in

2900 lb/in

Assuming that coil springs are used, they usually are stiffer vertically

than horizontally in the order (if k /k ~. 2. Thus, if k = 2k = 2900 lb/
r q z r

in, then k = 2k = 1450 lb/in. In this case,the vertical frequency re-x q
mains unchanged, but the horizontal frequency must now be

f
x

1
2TT

}1450 = 0.6 cps
91

The corresponding shock responses predicted in this preliminary study are

from Figure 5.26 at the natural frequencies,f and f :. z x

x 0.15 g (x xs)max 4 inches
max

z == 1 g (z - z ) = 12 inches
max s max
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Example 5.8 (continued)
I

It should be noted that this method for determining the peak response of

the system is to be considered as an upper bound. Ot~er methods are avai1­
\

able for obtaining the response of the system such as 'the approximate one

discussed in Section 5.3 and 5.7.

5.4.3 Analysis for waveform input. A reliable measure·of the dynamic re­

sponse of the system can be obtained by solving the equa~ions of motion,

(Equations (5.27a), (5.28a),(5.29a)) for the final design and evaluation.

Since the input and physical parameters are seldom invaria~t, all antici­

pated variations in these parameters must be considered, anq the design of

the shock isolation system must be made adequate under the range of para­

meter variations considered.

The procedure is demonstrated by a numerical example with the ne­

cessary discussion.

Example 5.9.

The system discussed (With a Preliminary Design Example 5.8) in

Subsection 5.4.2 is to be analyz=d by solving the equations of motions for

a shock pulse consistent with th= peak ground motion values specified. As

a starting point, the unamplified SOOF shock spectra of Figure 5.26 is

used to calculate preliminary sp:ring characteristics.

For 1 g response,

f 2.2 cps
x

f L 3 cps
z

k
z

and the resultant spring rates ~~e

4n2 m f 2 = 4n2(91)( L 3) 2
v

6050 lb/in (k
r

3025 lbs/in)

k
x

1:. k
2 z

3025 1b/in (k = 1512 1bs/in)
q

*If the objective of the dynamic analysis is only to verify adequacy of the
preliminary design (of Example ~).8), then the spring rates calculated in
the preliminary design should be used as a starting point. If the object­
ive of the dynamic analysis is to converge onto a less conservative design,
then the spring rates based on the shock spectra envelope for an SOOF sys­
tem are used as a starting point. This latter approach is adopted in this
example. 297



Example 5.9

Before the equations of motion can be solved, it is necessary to

assume the vertical and horizontal pulse shapes. Triangular velocity

pulses satisfying the peak values of acceleration, velocity and displace­

ment (calculated in Example 5.8) are illustrated in the following sketch.

1VELOCITY

v~

t-'--------td --------- -:J1'",-

VERT HOR

a 28g 28g

37:- --~25

v
ips ips

d 5.2" 2"

t r .0035 1.0023

t .28 • 16+
~._.-_.~ _. ~ - ..._-

t d 1.11 .64

A velocity pulse with full ground return motion is assumed with peak

negative velocity equal to 1/3 peak positive velocity. Pulse shapes are

discussed and defined in Section 3.7. The critical durations are given

by
vt -r a

2d
t + v

Assume that t
d t+

6d 4 t+ - =v +

Equations (5.27a), (5.28a), and (5.29a) have been written for numer­

ical solution using-the one-step integration method described in Section

2.6, and results were obtained by the electronic computer (Appendix C

gives the step-by-step procedure for the solution). The response of the

system has been determined for the case where the horizontal and the

vertical components of the shock are in phase. The maximum values of

absolute acceleration and relative displacement at the corners of the
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Example 5.9 (continued)

structure are tabulated in Table 5.2, labeled as Case 1. It is noted that

there is approximately a 50 percent increase in the vertical acceleration

(shock spectra figures in parenthesis).

The springs will nOW be resized to fulfill the requirements of 1 g

vertical acceleration by entering Figure 5.26 at the intersection of 1.3

cps and 1.54 g and proceeding along a constant displacement line to the

intersection of 1 g. The corresponding frequency is seen to be 1 cps.

Then, the new spring rate is

k
z

from which

3580 lb/ in, (k
r

1790 Ib/in)

k 0.5 k = 1790 lb/in (k = 895 lb/in)x z q

The computed results, Case 2, Table 5.2, indicate that the vertical

acceleration is 11 percent too high. The springs will now be sized again

in exactly the same manner as before, thereby reducing the frequency to

0.9 cps and requiring spring rates of

k 4TT2(9l)(0.9) = 2900 Ib/in, (k = 1450 lb/in)z r

k 0.5 (k ) = 1450 lb/in (k = 725 lb/in)
x z q

Case 3 of Table 5.2 indicates that specifications in regard to 1 g

acceleration have been met. Thts case is henceforth referred to as the

index case to which further studies will be referenced. It should be

noted that the vertical rattlespace of 11.2 inches is almost twice the one

given by the original spectra erwelope and the horizontal rattlespace is

more than 1.5 times the spectra]. value. These are Within the limits re­

commended by the modification factor of Equation 5.30.

Variation of parameters. It is now possible to determine the effects

produced by assumed variations of the more important parameters in compar­

ison with the index case.

a. Variation of mass. If the total mass of the system is varied by
+as much as - 50 percent without disturbing any other properties of the sys-

tem,the percentage change in response of the index case is tabulated in
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Example 5.9 (continued)

Table 5.1 as Cases 4 through 7 and plotted in Figure 5.27. It can be seen

that the acceleration response is very sensitive to changes in mass,and

the displacements are less sensitive, in general, but the variation is

very rton-linear.

b. Variation of moment of inertia. If the mass moment of inertia

is increased by as much as 100 percent and decreased by as much as 90 per­

cent,the changes in responses are tabulated as Cases 8 through 11 in Table

5.1 and plotted in Figure 5.28. The acceleration response and vertical

displacement response are insensitive to small changes in moment of inertia

(less than 25 percent), but the horizontal displacement response is sensitive

to small changes in moment of inertia.

c. Location of center of mass. If the center of mass is displaced

vertically upwards by 30 inches and vertically downwards by 10 inches. the

computer results appear as Cases 12 and 13 in Table 5.1 and in Figure

5.29.

d. Phase lag/lead of horizontal shock pulse. To determine the ef­

fects of a phase change between the vertical and horizontal shock pulses,

the horizontal pulse has been assumed either to lag or to lead the vertical

pulse by one half of the horizontal pulse period equivalent to 0.32 sec­

onds. The computer results appear as Cases 14 and 15. The effect is seen

to be very small.

5.5 The Symmetrical Pendulum Systems

5.5.1 Description. Large multistory systems may be suspended vertically

from springs attached at their sides with arms that extend to enclosure

support points located above the C.G. of the system. The springs may be

inclined and/or auxiliary horizontal springs may be prOVided to give addi­

tional horizontal stiffness and damping. Two alternative configurations

are shown in Figure 5.30. A qualitative comparison of these schemes will

first be made, followed by a numerical solVtion for one of the schemes.

(a) Dynamic response. Spring characteristics and support point lo­

cations can be chosen for both pendulum configurations so that maximum
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stability and minimum coupling ':>etween the modes is achieved during dyna­

mic response. In a parametric study in Reference 5.I,it is concluded

that the double inclined pendull~ has the advantage of being relatively

insensitive to shifts in locatil:>n of the center of gravity. However,

coupling in Configuration 1 may also be made negligible if the eccen­

tricity "R" is kept small with :respect to h3 and h
4

(see Figure 5.30a).

Both systems have two or more ll~vels of support that provide increased

stability over a single level suspension system.

Ll,

Configuration I
(a)

FIGtJRI: 5.30

Configuration 2

(b)

Therefore,both pendulum configUl~ations will minimize the effects of dyna­

mic coupling.

The equations of motion for Configuration 1 become highly non-linear

during large vertical displacem(~nts. The horizontal springs during peak

displacement will bl'! rotated significantIY,thereby,giving appreciable ver­

tical components of spring forces to be added t~ the main vertical spring

forces. This situation will iru:rease the accelerations of the supported

mass. Therefore,d4ring design the spring rate of the vertical isolators

will have to be decreased so as to give an acceptable resultant vertical

effect.
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(b) Hardware space requirements. Space requirements are a signi­

ficant factor because the hardware for both pendulum systems will be sit­

uated in the space between the instructure system and the enclosure. The

space needed for vertical isolators, including bracketry, in Configuration

1 will be larger than that required for the inclined isolators as shown

schematically -in Figure 5.31. If the lower level of the double inclined

pendulum configuration is fastened to the bottom of the structure,this

situation will require an increase in rattlespace in the lower region of

the facility (see Figure 5.31).

However, the lower level of horizontal springs shown in Configuration

1, will also increase the rattlespace requirements resulting in approxi­

mately equa~ space requirements for both systems at the bottom of the fa­

cility. Therefore,it is concluded that the inclined pendulum system will

need a smaller overall space for hardware.

(c) Static equilibrium due to C.G. shift. Possible horizontal C.G.

shifts will affect the two systems differently. In Configuration l.a hor­

izontal shift in C.G. will rotate the instructure system so that either a

change in the vertical spring rates or in the pendulum lengths will bring

the system back to its original level position without any horizontal

displacement. For an inclined pendulum system, Configuration 2, a horizon­

tal C.G. shift will result in a horizontal displacement of the structure.

This will add to the overall rattlespace requirement.

(d) Damping requirements. A factor that must be considered in a

final design is the damping requirements of the pendulum mode. This will

have considerable bearing on the selection of a configuration. If the mo­

tion must be damped in a few cycles,a system with horizontal springs

(damping type) may be more functional than inclined springs since for the

inclined pendulum system a large inclination angle may be required to pro­

vide a horizontal component of significant damping. A large inclination

angle means increased rattlespace which affects the cost. In general, if

the damping requirement is nominal, 2 to 6 percent of equivalent viscous

damping, the inherent damping in the system will be sufficient to damp the

free vibration motion. A general discussion of damping effects is pre­

sented in Section 5.9.
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5.5.2 Inclined pendulum system model. The inclined pendulum system is

selected for further discussion in this and the following subsections;and

an example is given to illustrate the advantage of the system. This iso­

lation system is desirable when a large instructure mass must be isolated

from ground motions with large displacement amplitudes by attenuating the

response to very low accelerations (approximately 0.5 g). Some assump­

tions may be made for the analysis of such a system.

The instructure system is assumed to be a rigid body. This is a good

assumption since the isolator frequencies required to attenuate the shock

to an acceptable level are very low and the lowest structural frequency

ordinarily will be much greater than the isolator frequency. Therefore,

the rigid body motion will be ineffective for exciting vibrations of the

isolated structure itself.

A six-degree-of-freedom suspension system may be reduced to a three­

degree-of-freedom vertical planar system. The motions considered are

vertical, horizontal, and pitching about a horizontal axis. Since a pri­

mary objective of a design is to determine rattlespace requirementsjthis

simplification is usually acceptable. In plan, the structure is made sym­

metrical and any rotational motion about a vertical axis will not affect

the horizontal rattlespace.

The spring characteristics are idealized to have linear behavior.

This assumption would have to be verified after the spring characteristics

are known. See Section 6,which discusses spring characteristics and ap­

plications.

The small-angle approximation, i.e., sin ¢ = ¢ rad, cos ¢ = 1, will

generally result in negligible errors in a simple pendulum system if the

¢ angles are less than 15 degrees (0.26 radians). The pendulum system

configuration generally will have small-angle excursions during dynamic

response. In addition, the isolators are inclined in the static position,

and these angles are also small. (If the instructuresystem is cylindri­

cal, the isolators will be positioned radially around the structure, each

with a different inclination angle with regard to a pitching motion;) The

vertical excursions are large, but during peak response the inclination

angles are still small. Therefore, the small angle approximation is
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considered acceptable.

(a) Equations of motion. In Reference 5.1,the equations of motion

for a shock isolated system using inclined pendulum cables have been de­

rived for a three-degree-of-fre,edom system based on assumptions similar to

those listed here. The relati~·e vertical, horizontal, and pitching mode

displacements were expressed in terms of~, the vertical motion of the

C.G. of the rigid mass, 0,the angle of the equivalent pendulum having a

point of support directly above: the C. G., and e, the rotation about a

horizontal axis through the C.G. and normal to the plane of the three­

degree-of-freedom system. These three coordinates and other geometric

and physical parameters of the isolation system are shown in Figure 5.32.

k'
2

The equations of motion are

-) + DO! = - z (5.31)s
.. x
0+0 (DId + D2) + e (D

3
) s (5.32)

is.. t t t

e + 0 (D
ll

+ D
2

) + e (D
3

) 0 (5.33)

where

z and x
s s

the ground accelerations in the vertical and

horizontal directipns, respectively
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1 length of the equivalent pendulum in the static condition
s

when supporting the weight of the structure.
" ,00' 01' D2 , 03' 01' 02' and D3 constants in terms of the

system characteristics when the structure is in its

static position.

Reference 5.1 gives the values of these constants for the symmetrical case, ,
when r I = r 2 k l = kl , k2 = k2 in Figure 5.32. It is important to consider

the mare general case when b
l

I b2 and k~ = k
l

, k~ k2 (eccentric loca­

tion of the C.G.). The expressions are then~

2(k
l

+ k
2

)° = --:;;..---..;.;.-
o m

2sec

1D =
1 m

1° =2 m (; - h
1's 1

r

+
2sec

2
sec

,
D =

3

k~Ar~s(h2-b2~~) ] 2
~ + h sec

i's 2

If 2 2' '2
---2l kl(bl-hl~l) + k2(b l + h2~2) + kl(b2-hl~1) +
m\(

2
sec

;'(

In many cases the C. G. will not coincide with the geometrical vertical
centerline. To maintain a symmetrical system, i.e.,C.G. and C.R. coinci­
dent, R = 0, the spring rates must be adjusted accordingly. These ex-

x
pressions are simplified when the C.G. is on the vertical centerline.
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where

m mass of the rigid 'Jody

,2 Jim, the square of the radius of gyration; J is the mass

moment of inertia:tbout a horizontal axis through the C.G.

Other terms denote spring rates (k
l

, k
2

, etc.), axial static deflections

(L'lr2s ' L'lr~s' etc.), and dimensi'Jns of the system at static equilibrium

(hI' hZ' 9\, 0Z' d l , dZ' etc.). Refer to Figure 5.32 and to the nomen­

clature for these dimensions.

In

~\ = 0~,

bl t= bZ'
terms of

the,
kl ,

the

the

case, b
l

= bZ' the characteristics are symmetrical, and

= k
l

, etc. are dir,=ctly obtainable. With an eccentric C. G. ,, ,
unknown variables, 01, 02' 01' 02' must be determined in

known variables fr'Jm the geometry of the system, during stat-

ic equilibrium. The derivation and the results are given below:

From the geometry of the system (Figure 5.33), the following two

equations can be written (for (/) <.: 150)

-- d1 ---

--------;

k'
1

k'
2

FIGURE 5.33
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Taking a free body of the supported structure (Figure 5.34) , the

equations that satisfy static equilibrium are: (small angle approximation

is made)
, , ,

2.::F = 0: k
l

Llr ls ~\ k
l (l,r lsv\x

:>::MA
0:, ,

0' (l,r ZS rfJ2k
2

6r2s 2
k2

Wh = (k
1
6r

lS
+ k

2
6r

Zs
)(b

l
+ bZ)

2

0: k'
,

k'
,

kls 6r ls+ kz
W:>=F = 6r

ls
+ (l,r

zs
+ 6rzsz 1 Z

Dr /JIs 1

,
k2!:Ir 25

I
k~ (l,r 0'

c 2s 2

,r
"---.-'.6r
• ''-:.:: 2s
I

FIGURE 5.34

, ,
From the above equations and chosen ratios of k l /k2 , kl/k l , k2/k2 , the

static condition characteristics, Dr ., 0., can be determined for use in
. Sl 1

the expressions for Do,D l - - - •

It is shown in Reference 5.1 that coupling can be minimized and

stability can be assured if the following inequalities are numerically

minimized for the case when b
l

= b
2

= b. As a starting point for design,

(1)
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To minimize D3 , reduce
coupling between trans- (5.34)
lational and rotational
modes



____ 0
To minimize D

2
(5.35)

(5.36)-- 0
k l (- hl - b~l) k2(h2 - b~2)

1s - hI + is + h2
(3) To minimize Di

and D;

The above equations can be used to locate hI and h2 by using the average

b distance, 1. e., let b = (b
l

+ h
2
)/2. All the neeessary equations and ~on­

ditions are thus developed, and a numerical solution of the dynamic re­

sponse equations for given input conditions will determine the relative

displacements between the suspended mass and the structure enclosure as

well as the attenuated accelerations that the system wi 11 experience.

Example 5.10

A large structure, cylindrical in shape, is to be isolated from

ground motions due to weapon effects. The assumed structure properties

and requirements are:

(1) Weight and mass moment of inertia:

W 3.0 x 106 lbs J (C. G.) = 10 x 107 ft-lbs-sec
2

Overall dimensions are given in Figure 5.35.

Mass C.G. is assumed to lie on the vertical centerline.

(2) Tolerable acceleration levels:

Horizontal: 0.2 g

Vertical 0.5 g

(3) The motions at the sLlpport points are described by the velocity

pulses shown in Figm'es 5.36 and 5.37. The pulse in Figure

5.36 is for a soi 1 (clr rock) which remains elastic for the

predicted ground motions (100 percent ground return), and the

pulse in Figure 5.37 is for a soil that has some plastic de­

formation (80 percent ground return). (See Section 3.5.)
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Example 5.10 (continued)

---,-- 'i

, ~ he

- --~t- ,

b b i--1--1
;-,.- '~I:~I __~

,
I_-''--_f-.-.__

i

112'

1
5°'

J. '{

FIGURE 5.35

(4) Peak ground motion intensities are given for five hypothetical

conditions, A through E.

Input a ah
v v

h
d d

hCondo v v v
(g) (g) (ft/sec) (ft/sec) (inch) (inch)

A 170 170 70 45 85 30

B 165 165 61 51 70 45

C 60 60 33 22 55 20

D 60 60 31 23 50 25

E 24 24 17 11 35 15

The pendulum dimensions are first determined by minimizing the inequali­

ties of Equations (5.34), (5.35) and (5.36) in order to start the design

with a stable system that has minimum coupling among the three modes.

This is done by trial as shown in Table 5.2. The four springs are ~hosen, ,
to have equal spring rates, k l = k2 = k1 = k

l
.

314



2
0

0

..
,

I
'

1
.

i

;
/
/

/

~
-
:

I
-
~
r
~
~
-
:
-
:

-
_
.
~

T
im

e,
se

co
n

d
s

/i
--

/'-
--

-,
.

-
/
'

1
.

/

'I

--
--

!-
--

--

V
e
rt

ic
a
l

]'
o

ri
z
o

n
ta

l

~
~

"
~
M
a
x
i
m
u
m

h
o

ri
zo

n
ta

l
v

e
lo

c
it

y

.1
-.

'

~
M

ax
im

um
v

e
r
ti

c
a

l
v

e
lo

c
it

y
/

.
-
/

----
----

1

;
/"!

.:.
->~

--
(
~
-
\

'-

/
'
-
'
\
/
(
'
~

\

P
u

ls
e

,r

'I I " "
-
~
. I I
(
~

7
0

'"
I

..J
'-'

-

[)

1
0

0

-1
0

0

-C
'i,

< ro r-
-'

0 n .....
.

rt "< ..,. ::l (
) ;::
r

II
I

CI
l -CIl ro (
) 0 ::l 0
. h
j

H . ,'. tT
J

\.
~-
,

I,
.,.

)

I,
.,.

)
0

\
..... V

1
l~
.: ::t> (/
)

tT
J <: tT
J

r
'

0 "H ,..
-]

~-
<



< (;
)

J
'-

'
3

0
0

0 (
)

~
" rt '< .....
.

::l (
) ~ I
~ C/
l ---. C/
l

~
)
O
O

("
)

-
(
J 0 ;j 0
.

H
L

!I
t

-1
-jl

,,
"0

l!
H

U
w ..... (J

\
W -.

J

t;
; >

0
U

l
rI

J <: G
:

t-< 0 n H >J r<

-l
C

O

l'
u

]s
c

{

~
M
a
x
i
m
u
m

v
e
r
ti

c
a

l
v

e
lo

c
it

y

~
M
a
x
i
m
u
m

h
o

ri
zo

n
ta

l
v

e
lo

c
it

y

.
~

V
e
rt

ic
a
l

;
L

/

."'--
·C

..
--

-
E

a
r

i
6

0
1

1
ta

l

T
im

e,
se

co
n

d
s

~
-
-
-
-
-
-
-
-
-
--1

--

'I
-

-
I

-
-

-
I

I
]
.



Example 5.10 (continued)

TABLE 5.2

hI ( 9}1) 2 Eq. Eq. Eq.
d {s hI h

2 \1\ (/)2 h
2

5.34 5.35 5.360;
6' 42.5 7.5 25 .171 .089 .3 3. 7 .94 -.004 .0344

6' 40 5 27.5 .171 .089 .182 3. 7 .57 small small

6' 45 10 23.5 • 171 .089 .425 3. 7 1. 33 small small

6' 45 7.5 30 • 16 .08 .25 4.0 .84 small small

27.5 • 16 .08 .365
\

4.06 ' 47.5 10 1. 20 small small

6' 46.25 8. 75 28.25 .16 .08 .31 4.0 1. 02 Nominal Position

The final dimensions is' hI' and h2 , are:

1 s
46.25 ft

hI 8. 75 ft

h2 28.25 ft

Spri ng rates. Initially, spring constants are calculated based on

the given allowable accelerations of the suspended mass:

Vertical 0.5 g (static 1 g is not included)

Horizontal 0.2 g

and by assuming uncoupled single-degree-of-freedom response in the vertical

and pendulum modes (the spectra response envelope in the low frequency re­

gion is assumed to be bounded by a straight line at constant displacement

equal to the peak ground displacement). The required maximum frequencies

and resulting vertical spring rates are:

Input Condition f f k
z x z

cps cps lbs!in

A 0.23 0.2 1.6 x 104

B 0.26 O. 18 2.02 x 10
4

C 0.30 0.32 2. 72 x 10
4

D 0.33 0.28 3.28 x 10
4

E 0.37 0.35 4.2 x 104
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Example 5.10 (continued)

Approximate horizontal frequencies were calculated from the term D
2

in

Equation (5.32). DZ is the natural frequency expression for the un­

coupled pendulum mode.

2 ~ 1 [kZ1 llrs kzZ llrs 1
w 1 - h

+ ls + h2m s 1

where k Z1 vertical spring rate of isolators in upper row

kZ2 vertical spri ng rate of isolators in lower row

f,r static deflections

When the spring rates kZ1 and kZ2 are equa1,we obtain the simple case of

w
2 3~6 [37.51x 12 + 74.5

1
x 12] ~ 0.65

f O. 13 cps - - - which is acceptable.

The above analysis was performed to estimate the pendulum frequency and to

determine spring rates for preliminary design of the springs.

Computer analysis. A computer response analysis for this system is

described in Appendix D. Typical system response for the pulses consid­

ered (pulse 1 and pulse 2) with variations in peak intensities (Inputs

A, B, C, D, and E) are shown in Figures 5.38 through 5.42.

In reviewing the p1ots,it is seen that the maximum horizontal rela­

tive motion occurs in the initial half cycle of motion and is slightly

less than the ground motion. The reason for this is that the ground re­

turn time is very short with respect to the period of the horizontal mode.

In other words, the ground has returned to its original position before

there is any significant absolute motion of the supported maSs. Figure

5.43 illustrates this condition. The magnitude of the residual vibration

response (the response after the loading function has diminished to zero)

is governed by the energy stored in the spring at the time when the ground
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Example 5.10 (continued)

motion has ceased. Since there is very little absolute motion of the mass

during this initial period,therE! is very little energy in the spring sys­

tem to induce large residual vibration amplitudes.

The natural frequency in the horizontal mode is very low (approxi­

mately 0.12 cps which compares favorably with the preliminary design fre­

quency of 0.13 cps). Since it is doubtful that the time duration of the

input pulse will ever be long er.ough to produce appreciable residual vi­

bration ampli tudes, it can be concluded that for the configuration analyzed,

the peak hori,zontal relative reE,ponse wi 11 not exceed the peak ground di s­

placements even for reasonable E,hifts in e. G. location.

The duration of the input pulse, within reasonable limits, has sig­

nificant effect on the residual vibration response in the vertical mode.

The maximum relative vertical displacement can be as large as the peak

ground displacement; and if there is no damping in the system,there can be

even a slight amplitude buildup due to a partial resonance condition (see

Figure 5.41 for Input E). In this case)the natural period of the vertical

isolators is about three times the duration of the ground displacement.

Consequently,there is appreciable absolute motion of the supported mass

during this initial period;and,therefore,large displacements in the resi­

dual vibration era are induced.

5.6 High e.G. Pendulum System

The practical applicability of the high center of mass suspension

system has been confined almost exclusively to silo-housed missile suspen­

sion platforms. A typical but specific system is shown in Figure 5.44.

Considering the supported structure to be a rigid body, the general

equations of motion for six-degrees-of-freedom can be written and solved

for a particular forcing function. These equations, even when limited to

a vertical x - z plane movement, i.e., three-degrees-of-freedom, are quite

complex and tedious in their derivation.

Instead, an equivalent dynamical system has been constructed in
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specific system are

k
x

k
z

w
1
3k

3k b
2

-2-

Then the equations for motion at the base of the equivalent system, are

given by
2

x + R 8 + wz x
2

x = w x
x s

(5.37)

2 2
z + w z w z

z z s

2 R x R z 8
8 e z z

+ (JJe + -~-

~2~L

in which small motions are postL,lated and

2
~:

x g
w Ix In

2
k

z
w

Z In

2
k

8 - WR
z

we J
b

r.;:2
J

b
on

where

m mass of missile and platform

J
b

mass moment of inertia of m about the base

(5.38)

(5.39)

and x and z are foundation shock pulses in the x and z directions.
s s

respectively. It is assumed that Equation (5.38) is unaffected by motions

along the other axes but is itself coupled into the moment equation. It

is customary to treat the motion described by this equation as a residual

sinusoidal oscillation originating from a shock pulse in the z direction.

The remaining two equations are then solved simultaneously with the re­

sponse,z,acting as a forcing function.
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5.6. I General discussion of the system. As an adjunct to understanding

the characteristic problems associated with this type of system, a general

discussion of its probable response behavior is desirable. In a system

of this type, the base dimension.b,of the supporting platform may be on the

order of one half or less than the vertical dimension from the base to the

center of mass,R
z

' It can be seen that the pitch stiffness, ke= 3k b
2
/2,

is determined by the base dimension and the vertical spring stiffness.

NormallY,the base dimension is limited by the inner diameter of the silo:

and the vertical spring stiffness is determined by the necessity to pro­

tect the mass,m,against a vertical shock pulse•. It is not hard to visual­

ize the case where insufficient stiffness exists about the pitch axis to

prevent the missile and platform from tipping when a finite angular dis­

placement is introduced about the base. Thus, one of the problems inher­

ent in the high e.G. pendulum suspension is .its tendency toward static

instability where the equation

cannot be satisfied.

Somewhat more difficult to visualize is the condition where the

statically stable system may still be dynamically unstable so that os­

cillation amplitudes will grow to unexpectedly large values as the result

of a transient disturbance. Such a system is said to be parametrically

excited, and its dynamic instability is therefore a potential problem of

the high C.G. pendulum. (Dynamic stability criteria are defined and fur­

ther discussed in the following Subsection 5.6.2.)

Finally, even when static and dynamic stability exist the dynamic

response of these systems can only be obtained by solution of the coupled

equations of motion. For most high e.G. pendulus systems. the vertical

response can be determined with good accuracy from the shock spectra. The

horizontal accelerations are usually very low;and,therefore,any accelera­

tion amplification due to coupling is negligible. Pendulum and pitching

response may combine to give horizontal displacements which exceed shock

spectra values.
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The following design sequence is recommended:

(1) Define the input in terms of shock spectra and waveforms

(2) Establish the geometry of the system to suit the operation

requirements

(3) Determine vertical spring rates assuming uncoupled response in

the vertical mode (shock spectra SDOF response values)

(4) Check static

1.5 times greater

If the pitch

stability. The pitch stiffness should he at least

than the tipping moment. Le•. ke/WR '? 1.5.- , z
stiffness is inadequateJspecify auxiliary pitch stiff-

ners to meet this requirerrent.

(5) Check dynamiC stability: (see Subsection 5.6.2)

(6) Using the waveform inputs,compute time-history response for the

primary purpose of finding maximum horizontal displacement (see

Appendix C for the recommended numerical method of solution).

If the system is well within the dynamically stable region_the

coupling terms on the right side of Equation (5.39) can be neglected

(see Subsection 5.6.2).

5.6.2 DynamiC stability. From Equations (5.37), (5.38), and (5.39) and

the discussion in 5.6.l,it was noted that Equation (5.38) has a solution

x z cos w t
o z

which is the reSidual oscillation after the transient shock displacement.

Z ,has terminated. In practice, the amplitude,z ,can be determined from
S' 0

the shock spectra corresponding to the characteristics of the specified

disturbance,z '\s

Thus Equations (5.37) and (5.38) reduce to

R e +
2 2

(x )x + w x wz x x s

2 R x m R z w 28 cos w t
.- z z 0 z ze + w e +

\(,2 J
be

These differential equations contain periodic coefficients; and the

stability criterion, i.e., the solution is unstable when the response be­

comes unbounded with time, for systems described by equations with
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periodic coefficients has been derived by Liapounov (Reference 5.3). As

expressed for the pendulous system being analyzed here, the limits of the

stable region are defined by very complex relationships between the un­

coupled natural frequencies and the physical parameters of the isolated

structure. Approximate relationships (see Reference 5.2 for its deriva­

tion) in which these parameters are implicitly related are given as

follows:

4(a
2

- 2) < a 2 <. 1/ 4(a + 2) 2
1 2

The function,a2,must also satisfy the condition

- 2 < a 2 < 6

In these inequalities,a1 and a2 have the following values:

(5.40)

(5.41)

higher order
terms are
neglected

where

2 2 + Ik + w 2l
2 2 2 J

fLIt
0

w + we 4wx we Jx e - b

fL2)
2

Jw
z 0

2rr
2 J

b

(5.42)

The resulting equations are described in Reference 5.2 as "reason­

ably accurate approximations".

If the arguments of the trigonometric terms in Equation (5.42) are

written in the form

( Wx )2 (We \ 2 +w- + w-) -
z z

1

2rr
2

r-------.----.---..~-.-'-'-.~ ..



then the boundaries between stability and instability in the Equations

(5.40) and (5.41) can be conveniently plotted for various values of

Rz ' Zo and the ratio Jo/Jb•

For example, for the ratio Jo/J
b

= 0.6 and the vertical distance to

the center of mass is R 300 inches and for specified values of the
z

vertical peak amplitudes z , the stable and unstable regions plot as in
o

Fi gure 5.46.

STABLE REGION ON CONCAVE
SIDE OF CONTOURS

" ,u. G

= 30 inches

R 300 inc~""'l:s
z

z
o

9 103
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FIGURE 5.46
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Obviously, a table of values for J /Jb and R would completely describe
o z

the range of stability for Equations (5.37),(5.38) and (5.39). A high

C.G. system will have a small ratio of (w /w )~ and it can be seen fromx z ,
Figure 5.46 that the unstable region extends even into areas with large

values of (we!rJJz) 2. This clearly indicates the potential; cri tical design

situation for high C.G. systems.

Example 5. 11

A missile illustrated in Figure 5.44 is to be housed in a silo. The

suspension system must be capable of reducing the shock effects to a value

below 1 g. The pertinent data is:

(missile and platform)

(missile and platform)

w 2 = .482/sec2
x

2sec

1 = 800"

30 x 104 lb.

1.65 x 108 in 1b

R = 300"z
70 inches

w

Input criteria. The shock spectra envelope is defined by the three

straight lines on the shock spectra

'\ 300 g A 300 g
v

Vh
50 in/sec V 75 in/sec

v

Dh
= 2 inches D = 5 inches

v

Vertical spring rate. For design purposes, a vertical spring rate

is chosen which corresponds to 0.8 g acceleration in the vertical direc­

tion. This corresponds to a frequency of 1.2 cps on the spectra bound

constant displacement line of 5 inches.

4TT 2
f 2W 4TT 2 (l.2)2 300000

44,100 lb/in " W
2

56.9/sec
2

k 386z g - z

k b2
44100 b

2
ke

z lb in/rad-2- 2

7 2
.272/ sec

2
for b 70 inches ke 10.8 x 10 ) we
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Example 5.11 (continued)

Static stability. In order to satisfy static stability

1.2 1.0 but

this does not provide sufficient margin for static stability. Therefore,
7

increase pitch stiffness, kg' to 13.5 x 10 .

A statically stable system is achieved by increasing the pitch

stiffness, ke , without changing any other parameter of the system. This

may be accomplished by the installation of a system of torsion bars at the

base of the platform in such a way that the horizontal and vertical fre­

quencies remain unchanged.

Dynamic stability. The following ratios are calculated,

• 0048 • 0085 z
o

5 inches

For the above parameters and loodng at Figure 5.46, the system is close

to the unstable region. If the 'Jitch stiffness is increased by a factor

of 2, i.e.,«(1J~/(J)z)2 = .(ll, the :3ystem is well within the stable region.

5.7 Low C.G. Pendulum System

5.7.1 Introduction. Occasionally, low center of gravity systems are

shock isolated by suspending thmn in a manner similar to Figure 5.47. In

many respects, these systems dis1Jlay dynamic behavior identical to base

mounted systems or, if the C.G. is very low, to quasi-symmetrical spring

systems. An inherent advantage 1Yith this method of isolation is the

independence of the vertical and horizontal spring rates,and the ability

to isolate to very low frequencil~s.

The equations of small motion for th~ platform supported symmetri­

cally about the centerline of Figure 5.47 are

W
mx + f (x - x s

R e)
z

a
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R
z -- 1T ........

FIGURE 5.47

The spring constant, k)refers to the total spring rate of all the

springs at each pendulum line in a planar system,

..
mz + 2k (z - z - R e)

s x

J8 + ~r lR 2 + R(x-x )Jl£I z x s

o

e - R (x-x )(
z s 'J

(5.44)

R 2 _ R (z-z ) 1 8
x z s I.,

')
- WRz ~ [30

- R Wx
o (5.45)

where ~ is the listing angle due to asymmetrical static loading:
o

WR
x

2b2k _ WR
z

The similarity between these equations and those derived for the base

mounted system (5.27, 5.28 and 5.29) should be noted.
I

m WIg mass of load and platform

J mass moment of inertia of platform and load about the e.G. and

x and z are the horizontal and vertical support motion inputs.
s s

If the eccentricities,R and R ,are very small in comparison to the
x z'

a + bbase dimension~bJand the radius of gyration is larger than ---8-- , th~n

the equations of motion can be considered to be essentially uncoupled so
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o

that the shock spectra may be used directly to determine peak accelera­

tions and rattlespaces. The quantities,a and b,are the two primary

dimensions of the structure, i.e. , height and width. In that case, the

Equations (5.43, 5.44, and 5.45) reduce to:
W

mx + l (x x s)

mz + 2k (z z) = 0
S

= 0

where the third equation drops out if no initial angular disturbances are

present; a condition which usually prevails.

The analysis using a waveform input as described in Section 5.4.3 is

also applicable for this system. This analysis may be necessary for final

design either to better define rattlespace requirements or to verify the

rattlespace provided in the preliminary design. The following subsection

demonstrates a preliminary desigl procedure.

5.7.2 Preliminary design. During the preliminary design phase, a system­

atic method for determining conservative response accelerations and

rattlespaces may be appropriate. Consider as the foundation for such a

method the rewriting of Equations (5.43, 5.44, 5.45) as follows:

w ( x
•

mx + - x Rz8 ) 0 (5.43a)
~., I, s

/ \

mz + 2k \ z - z Rx8 ) = 0 (5. 44a)s

WR (x - K )
J8 +mRx + mR z +

x s
(8 + [3 )- 2kR (z - z )(8 + [30)z x i 0 z s

WR (e + ~ ) + 2kb
2e - R Wz 0 x

o (5.45a)

If in the two force equations, the quantities,R e and R 8 ,are
z max x max

relatively small in comparison to (z - z ) and (z - z) ,then thes max s max
responses. x and z ,will be influenced predominantly by the rattle-max max
spaces(x - x ) and (z - z). When the isolation systems are very soft,

s s
i. e., low natural frequencies,· the rattlespaces wi 11 be maxima as i llus-

trated by the shock spectra. Moreover, when the moment of inertia is

large in comparison to the mass, i.e' j large radius of gyration, the
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angular response will be small.

are small, the angular component

\
Then if the ecce~tricities.R and R •

, x z
of displacement it~ the force equations

can be neglected.
\

In near symmetrical systems, these requirements are\often met. How-

ever, in many systems~the degree of asymmetry may be consi~erable:with the

result that a significant error may be introduced by neglec~ing the terms,

R 8 and R 8. Still, errors on the order of 25 percent may b~ acceptable
x z \

during the preliminary design phase, but if greater conservatism i~ re-
\.

quired, an iterative procedure should be adopted which will allow a '~?n-

vergence to an upper bound solution. The procedures to be followed ar~

developed below.

Dropping the terms,R e and R e,from Equations (5.43a and 5.44a)x z
yields the equations

mx (x x )
S

o (5.43b)

rnz + 2k (z z )
s

o (5. 44b)
\

\
whose bounded response can be obtained directly from the shock spectra.

Then, rewriting Equation (5.45) in terms of these maximum transla­

tional responses results in:

\

mRx
x

mx (R ~ - R )- mz (R ~ + R )
x 0 z Z 0 x

+ W (R ~ + R )
z 0 x

(5.45b)

After the transient shocks have passed,Equations (5.43b, 5.44b) indicate

that the system will oscillate with residual orthogonal sinusoids whose

maximum amplitudes can be no greater than the values obtained from the

shock spectra.

That is,

z gA cos (w t + ¢2)z z

where A and A are the horizontal and vertical shock spectra accelera-x z
tions in gls for an SDOF system at the frequencies (J) and (J) • respectively.

x z
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The translational responses above are introduced into (5.45b) and

the resultant equation of angular motion is

J8 + [WR A cos (w t + rfJ
2

) - WR A cos (w t + rlJ l ) - WR + 2kb
2

] ezz z xx x z

+ W (R ~ + R )z 0 x
(5.45c)

which is insolvable in closed fcrm due to the periodic coefficients of 8.

But if

~W RzAzl + lw RxAJ] « rkb2 - W Rz] (5.46)
;<

then Equation (5.45c) reduces to

J8 + (2kb2_ WR ) 8 = W [Ax (Rx f3o - R ) cos w t + A (R ~ + R ). z z x z Z 0 x

droppedjsince the unrelated frequencies.w and
x

out of phase~thereby,resultingin an algebraic

cos (J) t + (R 13 + Rx)]
z z 0

where the phase angles are
o

(V ,must eventually be 180
z'

summation of the three responses for the maximum response.

(5.45d)

Equation (5.45d) is a linear ordinary differential equation with

harmonic forcing functions and the constant term)W(R 13 + R). From the
2 Z 0 x 2

definition of 13 = WR / (2b k - WR ))the constant term reduces to 2b k~ •o x z a
A particular solution of Equation (S.45d) corresponding to the constant

term is taken in the form

e 2At + Bt + C

where A, B, and C are constants. Substituting the assumed solution into

Equation (5.~5d), where the harmonic forcing functions are neglected

temporarily, the coefficients are computed to be:

A 0

B 0

C
2b2k 2
WR 13 0

x

;<
When doubt of the inequali ty. LHS <.<. RHS. exists, see Section 5.7.3.
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so that the particular solution to this part of the problem is

e (3 2
o

2 2b
2

k (.l 2which can be neglected since (3 « 1 and ~ are much less than theo ~ 0
xvalues for harmonic solutions.

The steady state solutions corresponding to the harmonic inputs can

be obtained from classical vibration theory where the tr~nsmissibility

function for undamped systems is very useful (see Reference 5.4),

T
1

where ltl forced frequency

ltl natural frequency
n

In this application the forced frequency is wand wand the natural
X z

frequency is we' Therefore~ the transmissibi Ii ty [unction defines the

ratio of the unknown pitch response to the known translation response as

a function of frequency ratios. It is plotted in Figure 5.48 and may be

used directly knowing the frequency ratios,wx/ltle and ltl /ltle,where T isz . x
a function of W /we.and T is a function of ltlz/ltle •x· z

Also

J<2kb
2

J
- WR ) -II PIz

ltle ltl - I' Wx z

Thus, the maximum angular acceleration is

e ~ [ IT A (R (3 - R )J x x x 0 Z
+ (5.47)

The maximum angular velocity is
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and the maximum angular excursion is

I
TA

+ Z Z (R ~ +-2- Z 0
W

Z

(5.49)
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The total approximate maximum amplitudes at any point or the platform are

obtained by adding the translational and rotational components of the

shock response from the equations

(b + R ) .. R e, x , z
A A + e A A + --z z g x x g

, e , .
(5.47a)V V + (b + R ) V V + R ez z x x x z

,
+ (b + R )

,
D D e D = D + R ez z x x x z

For the case of no coupling (R R 0») the values obtained reduce to
x z

the SDOF shock spectra values.

General analysis procedure. The general analysis consists of two

major parts:

(a) An uncoupled frequency analysis to determine the general char­

acteristics of the isolation system and a gross idea of the system

response.

(b) A coupled frequency analysis to confirm the analysis of (a) or

to gain a more refined upper bound on the total system response.

The procedure is summarized below:

(1) From the nuclear explosion data compute the peak ground motions

as outlined in Section 3.5.

(2) Construct the shock spectra from the peak motions as specified

in Section 3.6.

(3) Compute the preliminary SDOF isolation system spring rates from

the shock spectra.

(4) Find the angular response of the system from Equations (5.47)

through (5.49) in terms of the translational shock response.

(5) Determine the peak response of the system due to translation

and rotation, If the response is acceptab1e,i.e.,meets the peak ac­

celeration and ratt1espace requirementsjproceed to the coupled fre­

quency ana1ysis~otherwise decrease the spring rates. and repeat Steps

4 and 5.

(6) Compute the three coupled frequencies.
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(7) Find the angular response of the system from Equations (5.47)

through (5.49) in terms of the translational responses at the coupled

natural frequencies.

(8) Determine the peak response of the system due to translation

and rotation.

(9) Refine the results by accounting for the angular coupling in

the force Equations (5.43a) and (5.44a).

Example 5.12

To illustrate the technique,consider the following problem:

A pendulous1y supported platform carries a weight of 150,000 lbs.

The suspension system is arranged symmetrically about the center line as

illustrated in Figure 5.47. The constant parameters for the system are

b 185 inches

R 10 inches
x

R 50 i'rlchesz
6 lb

2
J 7.3 x 10 in sec

The pendulum arms are to be atta::hed to the roof of an underground struc-

ture.which is to be located 20 feet below ground level. The entire system

is subject to a 10 MT blast; p = 150 psi; and soil seismic velocity isso
2500 ft/sec.

The structure is to be protected to an acceleration level of 3.5 g

or less.vertically,and 1 g or le;s,horizontally.

Uncoupled frequency analysis.

Step 1. From Section 3.5.3.1, the peak input disturbances are es­

timated to be

a B
h

37.5 ,:r
V ."

V 30 in/sec v
h

20 in/sec
v

d 10 in d
h 3.3 in

v

Step 2. The SOOF translational response or shock spectra are there­

fore computed to be



D = dv v

A
v

v
v

2a = 75 g
v

1.5 v = 45 in/secv

10 in

30 in/sec

3.3 in

which is modified in the frequency range,l/2t
d

< f < 2/t
d

.both vertically

and horizontally to account for amplification due to resonance. (See

Sections 3.6 and 3.7.)

From Section 3.61,

tive displacement times are:

+
t

2d
, the vertical and horizontal posi­v

+ 20
0.66t 30 secv

+ 6.6 _
0.33 sect

h 20 -

Hence: the positive phase durations are:

+
4t = 2.64 secv

+
4th = 1. 32 sec

The horizontal and vertical shock spectra may now be constructed and are

included in Figure 5.49.

Step 3. The preliminary spring rates and the approximate general

response of the system are determined from the allowable response accelera­

tions. From the shock spectra. Figure 5.49, in order to maintain vertical

accelerations below 3.5g, a vertical natural frequency less than 4.5 cps

is required. Let

f 3 cps
z

So that

k 4TT
2 mf 2 138,000 lb/ in

z z

A 2.2g
z

D 2.4 in
z

Similarly, to remain below 19 horizontally. a natural frequency less than

2 cps is required
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f 5- 2 cps
x

4 TT 2 mf 2
x

w
~

Q

J! ~ 2.45 in

kx

Therefore, the pendulum length can be made any convenient length greater

than 2.5 inches. In other words, in this example,the choice of the pen­

dulum length is determined by practical limitations rather than the re­

quirement of peak acceleration response attenuation.

,Step 4. The effects of the angular response must be checked to

assure that peak accelerations and rattlespaces remain within bounded

limits. The inequality of (5.46) must be satisfied in order to use

Equations (5.47, 5.48 and 5.49).

Let

i 150 inches

so that

f / g - 0.255 cps
x 4TT2 j -

and from the shock spectra of Figure 5.49

A 0.022 g
x

D 3.3 in.x

4.04 cps

Substituting the appropriate values in (5.46) yields the result

1.52 x l07~~ 4.71 x 109• Since the left hand side of the inequality is

less than 1 percent of the right hand side, Equation (5.46) is satis­

fied. The pitch frequency is:

1 j""'2-kb-2""---WR-
z

2TT J

and the frequency ratios are:

0.063

O. 742
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From the transmissibility chart, Figure 5.48,

T = 1. 0
x

T 2.2z

Final1y,the angular responses can be computed from Equation (5.47)

e = 1.02 rad/sec2

and from Equation (5.49)

e = 0.0116 rad

Step 5. The total peak accelerations and displacements at any point

on the platform are apprOXimated by:

= 2.4 + 2.26 = 4.66 inches

0.022 + 0.132 = 0.15g

, (b + R ) ..x
A A + ez z g..

R e
A' A z

+x x g
,

+ (b + R )D D 8z z x
,

D D + R ex x z

2.2 + 0.514

3.3 + 0.58

2.71g

3.88 inches

It will be recalled that the foregoing analysis was based on:

and (5.44a) to find

and (x - x ) ands max

(1) Discarding the coupling terms R e and Rein Equations (5.43a)z x
the translational responses x and zmax max
(z - z ) from the shock spectra.s max

(2) Treating the translational responses as inputs into the moment

equation to obtain the rotational response.

It is of interest to compare the coupling terms,R 8,and
z

rigid body displacements,(x - x) and (z - z) ,tos max s max
the reasonableness of assumption (1) above.

R 8,with relative
x

gain insight into

(x - x ) -s max

R ex max

(z - z) =smax

0.116 in)
5 }ercent

2.4 in.

R ez
= 0.58 in1

18 per-
3.3 in cent

Thus, neglect of coupling in the force equations may, for some very pre­

liminary analyses, be acceptable. However, it should be noted that the

results are not conservative and that a more refined technique may be
343



required to obtain results which more nearly describe a bound on the re­

sponse amplitudes. The results of extending the analysis are illustrated

in the following steps where the coupled frequencies are used to compute

the initial magnitudes of A and A •x z

Coupled frequency analysis.

Step 6. The three coupled natural frequencies are determined from

Equations (5.43a, 5.44a, and 5.45a) where the dynamic coupling terms, the

ground motions, and the pendulum term are dropped for simplicity. The

frequency determinant is found by the method outlined in Appendix A and

is:

all 0 a 13

DET 0 a22 a23
= 0

a
31

a32 a
33

where

2 W Ibs/tnall = mw - f
WR

z
Ibsa13 T

2
- 2k Ibs/ina22

mw

a23
2k R lbsx

R w2 WRxf30
a31

= m --r Ibsz

R W
2

+ 2k R f3a
32

m Ibsx Z 0

J
2

2k b
2

+ W Ra
33

W Ibs-inZ

When solved,this equation yields three real positive roots which are the

coupled natural frequencies (see Appendix A for Fortran program).

WI 1. 6 rad/ sec £1 0.254 cps

w2 19.2 rad/sec £2 3.05 cps

w3
25.1 rad/sec f 3 4.00 cps
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The coupled natural frequencies may be associated with their un­

coupled counterparts usually by inspection. The justification for

associating coupled frequencies ':-7ith a particular mode of response is

that (for the kind of systems considered here) practically all of the

response at each of the coupled natural frequencies is derived from the

input motion along that axis.

FREQUENCIES

Coupled Uncoupled

Horizontal translation

Vertical translation

Pitching

0.254

3.05

4.00

0.255

3.00

4.04

Step 7. The method of solution using coupled frequencies is

identical with the procedure specified for the uncoupled system analysis.

From the shock spectra, Figure 5.49 using the coupled frequencies

f f 2 and f f l above:
z x

f = 3.05 cps f = 0.254 cpsz x

A = 2.2g A 0.022g
z x

0 = 2.4 in. 0 = 3.3 in.
z x

The frequency ratios are

f)fe
0.254 0.0644:"00

f/f9
.. 3.05/4.00 O. 762

from which the transmissibilities are determined (Figure 5.48)

T 1.0(1
x

T 2.32
z

=

e
e

..
Solution of the angular responses e and fr are found to be

1. 07 rad/sec
2

0.0117 rad

Step 8. The peak acceleration and rattlespace amplitudes at any

point on the platform are deterrr.ined from Equations (5.47a) as:
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,
A 2.2 + 0.54 2.74gz,

2.4 2.28 4.68 inD = +z

A' 0.022 + 0.139 0.16gx

D' 3.3 + 0.585 3.88 inx

A comparison of the results for the coupled and uncoupled system analysis

at any point on the platform yields:

AMPLITUDES

Coupled Uncoupled

A' 2.74g 2.71g
z

D' 4.68 in 4.66 in
z

A' 0.16g 0.15gx

D' 3.88 in 3.88 in
x

Step 9. As in Step 5 the quantities R 6 R e (x - x ) and- x max' z max' s max
(z - z ) are evaluated and compared.s max

R 8x max

(z - z )
smax

=

=

0.117 in}

5 percent
2.4 in

R e
z max

( X - x )s max

0.585 in1

3.3 in J
18
percent

The effect of neglecting the coupling terms in the force equation is seen

to be of the same magnitude as in the uncoupled analysis (Step 5).

If the analysis were to terminate at this point, it would be best

to assume the maxima of the uncoupled and coupled frequency analyses from

Step 8,
At 2. 74 g

z
t

4.68D in.
z

A' = 0.16 g
x

D' 3.88 in.
x

However, the results are not conservative;and the following procedure is

recommended to establish an upper bound.
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First Iteration

The angular coupling R e and R e is fed back into the force Equations
z x

(5.43a and 5.44a) without regard to sign since the phase relations between

the transactions and rotations are not known. Thus,

(x

(z

x ) + R e ... 3.3 + 0.585 = 3.89 in
s max z max

z ) + R 8 = 2.4 + 0.117 2.52 ins max x max

These quantities may be thought of as new peak relative displacements

at the e.G. of the system. The corresponding accelerations at the e.G.
taken at the coupled frequencies would then be:

2
D (19.2)2(2.52)

(1)

A
z z 2.41 g

z g 386

2
D 0.6)2 (3.89)w

A
x x 0.026 g= = ...

x g 386

Substituting these values into Equations (5.47 and 5.49), where the fre­

quencies and the transmissibilities remain unchanged from the previous

case,yiel<;ls:

e 2
1. 18 rad/ sec

e = 0.0136 rad

The peak accelerations and rattlespaces are then determined from

Equations (5.47a).
,

A
Z,

·Dz

A'
x

2.41 + 0.596

2.52 + 2.65

0.026 + 0.153

3.01 g

= 5.17 in

0.18 g

,
D = 3.89 + 0.68x

Second Iteration

= 4.57 in

The 'procedures under the first iteration are repeated for the new

values of 8 and 8.

(~

(z

x ) + R e 3.3 + 0.68
s max z

z ) + R e = 2.4 + 0.136
smax x

]47

3.98 in

2.54 in



ill
2

D (19.2)2 (2.54)
A

z z
z g 386

ill
2

D ( 1. 6) 2(3 • 98)
A x x
x g 386

.. 2e L 18 rad/sec

e 0.0136 rad

At 2.42 + 0.596 3.02
z

D
t

2.54 + 2.65 5.19 in
z

At 0.026 + 0.153 0.18 g
x
t

3.98 + 0.68 4.66D in
x

2.42 g

0.026 g

The maximum accelerations and rattlespaces at any point on the plat­

form are tabulated below for the uncoupled and coupled frequency analyses.

(1) (2) (3) (4)

Uncoupled Coupled Coupled Coupled
1st Iteration 2nd Iteration

At 2. 71 g 2. 74 g 3.01 g 3.02 a
Z

b

D
t

4.66 in 4.68 in 5.17 in 5.19 inz
At 0.15 g O. 16 g 0.18 g 0.18 g

x

D
t

3.88 in 3.88 in 4.57 in 4.66 in
x

It may ,therefore, be concluded that the system has an upper bound

response with peak acceleration values of 3.0 g,vertically,and 0.2 g,

hori zontally, and peak re1~tive displacements at the corners of 5.2 in,

vertically,and 4.7 in, horizontally.

5.7.3 Stability considerations for low C.G. pendulous systems. There may

be times when it is not possible to satisfy the inequality of Equation

(5.46), i. e., instead of having the LHS« RHS ,the real si tuation may have

the LHS only slightly less than the RHS. Then, a test for stability using

Equation (5.45c) may not be possible. It is also noted that,if the

LHS ) RHS, instability should be expected to occur.
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Equation (5.45c) wi 11 be investigated by an intui tive approaCh based

on available analyses. The equation is simplified by dropping the phase

angles, static ti It angle, and t':le constant term.

J8 + [WR A cos w t - WR ~ ,~os w t - WR + 2kb
2

] ,8z z z x'x x ?

WA R cos w t - WA R cos w t
z x z X 1': X

Stab! Ii ty considerations are sou 5ht from the homogeneous equation so that

a+ [<2kb
2

J
- WRz)

If the amplitude of one of

the other, that is, either

WRA WRA ]x :< z z(--- cos w t - --- cos w t ) e
\ J x. J Z

the periodic terms ,is significantly

o

larger than

WR A 'NR A
x x z z---- ., ._-
J J

or

WRA
Z z
J >

NRA
x x
J

There-

o
greater than A •

x
normally be satisfied for this

then the moment equation reduces to the form

e + [a! 2q coswJ e
For low C.G. pendulous systems,A is usua1lY much

Z

fore,the second inequality above will

system.

The above equation is recognized as the Mathieu Equation,where

2-kb2 -WR -2'za sec
J

WRA WRA
-22q =

x x: Z z--- sec
J J

The regions of instability are plotted in Figure 5.50 in terms 'of the

parameters,a and q.

For further investigation of'stability considerations,reference may

be made to the work of Liapounov (Reference 5.3).
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FIGURE 5.50

5.7.4 Effects of platform flexibility. In a spring mounted system such

as a platform supported at its corners, as shown in Figure 5.47, the flex­

ibility of the platform is an important consideration. If the deformation

modes are excited, equipment which is rigidly attached to the platform will

feel a high frequency motion as well as the low frequency rigid body mo­

tions. The platform may be activated due to two possible causes:

Case (1) The rigid body motion frequencies may not be significantly lower

than the platform frequency. Thus, the rigid body motion is an im­

portant forcing vibration input to the platform structure.

Case (2) The isolators may surge and chatter and consequently excite a

deformation mode of the platform.

Case (1) The effect in Case (1) can be overcome by designing a platform

with a lowest mode frequency that is much higher than the highest rigid

body frequency. For example,in the low C.G. system considered in Example

5.12, Subsection 5.7.2, the three rigid bo~y frequencies are calculated as

f 0.255 cps
x

f 3 cpsz

f
e

4.04 cps

In this case,the pitch and vertical motions are the most likely to excite

a deformation mode of the platform. The vertical mode is particularly im­

portant,as it could excite the symmetrical or lowest deformation mode
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frequency. Referring to Section 2.4.2

sidered, Equation (2.28),given as

f 2
2

where the two-mass system is con-

m2• Let f l be the

lowest platform de-

defines the acceleration of the second mass when ml~)

vertical rigid body frequency (f = 3 cps) land f
2

thez .
formation mode frequency. Then the above equation can be used to find the

frequencY,f
2
,for which the response,x

2
,is not significantly greater than

AI' For example, using the spectra envelope of Figure 5.49 and f l = 3 cps,

and trying f
2

= 6 f
l

,

fV

=

2.2 g

I 324 I324 _ 9 2.2 +

1.2

13 g

19 _9
324 / 13 /V 2.6 g

Therefore, in this example the equipment acceleration would be amplified

by 20 percent for the particular case,m
2

<<. m
l

and f 2 = 6 fl. A stiffer

platform would further reduce this amplification.

The assumption that m2 « ml is very conservative for platforms that

support heavy equipment. For example, consider a platform and its equip­

ment weighing 60000 pounds.' Let the weight distribution approximately be:

n

Equipment

P~atform structure:
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Assume the mass,ml,to represent about half the mass of the platform and

some of the equipment in the vicinity of the isolators. Mass,m ,is the
2

equipment mass near the center plus part of the platform mass. Conse-

quentlythe mass ratio,m2/ml , in the 2-mass model is not very small.

For a less conservative approach in lieu of Equation (2.28),the ac­

tual mass ratios must be used. A dynamic analysis must then be performed

in order to determine a lower limit on the platform stiffness so that the

rigid body assumption is made meaningful. For equipment platforms of the

type discussed in this subsection, frequencies on the order of 3 times the

pendulum vertical frequency have been specified in the past as being ade­

quate for negligible platform case deformations.

Case (2). High frequency vibrations in the platform due to chatter and

surging of the isolators should be minimized during the design phase of

the isolators. An analysis and a test are both usually required to deter­

mine the magnitude of these accelerations. The procedures that were

adopted for the Minuteman System are discussed in Section 9.5; they are

recommended when high frequency accelerations may be detrimental to the

platform supported equipment.

5.8 Effect of Damping

A consideration of damping during both the forced vibration era and

during the residual or free vibration era of the shock response should be

envisaged in the design of a shock isolation system. Thus,during the

forced vibration era an undue amount of damping may generate significant

forces acting on the system in addition to the spring forces, while the

subsidence of vibrations in the residual or free vibration era is usually

desirable so as to minimize energy transfer from one mode to another and to

bring the system back to its static condition in a reasonably short time.

5.8.1 Types of damping. Since damping is a process whereby energy is

dissipated as heat, the physical mechani~ms performing the dissipation are

usually manifold; and their action cannot be described a priori by rigorous

mathematical relationships,as for instance,existing among m:1SS, ,"lccelCrnUoll,
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it will always tend to oppose the motion.

more explicit way of introducing F into the equation is
c

F , read (signum velocity) F , since this implies a change
c c

velocity changes. Thus,the equation

friction force,F ,will appear inc
ibrium as : F in the sense that

c
An equivalent and

to write (sgn u)

of sign when the

and inertia force. Heat dissipation can occur within a material as a re­

sult of the deformation and/or the deformational speed of the material, and

it always occurs in a gas undergoing non-adiabatic changes. Heat dissi­

pation may also occur due to minute slippage at joints or interfaces of

material objects.

Since a damping or fricticln force is a passive force and cannot

dissipate energy without acting over a displacement, its incorporation

within a differential equation n~st be considered in the light of its

passivity. Thus,for a single-degree-of-freedom system with a coordinate,

u, mass,m, and spring stiffness,k, a constant friction force or Coulomb

the differential equation of force equil-

..
(sgn ~) 0mu + F + ku

c

or
F

(5.50)

(sgn u) ...£+ 2
0u + OJ um

describes the free vibration of a linear mass-spring system with constant

damping of F pounds, and circular frequency,k/m = w
2

•, c
If,instead of constant damping,a purely viscous type is present, the

viscous damping force will be proportional to the relative velocity,~,be­

tween the mass and the anchorage of its spring. In this case,the equation

.. .
mu + cu + ku o

or (5.51)

o" c· 2u+-u+wu
m

describes the free vibration of the linear system as influenced by the vis­

cous damping force,cu. The dime':1sions of c are,therefore,force per unit

velocity.

A more general description of a damping force is to express it as
th .

the n power of the relative velocity,u, it is

(sgn ~) c
n

• n • n-l
(u) ,or c (u) u

n
(5.52)
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in this case,the equation assumes the form

.. . • n
mu + (sgn u) c (u) + ku 0n

or
c

2..
(sgn ~)

n • n
u + (u) + ill U 0m

(5.53)

It should be pointed out that Equation (5.53) reduces to Equation

(5.50) if n = 0, and it also reduces to Equation (5.51) if n = 1. Ac­

cordinglY,Equation (5.53) is able to describe many types of damping. The

dimensions of c are,therefore,force per unit relative velocity raised to
th n

the n power.

A further generalization of Equation (5.53) can be made by assuming

that the damping is expressed by several damping forces proportional to

different powers,n l , n2 , etc., of the relative velocity,

(sgn ~) + •••• cn.
J

(5.54)

describes the friction forces in terms of j different powers of the rela­

tive velocity,u.

5.8.2 Damping during forced loading. In general, the forced vibration era

of a soft mounted) damped isolation system will experience larger trans­

mitted forces than the identical but undamped system. A precise determin­

ation of the damping forces will involve,not only the parameters of the

system itself,but also the shape and magnitude of the velocity input. So

as to get a very rough idea of the relative magnitudes of the maximum

damping forces and maximum spring force during the forced vibration era,

an extremely simplified example will be presented.

Example 5.13

Assume that a triangular velocity pulse, Figure 5.51a, acts on a

soft mounted frictionless system of weight,32 kips,with spring stiffness,

k = 500 pounds/inch. If the undamped natural frequency of the system is

0.4 cps, the deformation of the spring will occur so rapidly that the

absolute motion of the spring mounted mass will be negligible, and the

relative maximum displacement of the mass, or the maximum compression or
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Example 5.13 (continued)
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1~0 0.1

Example 5.13 (continued)

the spring will be approximately

t

f U dt

o

5 inches

and,accordingly,the maximum spring force will be

k u
max

500 x 5 2.5 kips

Figure 5.51b shows the time-displacement or the time-spring force by the

solid line curve.

Assuming that the maximum free vibration amplitude is 5 inches, the

maximum undamped free vibration velocity,u ,at a frequency of 0.4 cps
max

wi 11 be

2n x 0.4 x 5 12.6 inches/sec

Consequent1y,the maximum damping forces will be

.
20 x 12.6 252 pounds for dampingc u viscousmax

. 2
0.2

2
31. 7 forc 2(umax) x 12.6 pounds quadratic damping

F 960 pounds for Coulomb dampingc

These values should be compared to the maxima damping force values of

2000, 2000, and 960 pounds for the forced vibration era,as seen in Figures

5.51 c, d and e.

If a pure, viscous damping force is present in the system, Figure

5.51c shows its time variation for damping coefficients of 20 and 10 pound

seconds per inch,corresponding to 5 and 2.5 percent of critical damping;and

Figure 5.51b shows the resultant of the spring force and the larger damp­

ing force by the dash-dot line curve.

If a quadratic velocity damping force is present in the system,

Figure 5.5ld plots the time variation of the damping force curve for co-
2

efficients of 0.2 and 0.1 pound/Cinches per second) , and Figure 5.5lb,

indicated by the dotted line curve, gives the resultant of the spring and

the larger damping force.
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Example 5.13 (continued)

A constant or a Coulomb damping force of 3 percent magnitude of the

32,000 pound shock isolated mass represents a force of 960 lbs. This is

shown in Figure 5.5Ie,and it obYiously wi 11 translate the spring force

curve of Figure 5.51b upward by that amount.

It is seen that the effect of friction in the forced vibration era

is to increase the time integral or impulse transmitted to the shock mount­

ed mass and,consequently,to inc:rease the transmitted acceleration and

velocity of the mass.

A comparison of the maximum forces of damping origin acting on the

isolated mass during the free o:r residual vibration era and during the

forced vibration era can now be made for the three specific cases of

assumed damping values.

The following subsection I~onsiders the free vibration era,and pro­

vides simple expressions for es~:imating the subsidence duration as a

function of the damping charactl~ristics.

5.8.3 Solution of the damped fl~ee vibration: The subsidence of vi bra­

tions in the residual or free v:lbration era may be dealt with in a rela­

tively simple way if considerat:lons are limited to a single mass system

with one or more decoupled degrees of freedom. Equations (5.50) and (5.51)

can be solved readily, but Equation (5.53) and (5.54) obviously require

special methods if ~ is different from either zero or unity.

A free vibration with initial amplitude,u ,and governed by Equationo
(5.50) will vibrate at the circular frequency,w rad/sec,and its amplitude

will decrease the amount

2F
kC per half cycle or per cycle

The attenuation,therefore,follo'll7s a straIght line with a slope of

21'
c
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(5.55)
2F T

u (l -~)
o IT Jkm

Accordingly,in T seconds from the start of free vibrations the amplitude,

u ,will be
T

If the free vibration with initial amplitude,u ,is governed by Equation
o

(5.5l),it will vibrate at the circular frequency,p rad/sec,and its dis-

placement amplitude at time,T,will be given by

u
T

(5.56)

in which

v =
c c--- --

2 ~
c
cr

and (5.57)

/1 _ V 2
P w

Since the value of ~ is usually less than 1/4,the value of p may he

replaced by (V,and Equation (5.56) assumes the fonn

- v lOT
u ~ u e

T 0
(5.56a)

If the free vibration is governed by Equation (5.53),a graphical solution

can be obtained readily by the phase plane delta method, Reference 5.5,

by numerical methods, or for a few special integer values of u in closed

form solution.

The concept of equivalent viscous damping is not directly applicable

to free vibration since it postulates a steady state of vibration,i.e. ,a

constant amplitude and a constant frequency. However, if the damping is

very small so that the attenuation is very slow and the natural frequency

changes exceedingly slowly, the concept of an equivalent value of c) can

be applied stepWise, i.e.,for block values of ~u and ~lO. Since in nearly

all practical shock mountings a fair degree of damping is desirable, it is

concluded that the equivalent viscous damping concept generally is not ap­

plicable.

Viscous damping calculations: Figure 5.52 shows a single mass,

three-degree-of-freedom, decoupled system with coordinates,x, 2, and 8.

Assume that the CG and CR coincide. Consider all 8 springs unstressed,and
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neglect their transverse stiffnesses.

tory circular undamped frequencies are

w ==
x

w
z

~~
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\
\

I \
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FIGURE 5.52

and the rotational circular undamped frequency is given by

j4k h" + 4k b'x z
we = 2

\(nl
The viscous damping forces are then

4c ~ and 4c ~
X 2:

and the viscous damping moment is

2· 2·4c
x

h
1

8 + 4c
2
b

l
8
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accordingly,the three differential equations will be
.

mx + 4c x + 4k k 0x x

mz + 4c Z + 4k z 0z Z

\

2". 2 2 .
4(k h2

m E' e + 4( cxh1 + c
z
b

1
)e +

x

and the values of v from Equation (5.57) are

4c cx x
Vx ---

2 j4kxm j kxm

2c cz z
Vz ---

2 Fzm lk~

expressed by

(5.58)

2 /4(kxh
2

+ kzb
2

) ~2m

Assume that the viscous damping becomes effective in reducing the

maximum residual arnp1itudes,x
o

' zo' and 0o,when T is zero, then from

Equation (5.56)
- v W,.x x

x,. x e
0

-v W,.
Z Z

z'j = z e
0

-v eWe"s,. e e
0

Accordingly, if the attenuation requirements are such that in time,",the

ratios,x!xo ' z/zo' and e!8
0

,must be l!nx ' l/nz and l!nS' the required

values of V , V and Ve are given by:x z

log (n )e x
x W ,.

x x

z

log (n )
e z

W ,.
z Z

(5.59)

loge(ne)

o WeTe
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The following numerical example 'l1i 11 demonstrate the use of the above

equations in calculating subsidence times versus viscous damping co­

efficients.

Example 5. 14.

Let: k = kx z k; 3
b '" - h·

2 '
and 2

~
the configuration shown in Figure 5.52.

If n '" n = 10, at T '" T 0= Te 0= T, find cx ' c and ne.x z x z z

The uncoupled frequencies are

w '" wx z = 2rr radlsec

w ..e

From Equation (5.59)

2 j 12 ~ radl sec

log (10) 2.3026

Jk:
2V V e 1. 15----- =x z 2fl-: 2J~ T

From Equation (5.57)

c II: c = 1. 15 Jk:2.~ '" 1 15 !!.: Ibs/inch/secx z . T

which are the reqUired damping coefficients to attenuate the peak trans la-

tion response to 1/10 the peak amplitudes in time,T. Using these values of

c and c ,we can now calculate the attenuation factor for rotation ampli-
x z

tude, ne, in the time period,T,

m 2 2
1.15 T (hI + b l )

~ .FU(h
2

+ b
2

)

1 b2 + 1 4
b

2

] •1. 15 /5. 4" '4 x 9 B•
b2 + !± b2kT2

9
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Example 5.14 (continued)

From Equation (5.59),

loge (ne)

2 /12!' T j m2 6.92
m kT

Accordingly,
08 = 1020

It is seen that the rotational attenuation in this Case is about 100 times

that of the translational. If, however, the spring and dashpot location

dimensions,b, bl , h, and hI' are reduced to one half of their former values

while the mass dimensions,b and h,are kept as before, it is found that

wx ' wz ' V , V , c and c are unchanged, and thatx z x z

we 2 fi;
1 15 ~ 2:-

• T 4

so that,
log n

e 3.46 giving ne 32

giving ne 10

= ng = 10, or all three initial free

to 1/10 of their initial values in the

In this case,the rotational attenuation therefore is only about three

times that of the translational. Similarly, if the spring and dashpot lo­

cation dimensions had been divided by 1/3,the rotational frequency,we,and

ve must be divided by three so that

loge (ne ) 2.31

ConsequentlY,for this case n = nx z
vi bration ampli tudes wi 11 decrease

same time,T. If the mass weighs 32,000 lbs and the required time,T,is 3

seconds,the dashpot constants,c and c ,must be such as to produce a
x z

viscous friction of

c = c = 1. 15 mx z ,.
1 15 32,000

.. 386 x 3
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5.9 Hard Mounted Systems

Hard mounted systems are ufled when the functional equipments are

ruggedized to survive the shock Elnvironment. These systems will have some

inherent flexibility and ductility that can cause some attenuation of the

high input accelerations.

Typical hard mounted systems are shown in Figure 5.53.

(a) A piece of equipment c.irectly attached to the structure enclosure

is shown in 5. 53a. Very little fleXibility exists in this type of

mounting. The shock spectra envelope in the high frequency region

defined by a line parallel to the constant acceleration line on the

four-log graph paper is conservatively assumed to be the response

acceleration of the equipment.

(b) Figure 5.53b shows an equipment module attached to a vertical

structural member. This member provides significant flexibility in

the horizontal mode ,but very little in the vertical mode.

(c) A two-dimensional structural grid, shown in 5.53c, provides

fleXibility in both horizontal modes and vertical mode, and it may

attenuate the combined vertical and horizontal acceleration response

of the equipment.

(d) In Figure 5.53d, a multistory structure is housed within a

structural enclosure,and is supported at the base. The multistory

structure is a moment resisting frame with significant horizontal

flexibility. Vertical fleXibility is achieved by the floor beam

spans.

Design procedures for each system are given in the following subsections.

5.9.1 Equipment mounted directly to the structure. After it is establish­

ed that the equipment can survive a specified shock level defined by the

shock spectra envelope, the attacl~ents to the supporting structure must

be designed. The step-by-step procedure is as follows:

Step 1: Assume the responsE! acceleration of the equipment at its

C.G. is equal to the resultant of the horizontal and vertical accel­

erations given by the constant acceleration region of the shock
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spectra envelope.

F WA
z v

---+-0 F
x Wi\,

r-- Vertical Envelope
I

~~r--i__~
~Horizonta1

Envelope

Shock Spectra

These accelerations applied to the equipment weight are the forces

used for design of the supports.

Step 2: Consider the forces determined in Step 1 to be either in

phase or out of phase,and determine the case which causes maximum

reactions at the support points. For examp1e,in the symmetrical

system, the maximum reaction is:

F
z

F
(F) = ~ + F x h

1z tension 2 ~

F
x

T

Step 3: Design the anchors to remain elastic (up to yield) for the

combined reactions (worst case) determined in Step 2. If yielding

of the ancho~s or attachment pieces is acceptable, i.e., a ductility

ratio of J-L > 1 is allowed for the attachment elements, the design may
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be modified accordingly, based on elastic-plastic shock spectra

(see Section 2.4.3). The reactions are based on the modified forces:

Fz
VIA ( 1-1 )v 21-1 - 1

., Fx
.

5.9.2 Equipments mounted to structural framework. The mountings in

Figure 5.53b and 5.53c represent conditions where either a single member

or a group of resilient members support the equipment. Approximate lowest

mode frequencies can be determined in each translation mode based on the

resiliency of the structural members. From the frequencies calculated,

the peak horizontal and vertical response may be determined from the spec­

ifiedshock spectra envelope. The procedure will be illustrated itl the

following steps for the system shown in Figure 5.53c.

Step 1: Compute lowest mode vertical frequency. A reasonable ap­

proximation is to compute the static deflection at equipment location,

and assume that the lowest mode frequency is given by:

f 1 J g
Z 2TT L\zst

where L\zst = vertical static deflection at the equipment.

\EI2
\

Consider the schematic shown above in order to calculate the static

deflection. Assume simple beam connections
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where W = equipment weight

wI' w2 weight pE!r uni t foot of respective beams

Step 2: Compute.lowest mOCce horizontal frequency. Use again the

static deflection approxim~~ion.

Consider the horizontal mode in the schematic shown above

+

The moment of inertia, 12 , is now about the vertical axis or the

nominally weak axis for WF sections.

Step 3: Compute the peak response of the equipment from the shock

spectra envelope for an SooF system at the two frequencies calcu­

lated in Steps I and 2.

Horizontal envelope

Vertical envelope

Step 4: Design equipment structural members for the

simultaneous application of the peak accelerations at equipment C.G.

367



F = WA
z z

x

c. G. --

1

= WA
x

t~ Horizontal mode in
~ this axis should also

be considered

The other critical horizontal mode shown above should also be com­

bined with the vertical response to determine the critical stresses

in the members and the connections.

5.9.3 Multistory structures. A multistory structure within a hardened

structure enclosure is used to support equipment and personnel as shown

in Figure 5.53 d. The shock input at the base of the structure will ex­

cite both horizontal and vertical vibration modes. We will assume here

a symmetrical multistory frame structure with moment resisting connections

as shown in Figure 5.54.

The vertical shock motion will excite the beam elements at each floor

level; their vertical frequencies and the resulting vertical acceleration

response of the equipment may be approximately determined by the procedure

given in the previous Subsection 5.9.2.

The horizontal response is a function of the flexibility of the mo­

ment resisting frames. Each frame may be isolated as a planar frame system

exposed to the horizontal shock motion at the base. Let the mass be con­

centrated at each floor level thus reducing the planar frame to an n-degree­

of-freedom system for horizontal response, where n equals the number of

levels above the first level at the foundation. The normal mode technique

can then be used to calculate the peak horizontal response at each level

by either bounding the res~onse using the given shock spectra envelope for

SDOF systems, or performing a dynamic analysis for arbitrary acceleration

pulses at the supports. The normal mode technique will be illustrated in

the following step-by-step procedure. (The notation is defined in Appendix A.)
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FIGURE 5.54

Step 1: Perform preliminary design to estimate mass and stiffness

characteristics of main frames. Assume the following 3 level struc­

ture with the mass and stiffness ratios noted. (The lowest floor

level is assumed to be rigid and to move ~ith the free-field

unaffected by any f1 exi bi Ii ty. )
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The equations of motions for a horizontal input at the base are:

m 0 0 Yl [<k1+ k2) - k2 0 I "
Y1 \ X s

0 m 0 YZ + - kZ (kZ+ k
3

) k
3 YZ - m

t~:
(5.60)

l 00 0 m Y3 -~ k
3 Y3

where the stiffness parameters, defined in the notation of Example

4.4 are:

k
l

+ k
Z = k

ll = 48 EI/L
3 k

2
k k

2l = 24 EI/L
3

12

3
k = k23 = k32 = 24 EI/L

3k2 + k3 = k22 = 48 EI/L 3

and are based on the assumption that the girders are infini tely-o ;'.,

stiff. The method of finding the stiffness matrix when accounting

for the flexibility of the girders is given in Step 1a.

Step 1a: Compute stiffness matrix.· First the stiffness matrix is

expanded to include the joint stiffness by applying a unit rotation

at each joint. The derivation is shown below.

k
S4

k44

( •••.• ~ - -', "' ---J<l4

~ = 1

\

\
I
\

'-----~--- kZ4
k64 ...........

k = 8EI
44 L

Simi larly,

k = SEI
55 L

k = 2EI
45 L

k = 2EI
64 L

k = 2EI
75 L
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\,
\
\,,,,
I,--"--",,' j::;:!:...

:' k66

k
12EI

66- --y:-

Similarly,

The expanded matrix is now a 9 x 9 matrix.

12/L
2

_12/L
2

0 1··3/L -3/L -3/L -3/L 0 0 1
~

24/L2-12/L213/L-12/L 3/L 0 0 -3/L -3/L

~ I
I'0 _12/L

2
24/L

2
0 0 3/L 3/L 0 0

- -- -_._- ...~.._._-- ... _--._- .-._"

I -3/L 3/L 0 I" 4 1 1 0 0 0
[kJ - 2~I I

""I-3/L 3/L 0 1 4 0 1 0 0

I ''''-3/L 0 3/L

I
1 0 6 1 1 0

""-
-3/L 0 3/L I 0 1 1 6 0 1

1 0

"",
0 -3/L 0 0 1 0 6 1

I '",,-
0 -3/L 0 I 0 0 0 1 1 6 I

1
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Partition the above matrix as noted, and write the static equil­

ibrium relation:

lr~;::-1 -~:::J 1<i-1- [-;:;-' (5.61)

Since there are no rotation inputs,set lM1 O. Performing

the matrix multiplication in the above equation gives

The resultant stiffness term in parenthesis is now a 3 x 3 matrix

(given the notation lk] ) which includes the flexibility effects of

the girders. (See Reference 4.14 for a complete treatment of this

procedure.)

In this examp1e,the stiffness matrix is:

2~ 1
24

1.27]
- 17.01

16.55

rigid,the stiffness matrix

- 24

48

- 24
[

48

- 2~
EI

L
3

EI
-= L3[kJ

[

45.72 - 23.68

- 23.68 45.72

1.27 - 17.01

whereas,if the girders are assumed to be

is, as previously calculated,

Step 2: Compute the frequencies and mode shapes

w = 2.44/ EI 3 w
2

= 5.4 j EI 3 w 8.33/ EI 31 m L m L 3 m L

.338 - 1.31 2.92

13 0.626 .893 - 3.16

l.0 l.0 1.0
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Step 3: Compute the mode participation factors •. The generalized

mass is:

= [1.~1

The generalized forcing function is:

lNJ * [y]T lm] • m L ~::61
( • 76 \

o
3.52

o 19~J

The participation factors, ~

11

Nl 1. 96= = -r:n ,=
Ml

r; NZ - 1. Z... ..
M2 3.52

G
N) .76...

19.52
..

~

, are

1.3

.341

.039

Step 4: The upper bound absolute acceleration response of each mass

is calculated.

(~l)max= 11311 GAll + 11321 r; AZ~ + Ir?3l r; A:31 (5.62)

... I.338xl. 3xAl I+ I- I. 31x(- .341)XA21 + \ 2. 92x. 039xA31

.44 Al + .45 A2 + .114 A:3

(~2)max= .81 Al + .30S A2 + .123 ~

(x) = 1.3 Al + .341 A2 + .039 A:33 max

The above values define the peak horizontal accelerations to be

applied at the C.G. of equipment at the respective levels. Design

of attachments and framing members should consider these accelera­

tions in combination with the peak vertical acceleration motions

which were discussed in Subsection 5.9.2.
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Example 5.15:

Numerical values are assumed for the three level structure consider­

ed in this subsection as follows:

Let L 225 inches E

m = 20,000 lb/386

6
= 30 x 10 psi

52.0 lb-sec 2/in

I =

Assume that the horizontal shock spectra envelope of Figure 5.26

defines the response requirements of an SDOF system.

From Step 2 the frequencies are:

~ = (30 x 10
6

) (430)
= 4.66

m L
3 52 (225)3

(J) 2.44 x 4.66 11. 4 {))2 "" 25.2 w = 391 3

f l = 1. 8 cps f 2 = 4 cps f 3 = 6.2 cps

Compute the peak acceleration from Step 4. From Figure 5.26 the

acceleration amplitudes,A
l

, A2 ' and ~, are:

Al = O. 7 g A2 2. 1 g
~ 3.3 g

(~l)max .44 (.7) + .45 (2. 1) + .114 (3.3) 1. 63 g

(x2)max = .81 (. 7) + .305 (2. 1) + • 123 (3.3) 1. 61 g

(~3)max 1.3 (.7) + .341 (2.1) + .039 (3.3) 1. 75 g

5.10 Arrangement of Springs

In Sections 5.2 through 5. 7 ,the design aspects of typical shock isola­

tion systems were discussed,and design examples were given for typical

ground shock conditions.· These systems represent spring arrangements that

are commonly used in shock mounting.

Table 5.3 a, b, c, summarizes the comparison of the isolation systems

considered,showing the relative merit of each system for the factors listed.

A foam type isolator is also included for comparison. The feasibility ranges
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TABLE 5.3a

Near Synunetrical

•G.

I

i
~.

~

c.

C.R.
and

e.G.

Symmetrical:
Inclined Isolator

vi
Symmetrical: Horizonta
and Vertical Springs -

Pinned Ends

Feasibility
Range

For equipment iso1:1­
tion at low frequalcy
and large relative
displacements

For equipment,
isolation at mid­
range frequency
and small relative
displacements

For equipment
isolation at low
and mid-range
frequency and low
and mo(:erate
relative displace­
ments

Dynamic
Coupling

Negligible· Negligible Small pitch
response induced

Ratt1espace
Requirements

Shock spectra valuoos
(large horizontal
space required [0,:

hardware)

Shock spectra
values

Shock spectra
values are ampli­
fied due to pitch
response

Dynamic
Stability

Not critical Not critical Not critical

Static
Stability

Not critical Not critical (but
spring stability
must be
considered)

Not critica~(but

spring s tabil ity
must be
considered)

Non-linear
Effect

Very significant for
acceleration response
and rattlespace

Not critical Not critical
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TABLE 5.3b

I,
~I

Base Mounted System Inclined Pendulum Pendulum - Low e.G.

Feasibility
Range

Dynamic
Coupling

Rattlespace
Requirements

Dynamic
Stability

Static
Stability

Non-linear
Effect

For equipment and
total structure
isolation at low
and mid-range
frequency and
small to moderate
relative displace­
ments

Very significant
for acceleration
and displacement
response

Shock spectra
values are ampli­
fied due to pitch
response (minimum
space required for
hardware)

Not critical

May be critical
(spring stability
must be
considered)

Not critical

376

For total structure
isolation at low
frequency and large
relative displace­
ments

System character­
istics Can be
selected to mini­
mize coupling

Shock spectra
values are
acceptable when
the geometry opti­
mized for minimum
coupling

Not critical when
optimized

Not critical when
optimized

Some effect on
acceleration
response

For equipment and
personnel platforms
at low frequency
and large relative
displacements

Significant pitch
response induced

Shock spectra
are amplified due
to pitch response

May be critical

May be crit ica 1

May affect acceler­
ation response and
rattlespace



Feasibility Range

Dynamic Coupling

Rattlespace
Requirements

Dynamic Stability

Static Stability

Non-Linear Effect

TABLE 5.3c

+
Pendulum - High e.G.

For mi3sile mounts
at low frequency and
moderate relative
disp la,:ements

Very significant

Shock spectra values
are amplified due to
pitch response

Very critical

Very critical

Significant effect on
acceleration response
and rattlespace
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less than 1 cps

1 to 10 cps

(frequency and relative displacement) are further defined as follows:

Frequency ranges

(1) low frequency:

(2) mid-range frequency:

Displacement ranges

(1) large relative displacement: up to 40 inches vertically

and 14 inches horizontally (combined)

(2) moderate relative displacement: up to 15 inches vertically

and 5 inches horizontally (combined)

(3) small relative displacement: up to 6 inches vertically and

2 inches horizontally (combined)

Non-linear effect refers to the significance of the error in assuming

linear behavior when the actual behavior is non-linear.

5.11 Component Isolation Versus Platform Isolation

During the design concept phase of a hardened system, the shock isola­

tion system designer must tentatively decide on the method of supporting

the survival essential equipment. Two alternative layouts are: (1) group

all the essential equipment together,and support them with a platform or

multilevel structure; prOVide isolators to attenuate the response of the

platform to a level determined by the equipment fragility; (2) support each

piece of equipment separately,and prOVide isolation for each piece of equip­

ment to the degree reqUired. The following two subsections prOVide a few

considerations for choosing between the two alternatives.

5.11.1 Component isolation. Component isolation offers the advantage of

using simple (and sometimes commercially available) isolator elements.

Each piece of equipment is shock isolated only to the level required. Also,

some pieces of equipment may need no special isolators if proper framing and

ductility is prOVided to the supporting brackets.

Component isolation will be feasi~le when only a few pieces of equip­

ment in a group require special shock isolation. Instead of providing

isolation for the group in general, each piece of equipment is isolated as

3 8



required,and no isolation is pro\'ided when hard mounting is acceptable for

ruggedized equipment.

5.11.2 Platform isolation. When the shock input level exceeds the resist­

ance capability of all the equipnlents (and/or personnel survival require­

ments)~ a platform isolation system will be feasible. The equipment is

rigidly attached to a platform at' structure~and either the platform or

special isolators provide the nec.essary flexibility for isolation. Very

fragile electronic equipment will almost always be grouped together,and

supported on a platform at very low frequency. Therefore, when shock

isolation is required for all the equipment and personnel protection, plat­

form isolation is most feasible.
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SECTION 6: SPRINGS

6.1 Introduction

6.1.1 Scope of the discussion: The purpose of this section is to provide

the engineer with a ready source of information for preliminary designs

with respect to the types and size ranges of springs most likely to be of

use in the shock isolation of instructure systems housed by primary hard­

ened structural enclosures. In general the small, light weight springs and

shock mounts used for the protective mounting of small to medium weights

and sizes of equipment are available as standard commercial items in great

variety. The choice of shock mounts for such equipment is usually a matter

of selection rather than design. Consequently very limited space is allo­

cated here to design methods applicable specifically to these smaller units.

It should also be noted that many relatively heavy duty springs and shock

mounts are standard items stocked for specific commercial and industrial

applications such as, for example, standard railroad car truck and coupling

springs. Wherever the design data indicates that such standard springs or

mounts may be applicable to a specific installation both procurement time

and costs will usually be reduced by their use.

For the analytical basis of the design data presented and for discuss­

ions of the many specialized variations of springs in common use but not

presented here, the reader is referred to the extensive literature in this

field; several of these references are listed at the end of this section.

6.1.2 Considerations in the selection of spring types for specific appli­

cations. The major considerations in the selection of the type of spring or

shock mount to be used in any specific installation are usually: a) suit­

ability for the intended application, b) cost, and, c) procurement time;

although not necessarily in that order. With regard to both cost and pro­

curement time such factors as the space and accessory requirements of the

complete installation are considerations which often outweigh the direct

cost of the spring. Consequently all generalization must be applied with
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reservations. With thi s limi tatton in mind, however, it can be said that

the order of preference, as influenced by cost and procurement, is mech­

anical springs, pneumatic spring:;, liquid (or hydraulic) springs, and

finally, combinations of these w:ith external or integral control and damp­

ing systems. Table 6.1 provides some very general comparisons of the char­

acteristics which influence choiee of spring type.

As treated in this discuss:lon the classification, "Mechanical

Springs" includes Helical Coil Springs, Torsion Bars, Bellvi He Washer

Assemblies, and Rubber Springs (or "shock mounts"). In general this group

is characterized by a very wide range of application, relatively low cost,

simple installation, and good selvice life. Of these the helical coil

springs, including helical compression and extension springs in that order,

are by far the most Widely used and in terms of direct spring cost, are

usually the most economical type of spring available for most applications.

6.2 Mechanical Springs

6.2.1 Helical coil springs

6.2.1.1 Compression versus extension springs: For purposes of design and

function there is little basic difference between helical coil extension

and helical coil compression springs. Extension loading may offer appre­

ciable advantage in convenience of suspension and end attachment, and axial

extension loading has no tendency to cause the lateral buckling which can

occur in helical springs under compression. However, simple extension

spring end attachments are usually possible only at the expense of sub­

stantial stress concentrations at the attachment points. Stability against

buckling is largely offset by a lack of an inherent limit to axial deform­

ation and "fail safe" characteristics. In other words, if the spring it­

self is the only link between end anchorages, an overload can permanently

stretch the spring. Also, if the spring fails, a major collapse of the

supported assembly can occur. A properly designed helical compression spring

and mounting assembly, on the othl2r hand, although it is designed not to

"bottom" under maximum design loading, can bottom under overload without

:l8l
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damage to the spring. In case of permanent set or failure of a helical

compression spring under long tir1e and repeated loading the maximum dis­

placement of the top of the spring and of the supported assembly is

usually limited (by the mounting design) to approximately the solid height

of the spring. Additionally, in a correctly designed compression spring

and mounting, the operating rangl~ and proportions of the spring are such

that either buckling wi 11 not oc(:ur, or the spring is guided to prevent

buckling. The cost of extension spring end connections and mounting de­

tails to provide performance and safety factors comparable to those of well

designed compression spring installations wi 11 usually cancel out their

limi ted advantages. For these r(~asons most heavy duty helical spring in­

stallations use compression springs, and the discussion of helical coil

springs that follows is largely confined to compression springs. Further,

round bar and wire spring stock, only, will be considered as the disadvan­

tages of square and rectangular lltock exceed its advantages in most appli­

cations.

6.2.1.2 Spring loading and installation configurations: In shock. isola­

tion the typical case involves both axial and lateral relative displace­

ments of the ends of the isolation assemblies. Depending on the isolation

system design and the configurat:LOn of the spring installation, the spri ngs

may be required;

(a) To resist static 10adB applied axially and dynamic loads and de­

flections both coincident l~ith, and normal to, the spring axis~

(b) To resist combined static and dynamic axial loading accompanied

by changes in axial orientation.

In nearly all cases the pel~issible displacements of the supported

assembly wi th respect to the surl~ounding enclosure, and hence of one end

of any speci fic isolator assembly wi th respect to the other end, wi 11 be

limi ted by the avai lable "rattleBpace". For purposes of spring and mount­

ing design for condition (a), ab(we, it is desirable to fix the ends of

the spring at the mounting surfaces as in Figure 6.1, as this sharply in­

creases resistance to buckling. In general this type of installation is

used in compression to support relatively large static loads but the primary
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function is shock isolation. Th= end anchorage permits such isolators to

be used in tension as well, for the reasons discussed in 6.2.1.1 above,

however, it is preferable that these isolators not be used in tension to

support static loads.

Where co-incidence of the center of maSs and the center of rigidity

of the supported assembly is impl)rtant (Reference Section 5.2) it is often

desirable to reduce to a minimum the stiffness of shock isolation assem­

blies normal to their principal axes. We then have the condition of (b),

above. Pivot mounting of spring assembly ends as shown in Figure 6.2 will

accomplish this purpose. The sp:ring may be guided internally or externally

by a telescoping mounting which I~an be terminated in ball or universal

joints to permit angular displacl~ment of the assembly in any direction.

This type of isolation assembly Ls readily adaptable to either extension or

compression loading, or both, while using the springs in compression in all

cases.

Figure 6.2 illustrates a universal-joint -mounted, double acting shock

isolation assembly incorporating two, counter wound, nested, helical com­

pression springs. It can be used in any position to resist both extension

and compression loading. The housing can be simplified and reduced in

length where compression only, OJ:' extension only, is required. Nesting of

two or more compression springs permits greater energy storage per unit

volume of the isolator and is another advantage of compression loading ver­

sus extension loading. Counter ~Jinding helps prevent "interleaving" of the

coils of nested springs, although the housing configuration shown provides

guiding for each of the two nestl~d springs. In addi tion, the basic config­

uration shown,by control of air venting between ends of the spring housing

or from the inside of the housing to outside, can be modified to include

air damping or an air spring act:.ng in conjunction with the mechanical

spring system.

6.2.1.3 Axially loaded helical <:ompression springs for shock isolation ­

design considerations.

a. Design criteria: High combined normal operating and shock load­

ings together with relatively large deflection requirements
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and limited available space are frequent design parameters for isola­

tors using helical compression springs. Consequently, use of high de­

sign stresses is often desirable. The design criteria commonly per­

mit consideration of very high stresses for a limited number of shock

loading cycles.

(b) Relaxation and fatigueL Under shock conditions, spring fatigue

is unlikely to be a problem, and special surface finishes, shot peen­

ing and similar measures to improve fatigue resistance are usually

unnecessary.

(c) End finish, the Wahl effect and presetting: Among the design

features and fabrication practices for standard heavy industrial

springs, that remain important for shock isolation springs, are the

use of squared and ground ends t'o minimize secondary bending stresses,

and presetting to offset th:! Wahl effect. The Wahl effect is essen­

tially a departure of the tlJrsional shear stress from a straight line

function. It is caused primarily by the secondary stresses introduc­

ed by·the bar curvature. The Wahl factor, W, expresses this effect

in terms of the ratio of thl:! maximuIrt torsional shear stress at the

inside of thecoi 1, T., to ':he average stress, T, computed by straight
1

Iine theory, as:

,+ D
1T

i d - .615
W = -= + (6. 1)

T D D
'+ - - 4 dd

where D is the mean coil diameter and d is the bar diameter. This

factor varies from about 1.:~ to 1. 6 for the more commonly used values

of DId. The function is plotted in Figure 6.3a. If W is neglected

in design the result is excessive relaxation 0. e. creep) under high

static load and a tendency toward brittle fracture under shock load­

ing. Pre-setting to maximufl stresses beyond the elastic limit in­

creases the elastic limit (Figure 6. 3b) and also introduces permanent

pre-stress in the outer fibers of the spring which are opposite and

roughly proportional to the maximum stresses under load before pre­

setting. Consequently the flaximum stresses under applied load after

presetting follow more closely those predicted by straight line theory.
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In pre-set springs at the normal operating stress, load reductions to

allow for the Wahl effect can be less severe and are often neglected

for values of W less than 1.3. Presetting is also a useful inspec­

tion measure, since failures due to flaws in the metal or unsatisfac­

tory heat treating are likely to occur during presetting rather than

in service. One of the very considerable advantages of compression

over extension springs lies in the fact that it is not feasible to
388



preset extension springs.
:

Consequently~ extension springs are more
,

susceptible than compression springs to relaxation under normal oper-

ating static loads and faHure under s~ock load.

(d) Critical buckling ratio: A compression spring is essentially a

composite column and as sueh may become\unstable with respect to
\

lateral buckling. This characteristic i~ commonly expressed in terms
\

of the critical ratio of ro:ial deflection\ to effective free height,

(6 IH) ,at which springfi having specifl\c ratios of free height tor e cr \
mean diameter H /D, become unstable in buc~~ing. The relation is

e \
illustrated graphically in Figure 6.4, but t~e values for case (a)

(both ends of the spring fixed against both rotation and translation)

FIGURE 6.4:
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should be applied with caution since the end fiXity implied is not

always obtained in practice. Heavy compression springs for shock

isolation are usually designed on the basis of the maximum allowable

stress when compressed to solid height. To maintain the validity of

this design basis the critical buckling ratio of total axial de­

flection to effective free height must not be less than the ratio of
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total solid height axial deflection to effective free height(l)

0. e. (\, /H . -~ (\, /H), or the spring must be guided to prevent buck-r e rs e
ling. Since avoidance of the critical buckling range by changes in

spring dimensions often leads to undesirably large spring diameters

D; confining springs against buckling by guiding is often a conven­

ient solution in the type of application under consideration. Mount­

ing end details which maintain spring ends parallel to each other and

perpendicular to the spring axis (see Figure 6.2) also minimize sec­

ondary stresses due to incipient buckling in guided springs.

(e) Materials: For heavy springs both cost and availability of

materials are important considerations. For moderate sizes of springs

and where spring size, bar size and available space are not import­

ant problems SAE-I095 steel is almost universally used and will

usually be found both economical and readily available in stock sizes

up to about three inches in diameter. Among the low alloy spring

steels SAE 5160H, SAE 8655H, SAE 8660H, SAE 4l60M and SAE 9260H are

widely used and readily available. The costs (per pound) for springs

of these alloys is on the order of 20 percent to 60 percent higher

than that for 1095, but higher allowable working stresses can resllit

in smaller springs or smaller numbers of springs at less total weight

for corresponding loads and deflections. Savings in the costs of

spring housings and in space requirements may also be significant, so

that the higher material costs may be largely or entirely offset by

other considerations. Both 6l50H and 4l60M are often economical in

springs requiring the larger bar sizes (say upwards of two inches in

diameter). SAE 9260H is used chiefly in applications where its

superior mechanical properties at low temperature are desired.

f. Costs: The basic prices of large, heavy duty springs of any of

the more commonly used spring steels are, within limits, almost direct

functions of weight. However the differences in per pound costs be­

tween "stock" and "special" springs are significant. Many sizes of

(l)Not including the closed end turns, usually 1.5 to 2.
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heavy springs, up to 40,000 pounds in solid capacity, 2 1/4" bar

diameter, 14" outside diameter, and 50" or more in free height and

having spring constants fro~1 100 to 16,000 pounds per inch are avail­

able as stock designs or stock items. Prices on such stock springs,

F.G.B. factory, will usually fall in the range of 18 cents to 30 cents

per pound even in small lot~:. Non-stock sizes in the same materials

wi 11 usually range from 35 cents to 60 cents per pound or more and the

costs will also be heavily influenced by the quantities ordered. Un­

usually long springs will require special set ups with the resultant

higher than normal manufacturing costs. The larger bar diameters

(in excess of about 1 1/2") tend to increase costs due both to higher

manufacturing costs and to lower allowable design stresses necessitat­

ed by the fact that the larger bar sizes are difficult to· heat treat

to the maximum mechanical properties that can be obtained in smaller

si zes.

Maximum spring diameters and bar diameters can often be reduced,

with resulting reduction in costs and space requirements as well, by

nesting two or more springs in a single assembly. A combination of a

stock spring for the outside, and heavier springs, with a smaller,

special, spring, counter wound, and nested inside, will often be still

more advantageous. Since long compression springs must usually be

guided to prevent buckling, it is sometimes economical to use two or

more standard springs in series separated by steel disc spacers in

place of a single special spring of greater length. Finally, it

should be recognized that, as in any other manufactured product, un­

necessarily close tolerances will increase costs.

g. Mechanical properties of spring steels: If it is assumed that the

temperature and corrosion environment are not severe the principal

mechanical properties of interest in spring steels as applied to heli­

cal compression spring design are: the torsional modulus of elasticity,

or modulus of rigidity G, the ultimate strength in torsional shear T ,
u

the elastic limit in torsional shear T , the maximum design torsional
E:

shear stress at solid height T f and the allowable normal (non shock)
s
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working shear stress in torsion T. The basic modulus of rigidity for
w

straight high carbon spring steels such as SAE 1095 is approximately

1.05 x 104 ksi and for the low alloy spring steels about 1.15 x 104

ksi, and these values are commonly used in spring design. However,

the effective modulus of rigidity is appreciably, and somewhat inde­

terminately, reduced both by presetting and by the thin layer of

partially decarburized metal produced on the bar surface by hot form­

ing and heat treating in uncontrolled atmospheres. Because these

changes ~ relatively limited and rather indeterminate they are often

neglected in spring calculations and allowed to appear as part of the

tolerances in the spring characteristics of the finished product.

Both effects become more pronounced as bar diameter increases, however,

and some attempt to account for this reduction in rigidity will rCSlllt

in more accurate predictions of deflection. A rule of thumb sometimes

applied is a reduction in G of 1/2 percent each, for presetting and

surface decarburization, for each 1/4 inch of bar diameter beyond one

inch.

The ranges of ultimate strength in torsion (or modulus of rup­

ture) and torsional elastic limit for commonly used spring steels are

available in numerous handbooks (see Reference 6.3). These are usually

expressed as stress ranges because of the considerable variations that

occur as a result of the small variations in chemical composition be­

tween heats and larger variations which result from differences in,

and accuracy in control of, heat treating. Also, the maximum average

heat treated properties will vary considerably with bar diameter. The

smaller bar sizes will have received both more thorough rolling action

during manufacture and more complete and uniform penetration of heat

treatment effect than large diameter bars. Unless actual test data

and the concurrence of the spring manufacturer are obtained, values

near the lower ends of the commonly listed ranges of T should be the
E:

maximum solid height stress values considered in design.

For preset springs that are designed for a combination of normal

static load plus a limited number of cycles of weapons effect shock

loading, the minimum handbook values of T may be used as the maximum
E:
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design stress at solid height, T , provided that this value does not
S

exceed 80 percent of the modulus of rupture:

or T = T ~ .8 T
S e u

(this allowable is applicable for ordinary condi tions where DId >- 4.

Consult manufacturer's recommendations for allowable T when DId -< 4.)s
For non-preset springs the design stress at solid height, T , should

s
be divided by the Wahl factor. In either case the maximum design

working stress, T , due to combined static and dynamic loading, and
w

corresponding axial deflection should not be greater than 75 percent

of the values at solid height.

Springs designed for total working loads which include a large

component (25 percent or more) of vibratory loading should be preset

in all cases and should be designed for maximum solid height stresses

consistent with the values in Figure 6.5. The maximum VJorking stress-

es should not exceed 75 percent of the solid height stresses.

6.2.1.4 Axially loaded helical compression springs; design procedures and

examples: To simplify the discussion and provide a convenient reference,

Table 6.2 lists and defines the symbols employed in the formulae used in

this subsection. Figures 6.6 and 6.7 have been prepared to simplify pre­

liminary design calculations.

Figure 6.6 is a plot of b) the spring deflection per inch of effective

solid height, versus the mean coil diameter D for various bar diameters d

plotted for the conditions that G = 1.05 x 104 ksi at the torsional shear

stress T of 100 ksi. Since 6 varies directly wi th the shear stress, T, and

inversely wi th G, the values of S1 corresponding to values of Gl and T l'

other than those upon which the table are based, will be determined as:

105 T
1

G S
1

(6.2)

It will be noted that values of b , determined for any combination of T and

G will be constant for any bar diameter, d, or mean coil diameter, D, as

long as the spring index, DId remains constant. The bar diameters shown are

expected to cover the major range of interest. Since many intermediate
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TABLE 6.2: SYMBOLS USED IN SECTIONS 6.2, 6.3 and 6.4

A Cross sectional area

~ Bonded area, rubber to metal in rubber springs

A Unrestrained peripheral area normal to loaded area of rubber
p

compression springs

Correction factor for stiffness ratio k Ik for helical springs
r q

Correction factor for deformation effect on modulus of rubber

compression springs.

C Compressi bi li ty constant i:1 liquid springs, static
S

Cd Compressibility constant i"1 liquid springs, dynamic

D Mean coil diameter i n helil~al springs

D Outside diameter in helicaL springs
o

D. Minimum clear inside diameter for helical compression spring housings
1

d Bar diameter in helical sp:::-ings and torsion bars

E Modulus of elasticity in tl~nsion or compression

F Lateral load

G Torsional modulus of elast:lci ty (or modulus of rigidi ty)

H Total free height of helical springs and Bellevi lIe springs

H Effective free height of helical springs,(less closed end turns)
e

h Effective height of helica:l compression springs at working load
o

h Effective height of helica:. compression springs at static load
w

Design coefficients for Belleville Springs

Shape factor for rubber con~ression springs

Spring rate

Spring rate in axial direction

Spring rate in lateral dirE~ctionk
q

h Solid height of helical springs

k

k
r



TABLE 6.2: SYMBOLS USED IN SECTIONS 6.2, 6.3 and 6.4

M

M
s

Modulus of elasticity

Modulus of elastici ty static

" " II dynamic

" II " static, tangent, tension

" " " " " compression

" II " " " shear

Rubber

"

"
"

"

"

N In helical springs, the total number of coils

N In helical springs, the number of active coilse

P Axial load in helical springs, load in general

P Solid height load in springs, static load in generals

Pf . Load at flat position of Belleville springs

-;'(

P Max load uncorrected for Wahl effect

P Pitch of active coils in helical springs or

pressure in air and in liquid springs

R Outside radius of Belleville springs

r Inside radius of Belleville springs

T Torsional moment or torque

t Thickness of Belleville springs or in rubber springs

V Volume in air and in liquid springs

W Wahl factor in helical springs

6 Deflection in general

6 Axial deflection in helical springs
r
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TABLE 6.2: SYMBOLS USED IN SECTIONS 6.2, 6.3 and 6.4

Lateral deflection in helical springs

Axial deflection in helical. springs solid

Max. shear stress inside coil of helical spring

Shear stress at solid height of helical springs

static

dynamic

"

"

"

"

"
."

per inch of effective solid height

"

"

"

"

"

"

Strain in rubber springs

Direct compressive stress, static

Elastic limit shear stress

Allowable shear stress

Ultimate shear stress

Shear stress in general

Shear stress due to axial load only

Shear stress due to loads F and F

Shear stress at working height of helical springs

6q

I\rs

6
rw

6rd

[)

S

6
C

T

T. .:
1

T
e:

T
u

T
r

T
s

T
0

T
w

T
qr
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Inches

2

~ +--+-- -+__ ... -' 6 =_ ~~_(~t= o. 03 (~
for 'r 100 ksi

G = 1.05 x 104ksi

I 5

Coil Diameter, D, in

HI -<1.I:
i ....... _

I.

! ,h

FIGURE 6.6: DEFLECTION OF HELICAL COIL SPRINGS OF ROUND WIRE
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Mean Coil Diameter D in Inches

FIGURE 6. 7: LOAD FACTORS FOR HELICAL COIL SPRINGS OR ROUND BAR
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diameters are available as stock sizes Figures 6.6 and 6.7 may be applied to

these by interpolation. Values of D/d and bar diameters larger than those

commonly considered in such charts have been included here to cover the many

unusual spring problems arising in shock isolation for weapons effects.
~'(

The spring allowable load chart gives values of P ) uncorrected for

coil curvature or Wahl Effect)and Figure 6.7 is based on an allowable shear

stress, T = 100 ksi. When entering the chart with an actual working load,

P , based on any value of working stress, T an effective load value, P
w w e

which is proportional to the ratio 100fT must be used
w

P
e

100 P /'rw w (6.3)

The above relation also applies to specific combinations of d and D.

After establishing an apparently satisfactory set of spring dimensions

the result must be checked for proximity to the critical buckling ratio

(see Figure 6.4) and, if buckling is likely, either the spring dimensions

must be revised or the spring must be guided. If the spring is to be guided

the minimum inside diameter of the guide must be established at a value that

will prevent jamming as the spring expands under compressive load. Standard

tolerances on the "as fabricated" outside diameter of the spring and on in­

side diameters of standard pipe and tubing used as housings are available

in various handbooks. The spring's diametral expansion under compression

from free to solid height may be expressed apprOXimately as:

6D Q.8pd (6.4)

where p is the pitch of the active coils at total free height or

p H /N
e e

and N is the number of effective coils.
e

The most convenient actual design procedures will vary somewhat with

the specified parameters which, in addition to loading conditions will

usually include one or more of the follOWing limitations; minimum and max­

imum deflection under a specific shock loading, spring constant, maximum

height, maximum outside diameter, specific safety factors for working stress­

es,and specific safety factors against "bottoming" under maximum combined
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normal and shock loading conditions. However the following examples are

taken from actual cases and may be considered representative.

Design Example 6.1, below! considers the design specifications for a

shock isolation system example given in Section 8 and presents a typical

procedure for the design of the helical springs required.

H

1

H
e

i lIrd
i'L r ~ -

r---//~---- t~.~.~-~=~_:-
h t. + 1I de rw r

4

FIGURE 6.8

h
o

Example 6.1

Given: k
r

25 lb/in;

40 in; +
6 rd = - 35 in.

(1) From above: the maximum CO'nbined load deflection,6 + 6 =75 inches
rw rd

(2) and maximum combined load, P 75 x 25 1875 lb.

(3) The total load at solid height at 1I 1. 25 x 75 = 94"rs

is P 1875 x 1. 25 2340 lb.
rs

(4) Since this is a relatively light spring assume SAE 1095 material and
"i'(

100 ksi solid stress, ,.. The spring will be pre-set and P = Ps rs
(in Figure 6.7). The spring is to be housed and guided so that it

will be stable against lateral buckling. Assume that Did = 6 to 7.
1r:

From Figure 6.7, for P = 2.34 kips and for Did = 6 to 7, select

d = 5/8". Accordingly D wi 11 be about 4"', and D wi 11 be about 4.6".
o
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Example 6.1 (continued),

(5) If G is assumed as 1.05 x 104 ksi (without reduction) Figure 6.6 gives

~ = 1.3 inch/inch of effective solid height for D = 4'~

(6) The effective solid height, h = 94/1. 3 = 72 inches.e
(7) The number of effective coils, N 72/.625 115, ande

the total number of coils, N = N + 2 ... 117.e
(8) Effective free height, H 94 +72 166 inchese

total free height, H H + 2d 167 inchese

(9) Pitch of effective coils, p = 166/115 = 1.443 inches

(10) Minimum clear inside length of spring housing with 4" of spring pre­

stress, 167 - 4 = 163 inches

(11) Minimum inside diameter of housing:

(a) see Equation (6.4) for spring expansion under compression

~D (p2 _ .8pd- .2d2)/10D

(1.443 2
_ .8 x 1.443 x .625 - .2 x .6252

) /40 = .032 inch.

(b) manufacturing tolerance on diameter, about .25 inch.

(c) minimum clearance, assume .10 inch.

(d) minimum clear inside diameter of housing,

D. = 4.625 + .032 + .25 + .10 ~ 5.0 inches.
1

(12) For a value of D/d = 4/0.625 = 6.4, the stress increase due to the

curvature effect of the coils, the Wahl factor W, as seen from

Figure 6.3a, will be about 1.12. This would mean that for the maximum
-;':

or solid height load of P= 2.34 kips = P , the stress in the springrs
would be 100 W or 112 kips; however, it is not customary to consider

this extreme load when making correction for the curvature effect of

the coils; moreover the pre-set will take care of the Wahl effect.

6.2.1.5 Helical compression springs subject to combined axial and lateral

loading. When helical springs are required to resist both axial and lateral

loading (see Figure 6.1) it is deSirable to determine at the design stage

the total axial and lateral deflections of one end with respect to the other,

the maximum combined stresses in the spring, and the stability against buck­

ling at the two maximum deflections. Under this type of loading springs
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become rather inefficient, moreover stresses and deflections are largely

indeterminate unless the ends are essentially fixed against rotation, and,

even with assumed end fixity, mu~h uncertainty still remains. This dis­

cussion applies only to sprtngs:laving ideal ertd fixity, and, as previously

noted, only round bar stock is c:msidered.

In determining the axial deflection, 6 , under combined axial load,
r

P, and lateral load, F, the axial spring rate, k , is little affected byr .

the lateral deflection 6 within usual load ranges. For any given spring,
q

then P = k !'1. The lateral spring rate· k , however, is materially affected
r r q

by axial deflection. Moreover k is decreased by axial compressive de­
'i

formation of the spring and increased by axial extension of the spring.

Since the lateral deflection!':. ,)f the spring is resisted by both torsional
q

and flexural stresses in the met~l as well as by other less determinate

factors, it is open to question~s to whether it is feasible to write a

rigorous expression for the va1u,e of lateral spring rate k •
q

as given by Equations (5.lb) in SectionThe expressions for k and k
_ r q

5 are considerably idealized, but they will nevertheless be used for de-

sign purposes in this section. An idea of the transverse, approximate

st i ffness k can be expressed analytically for zero axial load by the
q

following simplified formulae, Rleference (6.14).

(kq)o
12 BS for ideal fixity at both ends1"-' 3

Sh + 12 Bh
0 0

(kq)o
3 BS for one end fixed and other hinged,...-

Sh 3 + 3 Bh
0 0

in which

(6. Sa)

(6.5b)

B
:2 h

o
nN De

1
1

- +E1

S
B h

o
---3
nN D

e

E1

(6.6a)
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In this case I is the rectangular moment of inertia of the torsion bar's

cross section with respect to a transverse plane, and I~ is the torsional

moment of inertia of the bar's cross section. For a circular cross section

of the bar

I and I
~

I
P

Assuming a circular cross section and that E = 2.6 G, the values of Band S

(6.6b)

0.0352

0.324

B

S

become
h d

4
G

o
NeD

h d4G
o

~
e

Expressing Band S in terms of the axial stiffness k which is equal to
r

d4
G/8 N D3

it is seen that
e '

B
(6.6c)

S 2.59 h ka r

Substituting (6.6c) into (6.5a) and (6.5b), we have

rk 1 3.39i q:_-

lkr jo' ,h ) 2
1. 31 + j 0,

tDJ

'k ,
1...9.: '.. 0.847

k .. 'h ' 2
ro I 0 1

0.327+/ DJ

for ideal fixity of both ends

for one end fixed and other hinged

(6.5c)

(6.5d)

Then expressing Equation (5.1b) in ratio form

k
-.9.
k

r

+ P
"k""hr a

I k I
I q.

Ikrj 0

+ 6r
h

o

we have

I h 2
1.31 + I ;

k
q

k ".
r

3.39 + 6r
h

o
for both ends fixed (6.7a)
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(6.7b)for one end fixed other hinged+ !1r
h

o

0.847

0.327 +

h " 2
o
D;

Figure 6.9 shows a plot of Equations (6.7a) and (6.7b), the differ-

k
-S.
k

r

ence between the two equations appears in the two scales of the abscissa

h /D. The family of curves above the !1r/h = 0 curve refers to tension in
o 0

the spring, and the family of curves below !1r/h = 0 refers to compression
o

in the spring. The heavy dashed curve, marked stability, relates to an

elastic stabi li!l.S!...i.terion f~E unspecifiedrat~os of combined axial and

lateral loadings that will be presently discussed.

Since helical springs subject to both axial and lateral loading are

stable against buckling as long as the potential energy stored in the de­

flected spring is reduced by a reduction of the lateral deflection and in­

creased by an increase in either lateral deflection or in axial deflection.

Any spring, subjected to compressive loads should be checked for such

buckling stability; it will be found that this is a very complicated pro­

cedure but that it depends greatly on the transverse stiffness k of the
q

spring. The critical buckling ratio of lateral to vertical stiffness ac-

cording to Reference 6.2 can be expressed empirically by

k /k
q r

1. 2 !1 /h
r 0

(6.8)

This ~ppr()~in:ta~e eq\lation 1:!l~t_l:xclucle~spE:!_cificratios of axial to lateral

loadings is plotted as the straight line in Figure 6.10.
1.6 ,----.--"._'-_._-_..__.- -

!

1. 4 :"--~(k/k
r

) = 1.2 6r /ho
1.2;' /'
1. 0 :_ Stable region y.

~::l ~j
I / Unstbble region

O. 4 ~- ~-~-74 . r
o. 2 :---~_._+ -- - t ~

0/ o. 2 ---·0-: 4-0~6-0:S-----C6- 1.2

6r/~ = Axial defl./Working height

FIGURE 6.10: CRITICAL BUCKLING RATIO (REFERENCE 6.2)
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The empirical criterion of Equation (6.8) for combined axial and

lateral loadings has been introduced into Figure 6.9 as the marked, dashed

line curve. Thus for a spring with both ends fixed and with a working

compressional instabiIi ty

h ID ratio had been 3, in~
o

Moreover if one end of the

the II Ih is almclst 0.3. If the
r 0

occur when 6 Ih is about 0.14.
r 0

fixed and the other

height to spring diameter ratio of h ID = 2, the
o

spring had been

stabi Ii ty would

will occur when

end had been hinged, the h /D ratios
o

would have been one half of thosE for the spring with both ends fixed.

Since aXial, and combined axial and lateral loading produce bending as

well as shear stresses in helical springs, the relatively higher yield and

ultimate strengths of spring steels in flexure, 125 percent to 150 percent

of the values in shear, together with the high ratio of shear to bending

stresses will normally result in torsional shear being the critical stress

under nearly all loading conditions. The total torsional shear stress,

T ,due to the combined axial and lateral loads P and F, may be approximat­
qr

ed in terms of the axial load stress by

(6.9a)'T = 'T (1 + 6 ID + Fh Ip D)qr r q 0

where T is the shear stress induced by axial load only.
r

A more useful form of this equation is obtained by identifying Tqr
with P and F and 'T with P alone so that

r

Effect of P and F
Effect of P

(6.9b)

It wi 11 be noted that, since 6q : the influence of each of the last two

terms is to increase the total stre3s. Consequently, at large ratios of F

to P the accuracy of results obtained from Equation (6.9) becomes increas­

ingly dependent upon the accuracy with which k is known.
q

An investigation of the Ii tl~rature indicates that the k Ik ratios ob-
q r

tained by applying Equations (6.7a) are difficult to check experimentally.

Agreement between calculated resuLts and test data has been found to be

within 25 percent by some investigators working with small springs. Recent

tests (see Reference 6.13) on large springs (D = 18.8", d = 3" and h = 47.4"),
o

however, have shown disagreements as large as 45 percent between calculated

and measured values of, k Ik , and the plot of this ratio versus II Ih , in
q r r 0
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the theory.

.135 to .383.

some cases have had slopes in the opposite direction to that predicted by

These tests were conducted over a range of ~ /h from about
r 0

The maximum divergence between test and calculated data

occurred at the latter value with the test figure higher than the calculat­

ed. The test curve was also concave upward over the range of Q /h above
r w

about .3 resulting in an increasing rate of divergence between test and cal-

culated values beyond this point.

In view of the foregoing, it appears that use of Figure 6.9 will, for

large springs, give conservative values of A , at 6 /h ratios above about
q r w .

• 25, when the important objective is the establishment of maximum probable

horizontal deflections. However, when the primary purpose is to limit max­

imum horizontal accelerations and to obtain certain minimum values of hori-

zontal deflection, the calculated ratios of k /k should be checked by tests.
q r

A second significant conclusion may be drawn since the large springs

used in these tests were specified to have an end finish resulting in a min­

imum contact arc of 2700
, (there is some indication that the actual ground

periphery may have been closer to 2900
). Even with this relatively large

+
contact arc, variations in the ratio k /k of - 16 percent from the mean

q r
resul ted when the horizontal load was applied at various angles to the cen-

terline of the end bearing area. This suggests that springs subjected to

combined horizontal and vertical loading should be fabricated with the long­

est feasible contact arc even at the expense of squaring more than the usual

3/4 turn at each end. Where a number of identical springs are used to sup­

port a common load they should be installed with the center lines of the bear-

ing arcs at various orientations in order to help average out the variations

in the k /k ratio.
q r .

6.2.1.6 Design Example 6.2, helical spring subject to combined axial and

lateral loading. The following example illustrates the design steps for a

helical spring subject to combined static axial and dynamic axial and lateral

loading for which the maximum radial deflection and the two spring rates are

specified.

It will be assumed that the empirical stability criterion, Equation

(6.8), for unspecified ratios of axial P to lateral F loadings is
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sufficiently conservative to take into account operating load ratios up to

F!P = 1/4.

P 18 kips
s

k 3 kips/inchr

k 1.5 kips/inch
q

L'.rd = 3 inches

F/P 1/46) Max value of

Assume that:

1) Spring is fixed at both ends and that E = 2.6 G

2) Static axial load

3) Axial stiffness

5) Dynamic axial deflection

4) Lateral stiffness

Find: p

Static axial deflection, f', s 6 inches=-
:rw kr

Static and dynamic axial dl=flection -9 inches

* 1Operating deflection /I. 6, + '2 6,rd 7.5 inches
r :rw

P k f', 22.5 kipsr r

F
p

5.63 kips4"

f', F 3. 75 :lnches lateral deflection
q k

q

I

I
~
'--

~
-i

~ ---{- - --)---
t:, - -'

c-J'--~.!W_---! L'.r
. f',rd .------ ~

H -r--- -~ ~L'.q

Ie hw T-- 1Ef-- ~_~ F ho

l - t J' /

I le I i ,--

- L fF~~;L
FIGURE 6.11 I

P
-;'(

The operating deflection is defined as the maximum axial compressive
deflection to occur simultaneously with t~e maximum lateral deflection.
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Accordingly from Figure 6.9 it is seen that:

k 1for -1 , stabi Ii ty demands that h /D is at least 1. 6; thus for
k 2 0r

h /D 1.60 /'; /h 0.36 (assumption a)
0 r 0

1. 75 0.20 (assumption b)

since h H 6, H 7.5 we have on assumption a)
0 e r e

H 7.5 1.6D and 7.5 0.36 (H - 7.5)
e e

giving

D 20.8
13" and H 20.8 + 7.5 28.3"--r:6 e

1. 75 D and 7.5 0.20 (H - 7.5)e

45"37.5 + 7.521. 4" and He

Obviously assumption a) is economically preferable if the resulting stress

situation is acceptable. To investigate this we use Figure 6.6. It is

seen from Figure 6. 11 that

h
e

H
e

28.3 - 6 - 3 - 2.25 17 II

and consequently the deflection per inch of solid height is:

H - h 28.3 17
~

e e - 0.66
h 17

e

Figure 6.6 specifies a bar diameter of about 2 3/4" for D = 13".

The stress situation is then examined by means of Figure 6.7 which shows

that for D = 13" and for d = 2 3/4" the allowable load in kips for an

assumed value of T = 100 ksi is about 73.

Application of Equation (6.9b) with 6, /D
q

and with h /D = 1.60 gives
o

3.75}13 0.289)with F/P 0.25,

Effect of P and F
Effect of P

1 + 0.29 + 0.25 x 1.6 1.69
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Accordingly the effect of P and F ~ 1.69 x 22.5 38 kips

Since the stress increase due to curvature of the coils, the Wahl factor,

is about 1.4 for D/d = 13/3.25 = 4, the corresponding or corrected P and F

load will be 38 W kips or 53 kips. This is only about 73 percent of the

load at solid height with axial load on1y.

6.2.2 Torsion bar springs

6.2.2.1 Types and applications. Torsion bars, or torsion bar springs, are

one of the two most elementary of spring forms (the second being the leaf

spring or flat spring subject to simple bending). The most Widely used

form of torsion bar, and the most applicable in weapons effect shock isola­

tion, is the single bar (Figure 6.l2a) although various multiple bar or bar

and tube combinations are also used. In order to realize maximum service

life torsion bars are usually relieved of bending stress so far as possible

by supporting the rotating ends in bearings as illustrated in the isolation

system shown in Figure 6.13. Torsion bars are among the most efficient

.-_.._~_.-.-1i1:J do

~ . ~ ./
€

(a) Single Torsion Bar With Splined Ends

TI+----.a--+-~oL.---r--..".".
I

d
o

L~··---:~~~tJ=-.-=-

o
15 Max.

(b) Splined Torsion Bar End
FIGURE 6.12: STANDARD SINGLE TORSION BAR WITH SPLINED ENDS
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spring forms from the standpoint of the ratios of both energy storage to

weight and energy storage to volume. Their chief disadvantage lies in the

stress concentrations which occur at the ends or in the relatively expen­

sive end details necessary to minimize these concentrations. The fact that

torsion bars are installed normal to the direction of the loads and dis-

placements they control also tends to increase the cost of end connection

hardware but may be a considerable advantage where space is limited in the

direction of displacement. In Figure 6.13 a complex combination of bending,

direct shear and torsional shear occurs at each support point. The allow­

able torsional stress and efficiency are accordingly to be watched in de­

sign. From the standpoint of increasing the operating stresses and energy

storage efficiency, it is possible to machine finish, grind and polish,

preset, shot peen and spline anchor torsion bars (see Reference 6.6),

While not as wide as that for some types of springs, the useful ranges of

sizes and applications of torsion bar springs extend from small valve springs

to main suspensions of large masses.

6.2.2.2 Design of steel torsion bars subject to negligible bending stresses,

The essential design formulae for solid round torsion bars, critical for

torsion loading only are:

where

T
max

T

G

d

584 T 1.
E:

r =
max

angular deflection in degrees

maximum (surface) torsional shear stress

torsional moment

effective length of bar

modulus of rigidity

bar diameter

412
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For torsion bars with splined ends, designed according to the SAE manual

(Reference 6.6

recommended to

basic bar with

and Figure 6.l2b), the sp1ined end diameter, d , is
o

be a minimum of 1.2d. The enlarged ends are faired into the
o

a 30 maximum taper and a fillet radius of 1.3 d. The

414

recommended value of for the end design includes part of each tapered
€

end length and is computed as:

2 j (/d d2/d 2 d3/d 3) (6.12)( ,{. + '3 + +
€ ' t 0 0 0

where

( length of uniform diameter bar
,
I length of tapered portion of bar( t

6.2.2.3 Materials, fabrication practices and working stresses. In general

torsion bars are designed as moderately high precision machine parts and are

subject to relatively severe treatment in terms of maximum stresses and

stress cycling. The uniformly high surface stresses make it important that

surface imperfections of all kinds be avoided, and that surfacedecarburi­

zation during heat treatment be eliminated. These ends can usually be ac­

complished by finish grinding and polishing after machining and by heat

treatment in controlled atmosphere furnaces.. Shot peening is common prac­

tice and has a definitely beneficial effect on fatigue life. Even when

fatigue is not a major consideration, the cold working of the surface by

shot peening remains desirable as a means of equaliZing residual stresses

and for the resulting increase in the elastic limit of the surface material.

When loading will be in only one direction pre-setting has much the same

beneficial effect as it does for helical compression springs. The SAE re­

commends a pre-setting shear strain of about .022 radian(l). In applications

where equal maximum stresses will occur in either direction of twist, pre­

setting has no value.

High quality torsion bar springs are commonly fabricated from SAE 8660,

SAE 9260, and SAE 9262 low alloy steels. Straight high carbon spring steels

(1) Pre-setting is always performed after shot peening as the shot peening
otherwise has a tendency to relieve the pre-stressed surface condition
obtained by presetting.



Use 10"

are sometimes used in non-critic~l applications. Steels having a high sen­

sitivity to minor defects at high heat treats should be avoided. For tor­

sion bars uniformly hardened to 50 or higher on the Rockwell C scale, shot

peened and preset the SAE recomnends working stresses on the order of 140

ksi for good fatigue life. If p:reset but not shot peened the working stress

should be limited to about 120 k:;i, and, if shot peened but not preset, to

about 105 ksi.

For torsion bars not subjel=t to a high percentage of cyclic loading

the above values are conservativl:. Where the normal load is largely static

and the maximum load includes only a limited number of cycles of shock load­

ing, which comprise 30 percent o:r more of the design load, 90 percent of

the torsional elastic limit of ~le material can reasonably be used as a max­

imum working stress.

6.2.2.4 Design Example 6.3: To:,sion Bar Spring

(1) Given: the vertical' shock isolation system for the platform shown in

Figure 6.13 employing four torsion bar suspensions:

(a) Total load, uniformly distributed, Wt = 100 kips

(b) The maximum permissible natural frequency is 1 cps
+

(c) Vertical dynamic displacement is - 10"

(2) The required vertical spri~~ constant, k, for each isolator is then:

k -e:. 1/4 (4 l/f 2m)/12
n

The static load vertical diBplacement,

(\,-'"':-.2.5 x 101~/2.55 x 103 = 9.8"
rs

(3) Determine deflection angle: Since the displacements are moderate,

*assume a 20" lever arm and equa:~ displacements about a horizontal static

lever arm position. Then then the total deflection angle,

¢ 2 sin- l (10/20) 60
0

"(Using short lever arms) the trunnion plates and anchor blocks wi 11 be
separate rather than Paired as j.n the sketch.
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(4) Determine the required bar diameter lid": the torque at maximum dis­

placement is approximately

T -'. 20 x 2 x 2.5 x 104 6
10 pound inches

There is to be no reversal of stress (i.e., D
S

D
d
), and the torsion bar

can be pre-set. Since the bar size will be relatively large the steel se­

lected must be capable of heat treatment to high strength in the larger bar

diameters. Assume AISI type 8660H steel, heat treated to Rockwell C/60 to

a minimum depth of 1/4 inch, also let

G = 1. 1 x 10
7

psi 5 .
1'e-:":- L 7 x 10 pSI and use l'

, 5.
0.9 T = 1.53 x 10 pSIe

Then from Equation (6.11)

and let

d
1 1/316 T/(TT T) I

.J
3.22 inches

d
o

1.3 x 3.22 4.18 inches

Use SAE 4 1/2 - l6A sp1ined ends with d 4.5 inches
o

(5) Find required effective length: from Equation (6.10),

)8 ¢ d
4

G/(584T) = 122 inches

(6) Determine overall length and controlling dimensions from SAE recommen­

dations (see Reference 6.6).

6.2.3 Coned-disc springs (Belleville Springs)

6.2.3.1 Characteristics, applications and variations. Coned-disc springs,

sometimes called Belleville Springs, or Belleville Washers (1) are essentially

flat spring steel washers(Z) that have been deformed into a slightly conical

shape as schematically shown at the top of Figure 6.14. The spring action

occurs when a force is applied tending to force the apex of the cone toward

(or beyond) the flat position. Under such loading they exhibit a wide var­

iation in spring rate versus deflection. The manner in which the k/6ratio

(l)After Julian F. Belleville, who obtained the original patent, Paris, 1867.

'Z)Because of their limited application the radially tapered flat disc spring
(having a thickness at any point proportional to the radius to the point)
is not discussed here.
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varies is controlled largely by the ratio of the "as fabricated" deformation,

H, to the metal thickness, t. Figure 6.14 illustrates and tabulates dimen­

sions and symbols relevant to this section.

Coned-disc springs are useful chiefly for their ability to support

large 16ads at small deflections with minimum space occupancy in the direc­

tion of load, and for applicaticns requiring variable spring rates•. In

shock mounting systems for hardened structures they should be useful for

applications reqUiring limited shock attenuation at a minimum cost in space

and for back up of coil spring systems to reduce shock incase of "bottoming"

of the coil springs.

Coned-disc springs may be stacked either in series (to increase total

deflections) or in parallel (to increase the load required to produce a

specific deflection). Friction damping and breakaway friction in parallel

stacked assemblies make their performance less predictable than that of in-

dividual springs or series stacks.

The force-deflection characteristic of a coned disc spring depends

greatly on the free height H of its cone frustum and dn its thickness t.

Thus for a thick spring with a small ratio of Hit the spring is essentially

linear, up to 6 = 2H see Figure 6.l4a. For a thinner spring e.g. with

Hit 1. 41, the initial sti ffness decreases to zero as 6 approaches HI;

then, as the deflection passes through the flat shape of the coned disc

spring the stiffness commences to increase toward its initial value as 6

approaches 2H, see Figure 6. 14b. If the ratio HIt is larger than 1.41, the

spring will have a region of negative stiffness before 6 has reached H.

This behavior is shown in Figure 6.14c for the specific ratio Hit = 2.5.

Figure 6.15a illustrates a wide range of the load ratio, PIP
f

, versus

deflection ratio, 6/H, obtainable by varying the ratio of Hit. The load,

P
f

, is defined as the load which produces a deflection, 6, equal to the

free height, H or specifically as

3
K

l
Ht E

R
2

in which K
1

is to be obtained from Figure 6.16. The curves in Figure 6.15a
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For Deflection Ratios 6/H ~ 1 Read
-,-~--

N

\'
.8 <11::c
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~
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Deflection Ratio: ~ <:: 1H -
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For
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FIGURE 6.15a: LOAD RATIO VEHSUS DEFLECTION RATIO AND H It RATIO FOR
BELLEVILLE SPHINGS
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are characteristic of coned-disc springs loaded at the inner and outer edges.

As the H/t ratio increases from very small values the spring rate departs

rapidly from a near straight line, with the highest positive values of k

occurring at D/H = 0 and 2. At values of H/t below 1.41 minimum k values

occur at 6/H 1. At H/t 1.41 the spring rate becomes zero for an apprec­

iable interval near ~/H = 1. From H/t = 1.5 to 1.6 the spring rate is seen

to be within a few percent of zero from about ~/H = 0.6 to 1.4. Springs in

this range are commonly called constant force springs and are widely used

where it is desired to maintain a constant force over a considerable range

of deflection. It can also be seen that, for all H/t ratios greater than

1.41, a negative spring rate range exists, reaching its maximum negative

value at D/H = 1. Series stacked assemblies of coned disc spring elements

having H/t ratios greater than 1.6 that are to be operated close to the

zero rate loading should consist of reasonably well matched individual

elements.· Otherwise some of the elements in the stack may transit to their

negative spring rate with the effect of producing an erratic load/deflection

curve for the assembly. All stacked assemblies must be guided to maintain

alignment of individual elements.

Figure 6.l5b shows plots of the stiffness ratios k/kf , i.e. the posi­

tive slopes of several of the curves of Figure 6. l5a, within the range of

O· MH~' 2.

6.2.3.2 Design formulae. The class of coned-disc springs and the operating

ranges of greatest potential value in shock isolation are those pertinent to

the support of large loads at small deflections. For simplicity the design

discussion will be confined to this area(l)of application in which confined

springs having H/t ratios of .5 or less are subjected to deflections that

are equal to or less than H. For these ranges of spring configuration and

p

deflection and for edge loaded discs the following formulae apply.

KIll E t
3

c:Sc t
2

R
2 ~

(6.13)

(1) For design data on coned-disc
large cone heights the reader
1963, Reference 6.1.

springs having large deflections and/or
is referred to Wahl, "Mechanical Springs",
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K2L1 E t IS p
d =

c R
2 -2-

t

P R
2 ~'c R2

L1
K

1
E t 3 K1ISE t

(6. 14)

(6.15)

in which c~ is the nominal compressive stress at the inside edge of thec
spring.

The nominal stiffness is given by

k P
L

(6.16)

The coefficients K1, K2 and rs vary ~ith the ratio R/r and are given in

graphical form in Figure 6.16.
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FIGURE 6.16: COEFFICIENTS K
1

K2 AND ~
VERSUS THE RAT 0, R/r(Reference 6.1)

. 6.2.3.3 Materials, tolerances and design stresses

a. Materials: The maximum stresses in coned-disc springs are the

compressive stresses at the inner edge, and the most common uses involve

largely static loadings. For these reasons materials are usually somewhat

less critical than for most other types of springs. The lighter weights

(thinner) springs are commonly blanked and formed from ordinary high carbon

steels such as SAE 1074, 1085 and 1095. For the heavier springs and more

42



severe service applications the low alloy spring steels are used, often as

forgings.

b. Tolerances: Standard corrmercia1 tolerances on coned-disc spring

characteristics and dimensions arl! closely related. Since the characteris­

tic k curve is a function of Hit I:he tolerances on the thickness of sheet

and plate stock from which the waBhers are blanked have a marked influence.

In addition variations in thickneBs and elastic limit in corrmercial grade

sheet affect the permanent deformation, H, produced by forming in standard

dies. As a result the plf", values of "corrmercial grade" springs may vary by
+
- 20 percent from the nominal values. "Special grade" springs are fabricat-

ed from precision ground stock and more accurately sized and formed. For
+

these the tolerance on plf", is held to about - 8 percent. By testing and

selection almost any desired to1el~ance may be maintained, but costs will

increase rapidly with the accuracy specified.

c. Design stresses: When the normal loading will be static or near

static (less than about 100 major stress change cycles) for the required

life of the spring, or when the maximum design load consists of a near

static load plus 30 percent or more of a limi ted number of cycles of shock

loading, and when there is no high temperatur~ creep problem, the maximum

stress ,.i' , calculated according to Equation 6.14 may be equal to the com-
e

pressive elastic limi t of the materiaL

6.2.3.4 Design Example 6.4: Coned Disc Spring Isolator

(1) Given: A piece of equipment weighing 1000 Ibs. is to be supported on

four vertical coned disc spring i~;olators. The dynamic displacement is 0.6

inches at 5 cps and the maximum permissible natural frequency of the system

is 5 cps.

(2) Required vertical spring rate, k -:=-1/4 (.102 x 52 x 10
3

) 637 lbs/inch

(3) Design spring rate and displacements: Use k 600 Ibs/inch

the design frequency is then (600/(.102 x 250»)1/
2 = 4.85 cps

static load displacement,

f",
rs
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and the dynamic displacement at the design frequency is,

6 = (~) 637 x .6/600
rd

+ .
- .637 lnch

180 ksi

.076 inches

(4) General considerations: Since the dynamiC displacements exceed the

static load displacement the isolator must be double acting or it must be

designed to resist dynamic uplift as well as combined static and dynamic

displacement in the downward direction. To provide approximately linear

performance and eliminate the need for spacer rings an Hit ratio of approx­

imately 0.5 will be used, and the deflections of the individual spring

washers will be limited to 0.8 H (or to 0.4t). Individual washers must have

a load carrying capacity of P = (.637 + .416) x 250 1bs/.4l6 = 630 1bs. If

the material is assumed to be SAE 1095 steel, a maximum design stress of

170ksi is conservative. Since a considerable choice of stock Belleville

spring washers is available with an R/r ratio of 2, this ratio makes a

convenient starting point for the design.

(5) Determine t, 6, and H for the spring elements: from Figure 6.16, for

R/r 2, KJ ~ 1.48; and from Equation 6.14, t = (k
3

p/O
c
)1/2

It is found that

t (1.48 x 630/160,000)1/2

Use the nearest standard gage, No. 15, t = .072

The corresponding stress, 6 = 1.48 x 630/.072
2

c
This is an acceptable stress.

The maximum design deflection, 6 = 0.4 x 0.072 = 0.029 inches and

H = 6/0.8 0.036 inches.· The overall height is therefore H + t or 0.108

inches.

(6) Determine the spring element's radii Rand r: from Figure 6.16, and

for R/r= 2, it is found that Kz = 2.2; and from Equation 6.14, the outside

radius is

R (k 6 Et/6 )1/ 2
2 c

: 2.2 x .029 x 3 x 10
7

x .072/(1.8 x 10
5
)-,

0.88 inches

consequently the inside radius, r = .44 inches
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(7) Spring rate per element: from Figure 6.16 and for R/r = 2 it is found

that K
l

= 1.48; and from Equation (6.15) the stiffness of one element is

3 2 7 3 2
k = Kl Et /R = 1.48 x 3 K 10 x .072 /.88 = 21,800 Ibs/inch

(8) Stack assembly:

The minimum number of elements in series to obtain the required vertical

spring rate of the stack is 21,80)/600 = 36; use 18 pairs.

(9) Isolator design: A simple a}proach to the double acting isolator de­

sign will incorporate a housing mounted to the equipment frame and isolated

by the coned disc spring stack frl)m a center gUide which can be mounted to

the supporting surface. Numerous variations are practical. A typical de­

sign configuration is illustrated in Figure 6.17. The nominal height of

the stack is .108 x 36 = 3.89 inches. This may be reduced to 3.75 inches

by a small pre-stress at assembly,

6.2.4 Rubber springs. Rubber springs, connnonly called "shock mounts" can

be designed to have good weight or volume to energy storage ratios and have

inherently good damping characteristics. As a result they have long been

used in medium to light duty shock isolation applications. The principal

restrictions on their range of application are environmental limitations,

performance stabi Ii ty under long term static loading and a limi ted thick-,
ness of one to two inches for satisfactory c~ing (for most compounds). The

light to medium weight shock mounts are generally available as commercial

products, in a complete range of types and sizes, so that their use usually

involves selection rather than design. This discussion, consequently, is

directed toward larger units which must be custom designed for specific

app lications.

6.2.4.1 Materials, characteristics and configurations.

a. General material characteristics. Natural and synthetic rubber

and rubber compounds have become available in increasing numbers and range

of characteristics which are of interest in shock isolation. New compounds

have greatly extended the range of temperature and chemical environment

wi thin which rubber springs and shock mounts are practical. However, the

compounds that have the best environmental resistance are not necessarily
1~25
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those with the best characteristics for shock isolation. Natural rubber is,

perhaps, still the major e1astome:ric ingredient in most of the rubber com­

pounds having the best all around characteristics for shock' isolators.

These characteristics include high tensile and shear strength, good bond­

ability, relatively high energy storage per unit volume, good resistance to

permanent set, high damping and capacity for sustaining repeated large de­

formations with full recovery.

Natural rubber compounds ar,~ useful in shock isolators from tempera­

tures of about - 500 to + 1500 F b'Jt have poor resistance to solvents, ozone

and some other chemicals. ChloroJhrene (neoprene) and Buna N based com­

pounds have good resistance to petroleum products and have better high

temperature resistance than natural rubber as the temperature drops below

OaF, but Buna N tends to swell in water. Natural rubber, Chloroprene, and

Buna N all show fair resistance tJ creep under load at moderate tempera­

tures, and Buna N retains this advantage to relatively elevated temperatures.

Both Buna Nand Chloroprene are mJre resistant to the "aging" (hardening

and cracking) effects of heat, sunlight and ozone than is natural rubber.

Silicone rubber compounds have have outstanding resistance to the effects
o 0

of temperature, from - 70 F or 10'wer to about + 400 F. They also have good

resistance to petroleum products and chemicals, but generally have lower

tear and abrasion resistance, lower tensile strength, and (except at elevat­

ed temperatures) less resistance to permanent set than the previously men­

tioned elastomers. Some of the newer developments in the field of elasto­

mers such as Viton, Ethylene Propylene rubber, Chlorosulfonated Polyethylene

(hypo Ion) and Polyurethane have properties indicating that they could be

compounded to make excellent shock isolator materials but they have had only

limited evaluation for that purpose to date. Most shock isolator problems

requiring the more specialized elastomers are solved in cooperation with

manufacturers. Consequently, the balance of thi ~.9.! sc.~!>.~~o.~Yil.1 be centered

~!.ound the characteristics of compounds of the widely used natur~L.;rubb~!,

fh 1orQPJ:'.~l}'§'._.?12.(L Bt,t.t!.?.-B•.

b. Mechanical properties of the materials. The mechanical properties

of the rubber compounds which must be considered in the design of rubber
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springs are considerably more varied and more variable than those involved

in metal spring design. Whereas the useful mechanical properties of metals

are linear, and metal springs are designed to operate within the linear

ranges; most of the useful mechanical properties of rubber spring materials

are nonlinear, but only as functions of stress, but, to a marked degree, as

functions of temperature, form and method of loading as well. Comp?unds of

a spec i fi c rubber, whi ch ~..i_~~et.'_!_~p~E~!~.i._~!:1:.Y_().tl}Y. in cll1:r()meter hardnes~,

will vary widely in elastic moduli, tensile and shear strength and usable----_._..__ ._.,~'.

def~~~tion range. The mechanical properties of a specific rubber compound

of a specific durometer hardness will vary appreciably with source of supply

and even among production batches from the same supplier. Finally, even

durometer hardness, which is the most used single index to which other prop­

erties are related, is measured by a method that is somewhat inexact.

Measurements on the same specimen may vary by as much as 5 points. Since

compounds used in rubber springs cover a range of only about 50 points on

the durometer scale (30 to 80) 5 points represents 10 percent of the range

of interest, and, in terms of stress/deflection ratio, may represent as much

as a 20 percent variation in stiffness.

With the foregoing limitations in mind it is possible to list numeri­

cal values or ranges of values for mechanical properties and to evaluate the

importance of some of the factors which affect these values. Compared with

room temperature characteristics, temperatures up to about l50
0

F for natural

rubber compounds and 2500 F for Chloroprene and Buna N have relatively limit­

ed effects on the elastic moduli and strength of these products, although

aging and creep (permanent set under static load) are accelerated under con­

tinuous exposure to these temperatures. At temperatures below OaF ChIoro­

prene stiffens rapidly (by about 100 percent at - 20oF) , and, except for

rubbers specially compounded for low temperatures, the normal elastic moduli
. 0are unrelIable for most rubber compounds below - 20 F.

There are distinct differenc' s in the elastic moduli under static and

dynamic loading, wi th the i nc~~ase ~s_~if_f~e_s.:,.under dynamic load most ap­

parent in the higher durometer ran es. Only limited data are available upon

which to base numerical evaluation )f the higher elastic moduli applicable

to dynamic loading, but the effect lppears to correlate more closely with
4 3



durometer hardness than wi th othel~ parameters. Crede (Reference 6.2) gives

values for the ratio of dynamic to static moduli versus durometer hardness

that are probably as useful as any available and which may be expressed

approximately as:

Md/MS
1 .c (Dh - 30) /35 (6. 17)

for the range of 30 to 80 durometer, where; Md/Ms is the ratio of dynamic

to static moduli and Dh is the durometer hardness number of the compound.

The static tangent moduli Ml: in tension, in compression and in shear

versus strain and durometer ~ardnE~ss are plotted for typical shock isolator

rubber compounds in Figures 6.18,6.19 and 6.20. Compressive stress versus

deflection for typical compounds j.s given for a range of shape factors for

40, 50, 60 and 80 durometer hardness in Figures 6.21, 6.22, 6.23, and 6.24.

(See Section 6.2.4.2 for definition of shape factors.) Shear stress versus

deflection for durometer hardness numbers from 30 through 80 are given in

Figure 6.25. Recommended design Btress limits are also indicated in Figures

6.21 through 6.25. Although rubber springs are rarely used in tension, and

tension loading of rubber to meta:l bonds is not considered good practice,

such loading is sometimes unavoidable in rubber springs subject to combined

static and dynamic loading. In such cases the rubber tensile working

stresses are usually limited to a value which does not exceed the durometer

hardness number of the compound e}cpressed as psi, or 50 psi ,whichever is

higher. Where rubber to metal bond is in tension the maximum working stress

of the bond is usually limited to 50 psi.

c. Basic rubber spring configurations. Nearly all of the numerous

configurations of rubber-to-meta1··bonded rubber springs in cornmon use are

variations of three types. The metal end plates or fittings are usually of

steel, and the three basic configurations are:

(1) The "sandwich" with metal plates bonded to each face of the

rubber center slab (Figure 6.26a).
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(2) The concentric bushing configuration, in which two concentric

metal bushings are separated by, and bonded to, an annular rubber

spring (Figure 6. 26b).

(3) The torsional shear disc, or coupling (Figure 6.26c) consisting of

two truncated conical metal fittings, co-axially assembled (with

the small ends opposed) and bonded to a rubber centerpiece. The

torsional shear strain (and stress) in the rubber is equalized by

a variation in rubber thickness, parallel to the axis of torsion,

so that at any point the axial dimension is approximately propor­

tional to the radial distance.

The "sandwich" type rubber spring is widely used as a heavy duty com­

pression mount, for various combined loadings, and to a limited extent in ap­

plications where the major loading is linear shear or tension. The '~oncen­

tric bushing" is, perhaps, most corrnnonly used under combined axial shear and

radial (compression-tension-shear) loading. Typically the axial bond length

between rubber and jnner bushing is much greater than that along the outer

bushing in order to provide approximately equal bond areas and uniform shear

stresses. A wide variation in axial to radial spring rate can be obtained by

varying the radial to axial proportions of the rubber. Where a high ratio of

lateral to axial stiffness is required the circumferential bond length is so

much greater at the outer periphery of the rubber than at the center bushing

that the necessary outer bond area can often be provided by a plate extending

a short distance into the outside diameter of the rubber. Variations of this

configuration are widely used for light equipment shock mounting. The "tor­

sional shear disc" rubber springs, as the name implies are used largely to

reduce shock and vibration loading transmitted in torsion, as in shaft coup­

lings.

6.2.4.2 Rubber spring design. The large number of variables together with

some variation in properties of compounds that are nominally identical make

the design of rubber springs a rather inexact procedure and one in which the

critical performance characteristics of ~ll designs should be confirmed by

test. For this reason all design of pro! Jtype rubber springs in which wide

latitude of performance is not permissibJ" must be regarded as preliminary

design.
440



a. Rubber compression springs. Since rubber has a high·bulk modulus,

relative to its useful stress range, it can be treated, for all practical

purposes, as being capable of deformation in the direction of compressive

stress only where lateral expan~;ion is also possible. The effective com­

pressive tangent modulus is strongly influenced by the resistance to lateral

expansion. Given a slab of rubber of thickness, t, bonded, loaded area, t\'

and otherwise unrestrained peripheral surface area, A , normal to the loaded
p

area, it has been found experimEmtally that the lateral restraint effect of·

the rubber itself may be expresBed as a "shape" factor, K , which is the
s

ratio of the loaded area to the unrestrained peripheral area, or K = A fA ,
s b p

where A includes the free surface areas of the rubber in all holes through
p

the slab (in the direction of loading) as well as the free peripheral area,

and '\ excludes the cross section areas (normal to the direction of loading)

of all such holes. For any specific average compressive stress, O"c(= P/t\) ,

and shape factor, K , Figures 6.21 through 6.24 give the uncorrected static.
s

deflection, 5 ,as n percentage of t, for various values of durometer hard­
cs

ness, and Figure 6.19 gives the corresponding, uncorrected static compressive

and the correspondng dynamic modulus M' is found from Equation
cd

[1 + (Dh - 3(I) /35 ].

modulus, M
c

• In the inset tab].e on Figure 6.19 the correction factor, C6 ,

corresponding to 6 can be foun~. The corrected static compressive modulus,
Cs

M' , for the specific load, durclmeter number and rubber configuration is then
c

M' = Cc M ,
c °c

6.15 as M~d = M~

Corrected values of percent deflection and spring rates may be computed from

the corrected compressive moduli as:
,,

100 (7 1M k M' t\/t (6. l8a)8cs c c c c

, 100 C1 1M d kcd M' t\/t (6.l8b)
e5 cd c c cd

Corrected values of .s shculd not exceed the recommended limi ts indicat-
c

ed on Figures 6.21 through 6.24. Maximum values of 6~d due to infrequent

shock loading can approach the upper limit, but values reflecting static and

vibration loadings should not exceed the lower limits. Modifications of

existing designs, for larger or smaller loads, or to accomodate new clearances,

are faci li tated by application c,f the axiom that "rubber sandwich compressi on
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mounts having the same shape factor and the same average unit compressive

stress will deflect the same percentage of their respective thicknesses."

b. Rubber shear spring design. Rubber springs used primarily in shear

may be designed in any of the three basic configurations discussed in Section

6.2.4.1 c and illustrated in Figure 6.26. Regardless of configuration the

shear strains, ~, will be very large compared to those in metal springs, and

the usual assumption in shear formulae that the shear angle e = tan e is not

va1id~ For the present application shear strain is defined as:

tan e

where 6T is total shear deformation, or deflection. Recommended limits for

working values of 6,. are given in Figure 6.25. (It will be noted that total

strain rather than percentage is used here.)

(1) Analysis of "sandwich" type (Figure 6.26a) rubber springs under

shear loading The strains and spring rates for prismatic sandwich type rub-

ber springs under pure shear loading are relatively simpler to compute than

under compression loading. Since the shape factor does not enter, the ex­

pressions for static loading may be written:

b TIM
"I"s "s

and (6.l9a)

where T is the lateral load divided by shear area, FIAT' and M
TS

is the static

tangent shear modulus for the specific durometer hardness and shear strain,

bT' For any given unit stress, ,., and durometer hardness a corresponding

value of S,. may be obtained from Figure 6.25. For the indicated value of b

and Dh,M may then be determined from Figure 6.20. M for dynamic loading
Ts T

is found by the application of the correction factor defined by Equation 6.16:

M [1 + (Dh - 30) /3 5 1
TS J

and consequently:

(6. 19b)
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(2) Concentric bushing rubber springs (Figure 6.26b) under axial

loading

Constant stress configuration If a concentric bushing type rub-

ber spring is so proportioned that the length of rubber, f , measured parallel
r

to the axis at any radial distance, r, is inversely proportional to r, the

cylindrical shear area, AT' will be constant for all values of r, i,e.

AT • 2 n rf • The shear stress under a static axial load, P, is then

T = P!2'TT r h ,Where rand h are the outside radius and length, respect-
o 0 0 0

ively, of the rubber. The total static deflection, 6 ,parallel to the axis
Ts

wi 11 be:

S !2:rr r h TTs 0 0
(r - r ) 5

o i 1's

is the inside radius of the rubber andwhere r.
1

6.23. MT can also

calculated as:

6 is obtained from Figure
TS

be taken from Figure 6.19 and the static spring constant

For dynamic loading MTd , and

mic spring constant is:

p!(\,
TS

t Td are computed as

(6.20a)

in (1) above, and the dyna-

(6.20b)

Constant length configuration Where the length of rubber, parallel

to the axis, is constant the shear area and shear stress under axial load will

vary inversely with r. If values of T are computed for successive values of

r varying in small increments from r
o

to r
i

the corresponding values of T

and MT may be obtained from Figures 6.25 and 6.20 respectively. At any value

of r the incremental deflection 6
T

= Tr!M
T

, and the total deflection is:

r ilT !M ) dr
\ r T

Since the values of M
T

do not follow a specific mathematical expression it is

necessary to perform the indicated integration graphically, or arithmetically

by a finite increment method. Since the values of b
T

and M
T

are only approx­

imate, the use of many increments of r to improve accuracy is probably un­

warranted.
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(3) Concentric bushing springs (Figure 6.26b) under torsional load

Constant stress configuration The shear stress, T, at a

the applied torque and A
r

To obtain a constant shear stress, then,

cylindrical surface at any radius, r, from r = r
i

to r = r
o

' in a concentric

bushing type of rubber spring may be expressed as: T T/rA, where T is
r r

is the area of the cylindrical surface at radius r.
2

rA or 2n r f must be constant,r r
and f must vary inversely as r

2
, i.e. Q = T/(2n 't /). For

r 2 2 r
this configuration R = f. r. Ir where). is the length of rubber

r 1 1 a 1

(measured parallel to the axis) bonded to the inner bushing, and

T T/(2n r. 2 R)
1 1

Using T and the Dh number, bTs and MTS may be obtained from Figures 6.25 and

6.19, and the incremental static torsional deflection angle, d8,can be ex­

pressed as:

de dr- tan
r

The angular deflection (in radians) is

T

M
T

found to be:

8
r T 1

tan l 2
2n r. ~. M

lIT

" r o 1
Pn -,

r. j
c. 1

(For derivation see Reference 6.1).

The spring rate is expressed as: kS
the static and dynamic spring rates:

T
S giving the following equations for

T
r irT jn 0tan, 2 r. ,
2n r. A" • M '- I J

1 1 T
.J

(6.2la)

,.. M -
Td

M'- Ts_
(6.2lb)

(the units are: in - lb/rad.)

Constant length configuration When a torsion load is applied to

a concentric bushing spring having a constant length of rubber, f, (measured

parallel to the axis) the shear stress on a cylindrical surface at any radius,
2

r, between rand r. varies inversely as the value r. The maximum shear
o 1
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stress," ,will occur at r = r .•m 1

T T)2nr. 2 jm 1

The shear stress at any radius is then:

,.
r

,.
m

2
(r .!r)

1

2
T!2rr r R

The shear strain, ST' is obtair,ed from Figure 6.25 for the shear stress cal­

culated above (at any radius r) and the shear modulus, M,., is then obtained

from Figure 6. 18. Considering small increments where the stress is essen­

tially constant between two racii (r l to r 2) the spring rate over the con­

stant length shell of radii r l and r 2 is: (see Reference 6.2 for derivation)

- [1!r2 J2

for n concentric shells of radii r
l

toaccordingly the resultant spring rate

r n+ 1 is: 1 1 1
~ = (ke) of (ke)

12 23

+ 1

If the shear modulus does not vary significantly for the stress levels between

r i and r o ' then the spring rate can be defined in terms of a constant M,.. The

static and dynamic spring rates are then:

4rr M,.

(1!r.)2 _ (l!r )2
1 0

(6. 22a)

(6.22b)

(the units are: in-lbs!rad)

6.2.4.3 Design example 6.5: lubber spring shock isolation system.

a. Given:

(l) Rigid Package (battery) l~·" wide, 26" high, 30" long weighing 1400 Ibs.

c. g•. of mass at c. g. of volume.

(2) Maximum permissible natural frequency of system (a) vertical 10 cps·

(b) horizontal 15 cps
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Design example 6.5 (continued)

(3) Maximum accelerations, vertical (up or down) combined with horizontal

(any direction) 25 g's each (35.4 g resultant maximum).

(4) No rattlespace restrictions.

b. Solution:

(1) De-couple vertically and horizontal x modes by:(a)separate vertical and

horizontal isolation systems, (b) mounting horizontal system symmetric­

ally about e.g. and in horizontal plane of c.g., and (c) using a verti­

cal isolation system symmetrical about vertical axis thru e.g. (see

Figure 6.27)~ (d) design horizontal isolators for minimal stiffness in

vertical direction and vertical isolators for minimal stiffness in the

horizontal direction, (e) neglect spring constants of mounting frame and

battery 0. e. treat as rigid).

Elevation

6 Vertical Concentric Bushing Type
Shock Mounts (See Figure 6.26b)

J

i
. ,

\. '. f
I
r
i
i

/.

Floor

Figure 6.26a)

'I

l.
17

j

t rigid
Ii support
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4
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: Il

26

_3 ....
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II
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FIGURE 6.27: BATTERY SHOCK ISOLATION SYSTEM SCHEMATIC
DESIGN EXAMPLE 6.5
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(b)

Design example 6.5 (continued)

c. Spring rates and deflections:

(1) Hori zontal shear mounts. i\ssume 40 Dh rubber.

(a) Maximum permissible average dynamic spring rate with 4 isolators

active in any direction.

(ave)k d ~ .102 f 2 W/4 =: .102 x 15
2

x 1400/4 = 8020 lbs/in
x n

1400
Dynamic deflection: \d:?: 25 x 4 x 8020 - 1. 09"

(c) Equivalent static spring rate from Equation 6.17,

(ave) k z k / rI + (Dh - 30) /35 1xs - xd L J

~ 8020/ 1 + (40 - 30) /35J :=: 8020/1. 29 6200 lbs/in

(d) Equivalent static deflection: f', > 25 x 1400 ;- L 41 "
xs - 4 x 8020

2380 Ibs/in

(2) Vertical shear mounts. Assume 30 Dh rubber.

(a) Maximum average dynamic spring rate for 6 isolators

k
yd

,'.102 x 102 x 14)0/6 :::; 2380 lbs/in

(b) Equivalent static spring rate

k < 2380/ [1 + (30 - 30)/35]ys -

(c) Static and dynamic deflection

140)
f',ys = f',yd 2. 26 x 6'i"""2380 ;::. 2.55"

d. Horizontal isolator design:

(1) From Figure 6.25 the maximJm applicable shear strain value for 40 Dh

rubber and defined by line B is:

6~ 1.8 the corresponding value of ~ ~ 100 pSi,

and M~s T/bT = 100/1.8 = 55.5 psi, which is in agreement with the

value of M found in Figure 6.20•.
TS

(2) Slab thickness t ~ f',xs/ 0T 1.41/1.8 = .784, say .8"

(3) Bond and shear area at ~ = 100 psi and F = 8750 lbs:

A 8750/lOD 87.50 sq. in., say (2) 4" x 11" slabs.
T

(See Figure 6.?8)
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Design example 6.5 (continued)

(4) Recheck deflection and spring constant

2 x 4 x 11 = 88 sq in

9
__ 4.­
I
I

- I
I
I

11 I

j
I
I
I
I

.....

hinge
FIGURE 6.28: RUBBER SHEAR SANDWICH

TYPE SHOCK ISOLATOR

2, 4" xlI"
rubber
slabs
bonded to
10 gao steel
plate

1.49"

1. 16" and

!'I /txs1. 87

/\ 1.87 x .8xs

iI, = 1.49/1.29xd

T
d

8750/88 = 99 0 5 psi

Dh 40

(b) From Figure 6.25;

7540 lb/in < 8020 Ib/in, Ou K.

(5) Deflection clearance: Since both MTS and MTd are approximate values,

allow space for an average deflection 6eL = (1.49 + 1.14)/2 = 1.3, say

(6) Total rattlespace required by horizontal isolators: 1 3/8"

(a) Each end: 1 3/8 (deflection) + 5/8 clear, say 2"

(b) Each side: 2 x 1 3/8 + 4 + 2" (hardware) = 8 3/4 ,say 9"

e. Vertical isolator design: Dh = 30, Concentric Bushing Type, COll-

stant Stress Configuration: I'I
Yd

= 2.55", minimum bottom to floor distance:

about 3.0"

(1) From Figure 6.25, maximum useful ST = 2.25

75 psi and M
Ts 75/2.25 = 33.3 psi

(2)

(3)

t / (I /~. _ 2. 55/2. 25 > 1. 13 "ys -T

(a) Required shear and bond area = 6,070/75 = 82.2 sq. in.

(b) If the length of the inner bushing bond length, h., is to be held
1

to about 12 inches, the inner bushing circumference required will

be about A/J = 82.2/12 = 6.83" and the bushing 6.83/n

Use 2" Sched.40 pipe; 2.38" O. D.

2.18":
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Design example 6.5 (continued)

(c) Inside rubber and bond length

Pi ... 82.2/2. 3Hrr 11"

(d) Inside diameter outer bushing 2.38 + 2 x 1. 13 ... 4.64"

Use 5"x .12" wall tubing I.D. = 4.76"; t ... 1.19"

Required bond and rubber length at outer bushing

A'T= 4.76rr x 5.5 =
from Figure 6.23:

5.5"
1400 ' ..

... 26 x -6-- = 6070 1bs

'T = 6,070/82.2 = 74 psi

2. 25xl. 19 = 2.68" > 2. 55';0. K., t:,
y

... 2320 < 2550 1bs/inch, O.K.

0, ~ 2 25'T •

= 6070 /:~. 68=

2
0

... 2.38 x 1:./4.76 ...

spring rate and deflE~ction, Py
82.:~ sq. in.

k
rs

(b)

Check

(a)

(4)

(5) Provide horizontal rattlespace for vertical mounts, 5" outer tube + 1 3/8"

response deflection + 5/8" clearance for construction tolerance = 7";

total minimum clearance required. (See Figure 6.29.)

---19·5

i

f I

(<<jJ t-_.~'!"-"·.Iil'1
:\

!

I
5.0

JJ
,-- 3/4 In. ''Monoball'' rod ends

FIGURE 6.29: VERTICAL SHOCK ISOLATOR CONCENTRIC BUSHING TYPE FOR DESIGN
EXAMPLE 6.5



6.3 Pneumatic Springs

6.3.1 Applications, types and configurations. Pneumatic springs are used

in much the same types of applications as coil springs in compression or

tension for shock isolation requirements.

There are two major advantages of air springs in general. One of these

is their capability of being maintained at a relatively constant length (or

height) over a wide range of static loads by varying the absolute air content

(and internal pressure) by means of an external source of supply. The other

advantage is the feasibility of highly non-linear spring rates and designs

that will have relatively low spring rates over a pre-selected, limited, por­

tion of the total displacement range and much higher and selectively non­

linear spring rates over the remainder of the displacement range. Their chief

disadvantages are relatively fragile construction, higher cost and limited

life compared to metal springs.

The principal types of pneumatic springs may be classified, by method

of piston seal, as ring sealed or '~olling bellows" sealed; and by the number

of sealed compartments as single acting and double acting or "compound"

cylinders. Single acting cylinders have only a single sealed compartment be­

tween piston and cylinder head. Double acting cylinders are closed at each

end.

A variety of effects and system characteristic variations may be intro­

duced by regulation of air flow between the cylinder chamber and a reservoir

tank. Some of the system modifications possible are:

(1) Velocity sensitive damping by use of a fixed orifice between chamber

and reservoir.

(2) Displacement sensitive damping by variable orifice controlled by

differential pressure between chamber and reservoir.

(3) A nearly constant height can be maintained under slowly changing

static load by increasing or decreasing system air content using an

external air supply and a displacement sensitive servo system con­

trolling inlet and exhaust valves.

(4) A constant height under widely varying temperature can be achieved

by the same system described in (3).
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The basic design principles :~or pneumatic springs are covered in the

following two sections. Section 6,3.2 covers the ring sealed cylinder spring

type with and without the effects of a reservoir and Section 6.3.3 covers the

rolling bellows and air bag spring type concepts.

6.3.2 Pneumatic cylinder springs

a. Spring characteristics. A pneumatic cylinder spring obtains its

resiliency by the compressibility of the gas contained in a cylinder. The two

basic configurations are shown schematically in Figure 6.30 (a)(b).

I
+y t

- !

/,--:r-7/--~T-.-',.-.~/- // /
~J.-L __.L-__L",/.

(a) Single Cylinder

FIGURE 6.30:

(b) Double Acting
Push-Pull Air Spring

SCHEMATIC CYLINDER SPRINGS

The spring rates for both configurations are non-linear; the single cylinder

increases in stiffness with positive displacement and decreases in stiffness

with negative displacement (based Dn the sign convention shown in Figure

6.30 (a); the double acting cylinder increases in stiffness with both positive

and negative displacements. This is demonstrated in Figure 6.31.
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Single Cylinder
in Tension ~.,

Displacement Ratio,Y! o

+y!
'0

• 5

Single Cylinder
in Compression

.4

/

.3• 2

Combined Top
and Bottom,
Cylinders

• 1o

0
~-~..
0
~

+J
CIl
~

6 .. lJl
lJl
<II
C

lI-l
lI-l

5 ....
+J
Ul

I

4f
I

3 1

-. 1-.2-.3-.4

\
\

FIGURE 6.31: STIFFNESS VARIATION WITH DISPLACEMENT

Linear behavior can be assumed with negligible error in many design situa­

tions when displacements, y, are small with respect to the cylinder cham­

ber nominal length, i. Reference 6.10 has plotted the variation of fre-
a

quency ratio f If as a function of the relative displacement for thea a
double acting cylinder spring and this curve is reproduced in Figure 6.32.

It can be seen from the figure that for a displacement ratio, ylio ' up to

0.3 the maximum change in frequency is 1.2 times the nominal frequency

value. Therefore, linear behavior within this displacement ratio can be

considered acceptable for design in shock isolation systems.
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o O. 1 O. 2 O. :l 0.4 O. 5

Relative Displacement, y/
o

FREQUENCY RATIO 11ERSUS RELATIVE DISPLACEMENT

The spring constants for single acting and double acting pneumatic

cylinders are derived in References 6.10 and 6.11 resulting in the following

equations:

Single Acting Spring (Figure 6.30 a)

spring rate l.n the neutral position

gas constant ~ 1.3 for air

n are defi~E0 in Figure 6.30 (a)
,fa

1

(6.23)

(6.24 )+ 1
k

o [lR: lJ

k
0

where k
0

n =

A, p,

ka

where k spring rate at any displacement,y.
a

For small displacements ~f; < 0.3 assume that k
a

k <­
o
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k
o

Double Actitig Spring (Figure 6.28 b)

n A r ]
~o L PI + P2

(6.25)

k •
o

The stiffness at any displacement (k ) is obtained by using the ex-
a

pressions defined in Equations 6.23 and ~.24 for each chamber (i.e.

2 springs in parallel) with proper regard to size.

For small displacements, t <: 0.3, it may be assumed that ka

The use of the above design equations in sizing a pneumatic cylinder and

piston near linear characteristics are demonstrated in the following steps:

Given: ko(max) , Ys and Yd

where static displacement

(1)

(2)

Yd peak dynamic displacement

Establish peak pressure(s), p 11 allowed during dynamic response
a ow

Determine required piston area from p 11· and given conditions k ,a ow 0

A =
k (y +

o s

in static neutral position.(3) Determine chamber

p allow

pressure(s)

ko Ys
p = -A-

or ko Ys
p = + P21 A

for a double acting cylinder.

(4) Determine chamber length, £ ,from Equations 6.23 for single acting
o

cylinder

p =
o

k
o-nAp

and verify near linear behavior from the limi ting ratio
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(5) For a double acting cylinder assume a ratio of Yd/io (say 0.3) and

calculate:

length ~o

pressure P2

pressure PI

k
o

2A

The above calculated characte:ristics establish a preliminary design

configuration.

b. Spring characteristics in a damped pneumatic spring. A damped pneu­

matic spring is often desirable whim the system response must be damped out

very rapidly. The damping is usually provided by linking a surge tank to the

spring cylinder as shown schematically in Figure 6.33

~

- l-

V :/

Ivi I ~/

/ Surge
lL=~---r

V Cylinder~ "V
Tank Chamber

r IV
v p , V IV V

S s Pc' c /
V V

/ / / /' 1/

FIGURE 6.33: DAMPED PNEUMATIC SPRING

The gas flow between cylinder chamber and surge tank affects the spring char­

acteristics during dynamic responSE!. This problem is analyzed in depth in

Reference 6.11 and only two limi tir,g cases are here defined.

For a very low frequency system the pressure in the chamber and surge

tank can equalize and consequently the effective spring rate is a function of

the volume of the cylinder and surge tank.
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k ­o

2
n p A
V + V

C S

where p = Pc • Ps

Conversely when the dynamic displacements take place very rapidly (i.e. high

frequency systems) there is less time for flow to take place between cylinder

and tank. Therefore the spring rate is a function of the cylinder chamber

vo lume only.

(6.27)ko

n Pc
Vc

Many damped pneumatic springs will be further complicated by inserting

check valves and relief valves that control the flow between cylinder and

tank and provide damping in only part of the cycle. For example, damping is

not desired during the initial shock input phase, but a large amount of damp­

ing is desirable during the residual response. This type of spring of course

is non-linear and prototype testing should be performed to determine actual

spring and damping characteristics for a dynamic input.

6.3.3 Air bags and bellows springs.

a. Configurations. Air bag and air bellows springs function in the same

manner, the difference being in the configuration. Air bags consist of a

single section or convolution subject to volume change and shape deformation.

Air bellows springs are essentially air bags having two or more deformable

convolutions. Figure 6.34 shows the two typical configurations.

Air Bag Spring

(a)

Air Bellows Spring

(b)

FIGURE 6.34.: TYPICAL AIR BAG CONFIGURATIONS
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Air bags and bellows are usually constructed of fabric reinforced rubber,

capable of withstanding considerable internal pressure and assembled between

steel end fittings or plates. The bellows type of construction utilizes one

or more annular reinforcing rings to divide the axial length of the bag into sev­

eral configurations and thus increase the practical ratios of axial length

and deflection to diameter.

The so-called "rolling bello\-Ts" is actually a posi tive sealing device

which is sometimes used to replace the usual ring type piston seal in air

cylinders. The configuration is schematically shown in Figure 6.35.

Piston _

h

u

_l

r
--..----

~.

Rolling Sleeve

Cylinder Chamber

FIGURE 6.35: ROLLING EELWWS (SLEEVE) CONFIGURATION

The rolling (elastomeric) sleeve is permanently attached both to the piston

and to the cylinder wall. The fold in the sleeve moves in the annular clear­

ance between piston wall and cylinder wall during relative motion between

these parts.

b. Air bag and bellows springs have very non-linear spring char­

acteristics and design is heavily dependent on application of empirical

data. Spring force or load, P, is a function of internal air pressure and

effective area as:

(6.28)P AePg

where p is gage pressure. For typical circular cross sections, A i,s the
g e

area circumscribed by a circle having the diameter D. See Figure 6.34.
e
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D varies slightly as the spring height, h, changes. In practice, sincee
both A and D are empirical values, static load versus displacement ande e
pressure are determined experimentally for each specific spring configura-

tion. A typical manufacturers data sheet Figure 6.36 for Firestone "211 A

AIRMOUNT" spring gives the internal volume, V , versus the spring height,
s

h, as well as a family of curves of load versus internal pressure and

spring height for various pressure and displacement ranges of the spring.

Since the recommended maximum static operating pressure is usually

100 psi the maximum static load capacity can be taken directly from the 100

psi curve for any desired static load spring height. Conversely, the in­

ternal static pressure required to support a specific load ata specific

spring height is found from Equation (6.28) as, p = pIA, where A is ob-
gee

tained by interpolating between adjacent load curves as;

A t,plt,p
e g

It is noted that for the usable range A becomes more linear with increas-
e

ing compression (decreasing spring height). The pressure versus load

values at small spring heights may accordingly be determined with little

error by assuming A constant for any specific value of h for pressures
e

beyond the upper limit of the data sheet curves. The minimum and maximum

pressures for which complete load curves are provided in the data sheets

are usually 20 psi and 100 psi. Values of A based on these two curves
e

(i.e., Ae = PIOO - P
20

/80) will usually be sufficiently accurate for de-

terminations of spring constant for most applications.

For any specific spring and for any specific set of initial, static

load, conditions (i.e., spring height, internal volume, internal pressure

and load) the characteristic curves and elementary gas law may be used to

calculate the dynamic load versus displacement value and spring rate for

any spring position. Maximum acceleration and corresponding maximum per­

missible spring rate, k , are usually governing parameters in weapons
m

effect shock isolation problems, and the maximum spring rate occurs at

maximum compressive displacement in the non-linear load-displacement curve

of air bag and bellows springs.
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FIGURE 6.36: FIRESTONE "211 A AIRMOUNT" SPRING
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It is customary to use the secant rate for the last 20 percent of the

design compressive displacement as the measure of maximum spring rate. For,
this purpose the volumes V

sl
and V

s2
and V

s2
and the effective areas Ae2,

and Ae2 corresponding to the initial position, hI' maximum dynamic com-

pressive displacement, 6 d' and to .8 6 d are obtained directly or ca1culat-
z z ,

ed from the data sheet. The corresponding gage pressures P2g and P2g are

then calculated on the basis of volume change from the static position.

In terms of internal spring volumes the applicable general gas law is:

where P2a and PIa are absolute pressures at Vs2 and Vsl respectively. For

the frequency range of air bag springs the value of the exponent, 0., has

been found to be about 1.38, and the above expression becomes:

or, in terms of gage pressure,

P - (PIg + 14 7)(V Iv )1.38 - 14.72g - • sl s2

For each value of displacement (6 d and .8 6 d)' and for calculated value
,z z ,

of gage pressure, P2g and P2g the corresponding loads P2 and P2 are deter-

mined as:
,

and, P2

the secant spring for the last 20 percent of the displacement is then,
k = (P2 - P2)!(6zd - .8 6zd )

(p A _ p' A' )/6 (6.30)
2g e2 2g e2 zd

If the spring rate of the isolated unit is found to be too high, a

"softer" system may be obtained by the addition of a reservoir to increase

the total volume. For practical purposes the system characteristics, in­

cluding the effect of reservoir volume) can be determined from the above ex­

pressions by simply substituting the total volume, V (= VR + V), in each
t s

volume term, provided the design insures negligible air flow resistance

between spring and reservoir. A suitable reservoir volume can be most
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conveniently found by cut and try methods, but the work is expedited if

the total volume expression is re"Titten in terms of initial gage pressure,, ,
PIg' the volumes, Vtl , Vt2 and Vt2 ; the effective areas A

e2
and A

e2
; and

the maximum permissible spring rate, k if we let
m

(6.31)

(6.32)
=and f Vt1 Jl o 38 ,['Vtl"J'1.38

A - - A -
e2 L Vt2 e2 Vt2 '

where Cs is constant for all combinations of reservoir and spring volume,

and Bt varies with total volume, Vt • Then Cs must be greater or equal

to B
t

•

c. The spring characteristi,~s for the roll ing sleeve can be deter­

mined approximately if c ~< r (see definition of terms in Figure 6.35).

The effective piston area is:

A ... IT r (r - c)
€

(6.33)

The volume of gas contained in the cylinder is approximately:

V ... IT r (ru + 2 ch) (6.34)

For small displacements the spring rate in the equilibrium position is:

2
k =~ r (r - c) (6.35)
o (rJ + 2 ch)

from substituting Equations (6.33) and (6.34) into Equation (6.27). The

rolling sleeve system is more fully described in Reference 6.12 where a

concept is discussed which inc1ude3 a reservoir tank with a throttling

device to control the damping period. A schematic of the concept spring

is shown in Figure 6.37. This spring-damper system was first developed

for the Minuteman Launch Control Clmter using a conventional pneumatic

piston-cylinder configuration (see description in Section 9.5.9). The

rolling sleeve concept decreases the leakage and thus reduces the make up

air requirement to,s minimum.
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FIGURE 6.37 PNEUMATIC ISOlATOR SCHEMATIC
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6.3.4

(1)

Design Example 6.6: Air Bel.10ws Shock Isolator

Given: A shock isolation system in the vertical z direction and em-

p10ying air bellows springs is to be designed for a maximum static load P

of 25,000 pounds, and a maximum spring rate, k of 2,500 1bs/in. The
+ m

dynamic displacement, 6zd is - 10 i.nches.

(2) General considerations: The total displacement available should ex­

ceed 2 6zd by a minimum of 10 percEmt to allow some margin of safety. The

total required displacement is therefore 22 inches. Since this is beyond

the range of standard available single units the design must be based on

the use of N units in series in each isolator assembly. For each unit

the minimum required displacement l'ange then becomes, 6h = 22/N and the

maximum system secant spring rate c:lt the 6 to 0.8 6 compressive dis-z z
placement will be k N = 2500 N per unit.

m

" "(3) It is judged that the Firestore No. 211 A AIRMOUNT (Figure 6.36) wi 11

be adequate for both static load and displacement if two units are used in

series. The maximum available displacement of each unit is 11. 9 inches

versus the required 6h ~ 22/2 = 11 inches, and therefore the spring rate

per unit is 5000 lbs/inch.

(4) From Figure 6.36 it is seen that for

at h 9 in. , Ae1 465 in. 2 and Vs1 4400 cubic inches

Accordingly it is seen that

- 6zd will correspond to h = 4 in., for which Figure 6.36 gives

Ae2 = 545 in. 2 and Vs2 = 1820 in. 3

Moreover, it is seen that

- .8 6zd will correspond to h = 5 in., for which

, 2' . 3
Ae2 = 5~1 in. and Vs2 = 2370 In.

(5) The required static load gage pressure from Equation (6.28) is then

73.8

(6)

PIg = 2500/465 ~ 54 psi

The constant, C from Equation (6.30) is:
s

5000 x 5 + 14.7 (545 - 531)
5 x (54 + 14. 7)
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(7) For the spring without reservoir V = V , and, Bs t s From

Equation (6.31)

B 545 [4400] 1.38 _ 53 1 [4400\ L 38 '" 596
s 1820 • 2370j

Therefore

B >C and a reservoir will be required.
s s

(8) By a cut and try method it will be found that the required reservoir

volume, V , is about 8000 in. 3• For this size reservoir, V
tl

= 12,400 in:,
r. 3' . 3

Vt2 = 9820 In. , and V
t2

= 10,370 In••

Accordingly from Equation (6.31)

545 If 12400 11.38 r 12400' L 38 = 69 < C
Bt _ 9820 ..) - 531 '_ 103701 s

Since two springs are used in each assembly the total reservoir volume

required will be 16,000 cubic inches.

(9) The Firestone" 211 A AIRMOUNT" i s a two convolution bellows having a

nominal maximum D.D. of 28 inches. The standard unit is supplied with

open ends with self sealing flanges and with mounting rings having 24 3/8

inch diameter studs on a 23.5 inch bolt circle at each end. In Figure

6.38 an assembly is shown in which the two units are joined on a 3 inch

channel ring having an inside diameter of 22 inches. A similar ring is

used to mount the top plate. These rings supply only 2300 in. 3 of the

16000 in. 3 reservoir capacity required. The balance of the reservoir

volume is incorporated in a 26 in. 1.0 x 26 in. high base assembly. This

type of (series) assembly should be tested for lateral stability and pro­

vided with guides to prevent lateral buckling if needed.

6.4 Liquid Springs

6.4.1 Basic principles and configurations

6.4.1.1 Introduction: Liquid springs have the advantage of being able

to provide very high energy absorption and high spring force in very small

compact units. Wide variations in spring rate and spring force are poss­

ible within a given size envelope, and internal self-damping can be in­

corporated. Essentially the liquid spring consists of a cylinder, piston

rod and a high pressure seal around the piston rod. The cylinder is com­

pletely filled with a liquid. The piston rod is pushed into the cYlinder,
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FIGURE 6.38: AIR BELLOWS SHOCK ASSEMBLY
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compressing the liquid to high pressures. The force required to push the

piston into the cylinder varies nearly linearly with the piston stroke.

The slight nonlinearity is due to a small increase in the bulk modulus of

the liquid with increasing pressure. Many liquids could be used in liquid

springs; however, the smallest spring, for any specific spring rate and

stroke requirement, is obtained by using the most compressible liquid

available. For this reason, most liquid springs are now filled with some

type of silicone oil, some of which will compress nearly 20 percent at

50,000 psi.

6.4.1.2 Development: Practical liquid springs are dependent on dynamic

piston rod seals capable of maintaining a fluid tight seal at pressures of

50,000 psi, or more, with reasonable operating life and without undue re­

straint of piston rod movement.

A seal, developed by Dowty Equipment, Ltd. and known as the Dowty seal

(Figure 6.39) utilizes a flat rubber ring sandwiched between two metal rings

Inner Metal Ring __

Unsupported Areas -

Rubber Ring

Metal Ring

FIGURE 6.39: HIGH PRESSURE SEAL

all closely fitted to the bore of the seal gland and to the piston rod, which

passes through the seal instead of pushing the seal ahead of it. Four pins

protruding from the inner metal ring pass through close fit holes in the rubber

ring and part way through slip fit holes in the outer metal ring. The four

466



holes through the rubber ring constitute the "unsupported area" of the inner

ring. Back.up, or anti-extrusion, rings are used at the inside and outside

diameters of the rubber ring. Over a considerable period the Dowty seal has been

used in many liquid spring applications, notably in the landing gear shock

. struts of British aircraft.

The liquid spring using the Dowty seal was introduced in the U. S. by

Cleveland Pneumatic Tool Company in 1953, and the seal has since been further

modified and improved, notably by ::he use of teflon at the piston contact

surface to reduce friction and weal~.

6.4.1. 3 Configurations: The threE~ major functional configurations of liquid

springs may be classified by manner of loading as:simple compression, simple

tension, and compound compression-tension springs. In all cases the fluid is

under compression. The required spring rate is obtained by relatively small

ratios of volume change to total volume, I.e. (Vo • Vd)/Vo is small.

a. In simple compression type liquid springs (Figure 6.40) the cylinder

is closed at one end and a piston and piston rod of uniform diameter pass

through a seal at the other end, a ported piston head on the end of the piston

maintaining alignment with the cylinder. Fluid flow through the piston head

ports is used to provide damping as the piston moves.

(v = fluid volume
d

at peak dynamic Vd
load)

Piston
Rod

t Seated .
Position of\
Piston Head

t
P = P . + P .max statIc dynamIc

Piston Head

d
p

(~))pL
FIGURE 6.40t COMPRESSION TYPE LIQUID SPRING
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fluid volume at
no load position

v
o

~
High
Pressure
Seal

Piston
Head -

b. In the typical tension configuration (Figure 6.41) a dual diameter

piston passes completely through the cylinder and through seals at each end.

Tension loading applied to the small diameter end draws the large diameter

end into the cylinder reducing the volume and compressing the fluid. A port­

ed piston head and flow control may also be used here to obtain additional

damping.

FIGJRE 6.41: TENSION TYPE LIQUID SPRING

c. In the compound tension-compression liquid springs a number of ar­

rangements are feasible one of which is illustrated in Figure 6.42. In

this arrangement, the compression piston head is guided by the inside diameter

of a hollow cylindrical extension on the tension piston head which, in turn,

is guided by the inside diameter of the main cylinder. The compression and

tension pistons have several inches of axial free travel with respect to each

other and are interlocked to restrict this travel distance. In the static pre­

load position the tension piston head is bottomed in one end of the main cyl­

inder, and the compression piston head is bottomed against the lock ring in

the tension piston head. Under tension load the compression piston and head

pull the tension piston into the main cylinder, and under compression load the

compression piston enters further into the main cylinder.
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6.4.2 Miscellaneous parameters.

6.4.2.1 Performance modifying influences.

a. Friction and wear: The major life limitation on liquid springs is

piston and seal wear. The high sealing pressures inevitably produce friction

loading and wear on both piston rod and seal as the rod moves through the

seal. Most of the seal improvements in recent years have been in the direct­

ion of reduced friction and wear, and tests in excess of 20,000 cycles with

negligible leakage indicate that the seals are no longer a major problem.

In even the best seals, however, friction provides appreciable damping and

increases spring rates from about 2 to 5 percent, and most seals require a

minimum preload of 1000 to 5000 psi to insure proper seal function.

b. Cylinder volume change: The high bulk moduli of liquid spring

fluids result in a high sensitivity to even small changes in cylinder volume.

Cylinder expansion and contraction with both pressure and temperature changes

must be taken into consideration in calculating spring rate data.

c. Changes in fluid characteristics with temperature: Temperature

changes in liquid spring fluids due either to external influences or to in­

ternal heating resulting from load cycling produce distinct changes in spring

characteristics. Heating increases the pre-load pressure, or, under fixed

load, changes the static load spring length and increases the spring rate.

Temperature reduction has the opposite effect. In installations subject to

wide variations in ambient temperature, thermostat controlled heating blankets

are sometimes used to maintain an approximately constant temperature near the

upper end of the anticipated range.

6.4.2.2 Safety and cost considerations.

a. Failure damage potential: Liquid spring cylinders are high pressure

vessels and are normally pre-loaded to several thousand psi whether or not a

static load is supported. Apart from possible damage to the shock isolated

equipment, the failure of a liquid spring cylinder can produce hazardous frag­

mentation. Consequently, the cylinder design should be analyzed thoroughly

for all probable combinations of loading and stress. In general the safety

factors for all design stresses, based on the elastic limits of the material,

should not be less than five.
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b. Costs: Liquid spring parts require high quality materials, pre­

cision machine work and carefulJ.y controlled heat treatment. As a result

they are by no means "cheap". However, in terms of energy absorption versus

space requirement they are difficult to equal and, as a result, in many ap­

plications they may be the most economical shock isolation device available.

6.4.3 Design procedures.

6.4.3.1 Fluid characteristics and basic formulae. The number of shock load­

ing cycles in any short period can be assumed to be very limited in hardened

structure shock isolation applications, and the temperature control required

to compensate for variation in e:xternal ambient temperatures is relatively

simple. Accordingly the following discussion will assume isothermal condi­

tions and a specific operating temperature.

For most liquid spring applications the fluids having the best combin­

ation of desirable characteristics (high compressibility, temperature and

chemical stability and suitable viscosity) are the silicone oils. Of these

the most widely used are the General Electric Company's SF96 series, Union

Carbide's L.-45 series, Dow Corning's D.C.210 series, and Dow Corning F4029.

All of these have slightly nonlinear stress/strain curves with the bulk moduli

increasing with increasing pressure (see Figure 6.43). It will be noted that

the highest compressibility is available in the Dow Corning 0.65 centistoke

210 fluid. However the very low viscosity of this fluid may make sealing more

difficult, and it is also very volatile compared to the higher viscosity

fluids. The D.C. F4029 fluid with nearly as Iowa bulk modulus and a viscosity

of 100 c.s. is usually preferable.

Since all liquid springs, regardle~s of loading method~ operate by vary­

ing the volume of, and pressure in, a fixed quantity of fluid which is always

under pressure the basic design formulae are applicable to all design varia­

tions. The basic parameters are:

Deflection in inches fI.,

Load in pounds P

Pressure in psi

Effective Piston Area in sq. inches

Cylinder Volume in cubic inches
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Cylinder volume at no load (or preload)

Fluid System Spring Rl:lte in lbs/in

Cylinder Structure SpI'ing Rate

v
o

Preload Pressure in psi PPQ

Compressibility of Fluid as a ratio C

Subscripts sand d are used to note the static (1 g) position conditions

and peak dynamic response conditions respectively. The other subscripts are

self-explanatory or defined when first used.

The basic relationships defining liquid spring fluid characteristics

are:

P
max

A
e

P /p
max:nax

(6.37)

k fj
s

A
e

... Pp n
A

( 6.38)

The cylinder volume in the statil~ and peak dynamic posi tions are

vs
v

o

v
o

A
I:

The compressibilitles are defined as:

v - V A 11
0 B e s

V V
0 0

V - V A (6 + 6
d

)
0 d e s

V V
0 ·0

(The volume change due to breathing of tlle cylinder is neglected in the above

equations. The breathing effect need not be considered in a preliminary de­

sign)

Combining the Equations 6.39 and 6.40 results in the simple expression defin­

ing the required cylinder volume at a no-load condition.
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v
o

(6.41)

(c)

The example in the following section shows the use of the above equations.

6.4.3.2 Design example 6.7: Preliminary design of a liquid spring.

a. A liquid spring is required to meet the following criteria. (Ref­

erence Section 8 for application.)
+

(a) k 400 lbs/in (max. ave.); 6
s

= 45 in. 6
d

= 40 in.

(b) The liquid spring is an integral part of a pendulous shock isolation sys­

tem with an assumed overall pendulum rod length of 240 inches at static load.

b. For preliminary design assume:

ks/kf is large and k k f

At P = 25,000 psi
m

D. C. F-4029.

(d)

(e)

(f)

(1)

(2)

Negligible temperature effect

Cylinder volume change negligible compared to fluid volume change

Fluid will be D.C. F-4029

c. Required liquid spring characteristics

Since the required spring rate is low and the deflections are large

assume low maximum pressure, p , = 25,000 psimax
the compressibility Cd = 0.12 from Figure 6.44 for

(3) Effective piston area required, from Equation 6. 37:

A
400 (45 + 40) = 1.36 sq. in.

e 25000

(4) Fluid pressure at static position, from Equation 6.38:

400 (45)
1. 36

13 ,200 psi

(5)

(6)

Compressibility Cs at the static pressure, Ps' from Figure 6.44

C 0.08
s

Cylinder volume V , from Equation 6.41
o

V
o

L 36 (40)
.12 - .08

1360 cu. in.

(7) Piston and cylinder dimensions:

(a) The system is specified as pendulous, so the tension spring
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Example 6.7 (continued)

configuration will be required. Since the spring rates are low it

will not be necessary to give too much attention to structural stiff­

ness.

(b) Maximum load (neglecting weight of spring) is

400 Ibs/in. = 34000 Ibs.

Assume a minimum tensile yield stress of 75 ksi.

(40 + 45) in. x

Use (J' • ~ /5 15 ksi
tw ty

Where C"tw Allowable tensile working stress

c:rty Allowably tensile yield stress

(c) Tension rod and piston diameters, d
l

and d
2

:

Req. tension rod area, Al 34/15 oz 2.26 sq. in.

Req. tension rod dia. , d
l

1. 70 in. , Al 2.27 sq. in.

Req. piston area,

and

Ae + Al =: 1. 36 + 2.27 = 3.63 sq. in.

2.15 inches

in.

V /90 = 1360/90 = 15.1"o .
, "

15.1 +' 2.27 = 17.37 sq.Total inside cross section area

Size of cylinder: Min. inside length = 85"

Try Pc 90 inches

Req. net inside cross Hection area

(d)

D = 4. 7 inches
c

n 90 inches is adE!quate
..{c

The preliminary design is shown in Figure 6.44.
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6" +

90 In.
Clear

Cylinder
Length

+ 6
hd

40 In.

I

tRod Seal and
-.l Packing Nut

Cylinder I. D.
4. 7 In.

I '1-I'If-- Tension Rod
il!l, Di a. 1. 7 In.
Ii!

Piston Position
Under Static Load

-~--~

I

240 In. Static
280 In.· Extended
200 In. Compressed

1. 75 Dia. Hanger Rod

Tube

!

I
i
I

I

I______1-L

. Piston Posi tion

+ -1.- m!,FJfJ<.;,IIIji15At No Load

Piston Seal and
94 In. _ Packing Nut

(Piston) Piston Dia.

_1~_2_'15_In_._

+
10" -

FIGURE 6.44: TENSION TYPE LIQUID SPRING
(DESIGN EXAMPLE 6.6)
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SECTION 7: DESIGN OBJECTIVES (TOLERANCES)

7.1 Introduction

The criteria that usually establish the degree of shock attenuation

and damping required for a hardened facility are the shock and vibration

tolerances of man and equipment. It is necessary to know what types of

equipment are to be used and whether or not operating personnel will be

present and if the operators will be in a restrained position. It is then

possible to determine the most critical item from a shock and vibration

tolerance standpoint.

The tolerance information presented here will aid the designer in

determining the most critical item in a facility and in designing an ade­

quate shock isolation system to protect the item. Human tolerance to shock

and vibration is discussed in Section 7.2 and equipment fragility in

Section 7.3.

7.2 Human Tolerance to Shock and Vibration

Man's tolerance to shock dic':ates if it is necessary to provide

shock isolation as well as the degree of shock attenuation required to

protect him from shock injury. Man "s tolerance to vibration will also

determine the acceptable characte]~istics of a shock isolation system.

The reference data indicate that man can tolerate relatively large

acceleration forces when he is relltrained. However, the unrestrained per­

son is subject to loss of balance at relatively low accelerations with the

attendant possibility of impact injury. A similar conclusion can be drawn

for the effects of vibratory motion on man. Moreover, a man has a low

tolerance if vibrations occur near his own natural vibration frequencies.

The human tolerance levels for shock and for vibration are treated

separately in the following sections.

7.2.1 Tolerance to shock accelerations. In order to determine whether or

not a structure can be considered safe for human occupancy during a nuclear
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weapon attack, it is necessary to compare the shock acceleration of the

structure with human shock tolerance values. The structure motion may be

caused by ground shock or by air blast striking exposed surfaces. A ground

shock usually produces a very high initial acceleration with a downward

motion, but in an outrunning seismic wave situation the initial motion may

be upward. There is usually a horizontal component of the shock motion.

A ground shock motion can affect the unrestrained man directly or

indirectly. When a shock is transmitted upward directly to man from the

floor or furniture upon which he is situated, he can receive injuries that

are dependent on the shock magnitude. On the other hand, if a shock motion

moves the floor or other support dowpward at a very high acceleration, man

can receive impact injuries upon termination of his free fall. Even at

lower downward or horizontal accelerations of his support, man can lose his

balance and receive injuries from impact with other objects or the floor.

In cases where a shock motion is transmitted directly to man, it is poss­

ible to predict the level of injury for a given shock magnitude. In order

to determine the extent of injury from impact occurring when man loses his

balance, it is necessary to know the velocity of impact and the part of the

body affected.

Restraints are used to avoid free fall and impact injuries. However,

it is possible that in some cases restraints can increase injuries by mak­

ing a man subject to a very high direct downward shock, when he would have

received less severe indirect shock injuries if he had not been restrained.

Injuries to man from shock also depend on his position at the time

the shock occurs, i.e. standing, seated, and prone. The direction in which

the forces are transferred to and through the body relate to the extent and

nature of the injury.

The time duration over which the shock forces act and the rate of

increase in the force magnitude also affect the extent of injury to man.

From the above it is evident that there are many factors that must

be considered in order to predict the extent of injuries possible from the

action of ground shocks on man.

Human tolerance to ground shack will be discussed below under the

headings that describe his position at the time of the shock transfer.
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These categories are broken down further for consideration of man's shock

tolerance in the restrained or unrestrained condition where data is avail­

able.

a. Standing, unrestrained~ It is the conclusion of Reference 7. 1

that an unrestrained,standing man will respond to a rapidly applied motion

or shock delivered upward through the feet, by first going into compression

during the interval of app~icati~n of a positive g load,' and then by flying

upward. He wi 11 receive direct ':ompressive-injuries in the body-supporting

bones near the point of load application when the upward floor accelera­

tion exceeds about 20 g during a long-duration shock loading, or at higher

accelerations for a short-duration pulse producing floor peak velocities

of more than 10 feet per second. He will leave the floor with a kickoff

velocity that varies from 60 to L20 percent of the floor peak velocity, de­

pending on the rise time to the :Eloor peak velocity. Curve A in Figure 7.1

represents the above limits redueed by one-half for a man standing on one

leg.

During the deceleration phase man may strike overhead objects, lose

footing,and fall against ,objects or the floor. Reference 7.2 indicates

that skull fractures occur if the head hits a hard flat surface after a

free fall of 5 feet. Head impact with a blunt corner requires only a small

fraction of the 5 foot drop for a skull fracture. If the chance of impact

injury for the unrestrained operator can be eliminated by the use of pro­

tective gear, such as crash helmets, and by prOViding resilient padding on

all exposed corners and projections, the accelerations indicated by Curve A

in Figure 7.1 can be used for deBign maxima.

A conservative design procedure is to attenuate the ground shock to

very low accelerations in order to avoid injuries to unrestrained operators.

Reference 7.3 indicates that the maximum value for an upward shock motion is

O. 75 g to avoid loss of footing and possible impact injury from a fall.

A rapid downward acceleration of the floor causes a man to drop

a maximum distance equal to the total downward floor displacement. A drop

of only 19 inches is required to obtain a velocity of 10 feet per second,

enough to fracture both legs, or a drop of only 5 inches can fracture one

leg supporting the entire body WE!ight. In the case of a rapid ground return.
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the impact load could be even greater than with no ground return. Refer­

ence 7.3 indicates that the maximum value for a downward shock motion is

0,5 g to avoid loss of footing and possible impact injury from a fall.

Horizontal accelerations (If the floor over 0.5 g can cause loss

of balance of a standing man with the attendant impact injury possibil­

ities.

b, Sitting, unrestrained, Reference 7.1 concludes that an unre­

strained,seated man subjected to a shock input will receive direct

compressive-injuries in the body-supporting bones near the point of load

application when the upward floor acceleration exceeds about 15 g during

a long-duration shock loading, or at higher accelerations for a short­

duration pulse producing peak floor velocities more than 10 "feet per second.

He will also leave his chair (if it is secured to the floor) with a kickoff

velocity which varies from 60 to 120 percent of the peak floor velocity,

depending on the rise time to the peak floor velocity. Curve B in Figure

7.1 represents the above acceleration limits for an unrestrained seated

man, It should be noted that vertebrae fractures have been produced with

long-duration upward acceleration levels of 3 to 4 g for seated subjects

with only a lap-belt support (Reference 7.5). If the chance of impact in­

jury for the unrestrai ned operat,)r could be eliminated by the use of pro­

tective gear, such as crash helmets, and by providing resilient padding on

all exposed corners and projections, the accelerations indicated by Curve B

in Figure 7.1 could be used for design maxima.

A conservative design proc.edure is to attenuate the ground shock i n­

put to very low accelerations in order to avoid injuries to the unrestrain­

ed operator. Because of the pos:3ibi Ii ty that an unrestrained man can fall

out of his chair, Reference 7.3 :recommends a maximum value of 0.75 g for up­

ward accelerations.

A rapid downward acceleration of a chair (if it is secured to the

floor) causes an unrestrained man to drop a maximum distance equal to

the total downward floor displacement, A·fall of only 19 inches is required

to obtain a velocity of 10 feet per second, which can injure his spine,

Reference 7.3 recommends a maximlm value of 1 g to avoid separation of an

unrestrained man from his chair,
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Horizontal accelerations can cause an unrestrained, seated man to

falloff and to impact against the chair or nearby objects, or to suffer

whiplash injury. In order to avoid the above possibilities, horizontal

accelerations for seated operators have been limited to 1 g in many harden­

ed installations.

c. Prone, unrestrained. The prone position normally applies to

hardened facilities with a requirement to provjde sleeping quarters for

operators. A man is usually partially isolated by resilient material when

he is in a prone position. In addition, he is capable of tolerating much

higher acceleration loads in the direction transverse to his spinal axis

than in the parallel direction. Reference 7.4 presents tolerance levels

for centrifuge tests with man in the restrained prone position that agree

with data in Reference 7.2 for man falling flat on the back. Curve C in

Figure 7.1 presents the centrifuge results for a restrained prone man. If

the prone operators were provided with a completely padded enclosure, the

accelerations mentioned above could be used for design.

An unrestrained man would leave his bed (if it is secured to the

floor) with a kickoff velocity depending on the rise time to the peak floor

velocity. Because of the possibility that an unrestrained man can fallout

of his bed, a maximum value of O. 75 g has been recommended for the upward

acceleration limit.

A rapid downward acceleration of the bed (if it is secured to the

floor) causes an unrestrained man to drop a maximum distance equal to

the total downward floor displacement. While he may not be injured from

landing on a resilient bed, he may also land on the floor and receive impact

injuries. A maximum value of 1 g is recommended for downward accelerations

to keep a prone man from falling out of his bed.

Horizontal accelerations would not be imparted to an unrestrained man

to any extent because he would be free to slide or roll on the bed. A max­

imum horizontal acceleration of 0.75 g is recommended to prevent a man from

rolling off his bed and suffering impact injuries.

d. Sitting, restrained. It should be noted that the term restrained

means that the subject is harnessed to a seat so that his limbs and head
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move uniformly wi th his body, i. ':!. there is no change in alignment of head

and limbs. The restrained seated man is not subject to kickoff from his

chair after an upward shock motil)o, and should not impact with the floor

or objects in the room. Many tests have been performed to obtain tolerance

values for ejection seat design. Curve D in Figure 7.1 is the upper limit

reported in Reference 7.5 for design of upward ejection seats. Centrifuge

results shown as Curve E in Figu:re 7.1 include rapid deceleration in the

motion, and indicate a somewhat lower tolerance. The latter data are used

for longer duration acceleration:s conunon to space capsule launches and re­

entry. A conservative design approach is to use the latter values for the

restrained seated man, since the results include both an acceleration and

deceleration phase in the centrifuge pulse.

Reference 7.5 indicates that man's tolerance to downward accelerations

in the restrained seated position is about the same as his tolerance to up­

ward accelerations. Therefore, Curve E in Figure 7.1 is recommended for

downward acceleration limits for the restrained seated man.

Reference 7.5 indicates that a restrained seated man can tolerate

higher forces in the horizontal direction than in the vertical. However, a

conservative approach is to use ':he same limits for horizontal accelerations

as are recommended for the vertical accelerations, i. e. Curve E in

Figure 7.1.

e. Prone, restrained. The restrained prone man is not subject to

falling from his bed, and can tolerate relatively high vertical accelera­

tions, which are indicated by Cu:roe C in Figure 7.1.

Horizontal accelerations for the restrained,prone man induce physical

effects similar to those occurring during vertical accelerations of a seated

man. Therefore, Curve E in Figu:re 7.1 is indicated for the horizont&l tol­

erance limits for the restrained prone man.

7.2.2 Sununary of human shock toLerance. The variation in man's shock tol­

erance with the duration of the :shock acceleration is shown in Figure 7.1

for several positions. Table 7.1 summarizes the recommended limits

of shock accelerations for design in protective structures. It should be

noted that the lower of the recolmnended limits for an unrestrained man are
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conservative to avoid possible impact injury caused by loss of balance.

It is difficult to isolate the effect of the rate of rise to the peak

shock acceleration on man. However, Reference 7.5 indicates that a rate of

rise equal to 1000 g per second can be tolerated at the shock levels

recommended for design.

In designs where vertical and horizontal shock pulse effects are com­

bined, it is recommended that thE! acceleration' vector sum be limited to the

lower of the horizontal or vertical limits.

7.2.3 Tolerance to steady-state vibrations. Human tolerance to vibrations

is an important consideration in the design of shock isolation systems for

structures containing operating personnel, since these systems will continue

to vibrate after exposure to the initial shock for periods of time depend­

ent on the degree of damping.

Human tolerance to vibratic~s has been studied as a function of the

vibration frequency, amplitude, curation and subject posture. Reference

7.6 presents the results of short-term vertical vibration tests on man in a

restrained seated position. TheEe results are presented in Figure 7.2 in

the form of peak acceleration versus frequency of vibration. The duration

of the test for each frequency is also noted. These durations may be used

to determine the damping requirements for a shock isolation system.

It is interesting to note the dips in the vibration tolerance curve

(Figure 7.2) near 4 to 8 cps, which correspond to the natural frequencies of

some internal organs. Reference 7.2 describes the various studies of the

mechanical impedance of the human body that correlate with vibration toler-

ance.

Reference 7. 7 indicates that standing subjects restrained only at

their feet can tolerate higher vertical accelerations than restrained seated

subjects. In addition, knee flexing further increases the tolerance level.

A similar tolerance curve for transverse or horizontal vibrations is

not available. Reference 7.2 indicates that man can tolerate higher accel­

erations in the transverse direction than in the direction parallel to his

spinal axis. However, head motion of a seated subject is amplified by

resonance at a frequency of 2 cps. The head could be restrained to avoid

the latter type of response.
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Most of the experimental tests on man have been conducted with uni­

directional vibration equipment. It is expected that the response of shock

isolation systems to ground shock will produce simult~neous vibration in

more than one direction, and probably at different fre~uencies. Careful

consideration must be given during the design analysis 6£ the shock isola­

tion system in limiting the combi.ned acceleration from all direction modes

to the recommended tolerance values.

In the discussion of shock tolerance, it was mentioned that very low
\

acceleration limits were required to prevent the unrestrained man from fall-

ing and suffering impact injurieE:. Simi larly when an unrestrained ~an is

subject to vibratory motions, the floor acceleration must be limited to

relatively low values in order to prevent loss of balance and impact in­

jury. The vibration acceleratiorl values recommended for design of shbck

isolation systems for the unrestrained man are the same as the limiting

shock accelerations recommended for the unrestrained man (see Table 7.2).

In the discussion of shock acceleration tolerance, it was mentioned

that the unrestrained man could possibly tolerate higher shock levels ~han

those recommended if certain protective measures were used. Similarly, it

might be possible to raise the vibration acceleration tolerance for the un­

restrained man if he were provided the same protection, and in addition,

were provided some form of hand grip restraint to secure himself against

the oscillating floor motions. H~wever, it is doubtful that the limiting

vibration tolerance for a restrained man could be used, because man cannot

secure himself by a hand grip whe'l under an osci llating 3 g load.

The vibration tolerance of a restrained man is discussed below for

the seated and prone positions.

a. Sitting, restrained. Figure 7.2 may be used for the vertical vi­

bration tolerance of restrained seated subjects, if the duration of vibra­

tion is held within the time limi':s indicated. It is reasonable to assume

that most shock isolation systems are designed with sufficient damping to

attenuate the acceleration to negligible levels within one minute. At

frequencies below 2 cps the body acts as a unit mass.
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If the head is restrained, a seated man can tolerate higher accel­

erations horizontally than vertically. However, as a conservative design

approach, the use of Figure 7.2 is recommended for both the vertical and

horizontal vibration tolerance of a restrained seated man. In addition,

for cases when the shock isolation system response has vertical and hori­

zontal components the vector sum should be limited to the tolerance values

of Figure 7.2.

b. Prone, restrained. The vibration tolerance of man in the re­

strained prone position has not been reported. However, the tolerance in

the prone position should be higher than in the seated position. Therefore,

it is recommended that Figure 7.2 be used for the restrained prone position

with the limitations discussed for the restrained seated position.

7.2.4 Summary of human vibration tolerance. The vibration tolerance values

shown in Figure 7.2 for a restrained seated man are upper limits for total

durations of one minute or less. This time restriction should be compatible

with the damping characteristics of most shock isolation systems.

Table 7.2 summarizes the recommended vibration tolerance values for

the restrained and unrestrained man in various positions. The values re­

commended for the unrestrained cases are consistent with the limiting shock

accelerations recommended for the unrestrained man.

The vector sum of all vibration mode accelerations should be used to

determine the shock isolation system limitations.

7.2.5 Design for human tolerance limits. In the design of any hardened

facility where human operators are required, it is first necessary to de­

termine whether the shock environment exceeds the human shock tolerance.

Section 7.2.1 presents human shock tolerance values for various conditions.

When the shock environment exceeds the human shock tolerance, a shock isol­

ation system must be provided. The limiting shock tolerance values in

Table 7.1 may be used.

The vibratory response of the shock isolation system must be less than

the human vibration tolerance values discussed in Section 7.2.3 and summ­

arized in Table 7.2. Section 8 of this report presents a detailed design

procedure for a shock isolation system where human tolerance to shock and
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vibration is considered.

In the two examples discussed below, one facility without shock iso­

lation is reviewed to determine the predicted human tolerance to the shock

environment, and another facility with shock isolation is reviewed to de-,
termine the predicted human tolerance to the vibration environment.

Example 7.1

The following shock environment is postulated for a structure floor

without a shock isolation system:

Vertical Shock Horizontal Shock

Peak Acceleration 10 g 10 g

Peak Velocity 30 in/sec 20 in/sec

Peak Displacement 6 inches 2 inches

Peak vertical and horizontal motions may occur simultaneously. Initial

motion may be up or down.

Under what conditions can personnel function, and when is shock isol­

ation required?

Each of the possible operator positions is discussed separately

below:

Standing, unrestrained. Refer to Figure 7.1, Curve A. An operator

standing on two legs would not suffer foot or leg fractures from an upward

shock of 10 g. However, if he were walking, it is possible that his foot

or leg would be fractured, because his weight could act through one foot or

leg. A stiff-legged free-fall following a downward shock motion would not

fracture two legs, because he would not reach a velocity of 10 fps. How­

ever, if he landed stiff-legged on one leg he could fracture that leg, be­

cause his velocity would be over 5 fps.

Referring to Table 7.1, the accelerations are above the limits rec­

ommended to prevent loss of balance and impact injury. It is quite likely

that an unrestrained standing operator would receive impact injury.

Sitting, unrestrained. Refer to Figure 7.1, Curve B. An operator

is not likely to suffer a spine injury from an upward shock, or from free­

fall following a downward shock. An upward shock could throw him out of

a chair against equipment or to the floor, where he could suffer impact in­

jury. Referring to Table 7.1, the accelerations are above the limits
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Example 7.1 (continued)

recommended to prevent loss of balance and impact injury. The unrestrain­

ed seated operator could receive impact injury.

Prone, unrestrained. Refer to Figure 7.1, Curve C. It is not like­

ly that an operator in this position would receive a direct shock injury.

However, he could be thrown out of his bed. Referring to Table 7.1, loss

of balance and impact injury is possible for the unrestrained prone oper­

ator.

Sitting, restrained. Refer to Figure 7.1, Curves D and E. Even

though the vector sum of the vertical and horizontal motions is above the

recommended value (Curve E), it is still well below the limit for ejection

seat design (Curve D). It is probable that a well-restrained seated oper­

ator could function immediately after the shock impulse.

Prone, restrained. Refer to Figure 7.1, Curves C and E. The vertical

shock component is well below the limiting value (Curve C). It is most

probable that a restrained prone operator could function immediately after

the shock impulse.

Conclusion. If unrestrained operators are present, shock attenuation

is reqUired to avoid possible impact injury. If well-restrained operators

only are present, no shock attenuation is required.

Example 7.2

A shock isolated platform is designed with the following response

characteristics:

Vertical Horizontal

Peak Acceleration 1.5g 0.08 g

Frequency 1.0 cps 0.4 cps

Peak Displacement 15 inches 5 inches

Initial motion may be up or down" Time reqUired to damp response to 1/6

peak value is 30 seconds.

Under what conditions can personnel function?

Refer to Figure 7.2. The vibration tolerance for these frequencies

is over 3 g. Therefore, vibration injury to internal organs is not a

problem.
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Example 7.2 (continued)

Unrestrained positions. Refer to Table 7.2. The peak vertical ac­

celeration is greater than the recommended values for all unrestrained

positions. Therefore, unrestrained operators could receive impact injuries.

Restrained positions. Refer to Figure 7.2. The peak vertical and

horizontal vibrations are well below the limiting values for restrained

positions. Therefore, restrained operators could function at the end of

the indicated damping period.

Conclusion. If unrestrained operators are present, additional at­

tenuation of the response acceleration is required to avoid possible im­

pact injury. If restrained operators only are present, no change in the

system is required.

7.3 Equipment Fragility

7.8 for more accurate de-

However, it is unlikely that the

to the reports

the equipment

in various· government'··arid·manufacturer' s fi les. Occasionally, a
,:,.-)~ .. _:(.:.}:;" "

report for a particul'a'ri:h s released through a government publica-
'J:;.i:

Although verv few ~Ufuma.r+~g;:;Oif equipment test data have been attempt-
J - - -- " .:', - , '--!~~:.i:'~0;j;~~~:l>,

because of the magni tucfe~iClf·· t1j~;;~ffort required and the rapid obsoles-

of most equi pment, Reference. 7..8 c:loes contai n a summary of test re-

obtained from a number It is possible

Availability of test. data. The shock isolation system designer will

generally be concerned with equipment which is similar to already procured

equipment for corresponding applications, and which has been subjected to

and vi bration tests for acceptance. These test data wi 11 usually be

The purpose of this section is to serve as a gUide to the designer

who must determfnethe fragi Ii ty of equipment, in order to know whether or

not shock isolationi~ required, and if so, the degree and form of shock

i solation required .. toprevent an operational fai lure of the equipment under

the maximum anticipated shock input. This section is limited to a dis-
\

cussion of the availability of fragility data, evaluation of test data, and

procedures for design and testing for shock and vibration.



above summary of equipment tests would include the models presently on the

market. Fortunately, most manu::acturers will provide some form of test

data on their products, if avai table.

In the event that test data are not available for the equipment in

question or a unique type is re(~ired, the usual design schedule does not

allow sufficient time to obtain test data before the item is chosen and

the facility design fixed. It is then necessary to estimate the fragility

of the chosen equipment. The ft'agi1ity can often be estimated by analysis

of the equipment design or by careful comparison with other tested equip­

ment having a similar construction feature. Chapter 42 of Reference 7.9

illustrates the procedures for comparative analysis of equipment structures

using equivalent models to determine shock and vibration capabilities.

Several attempts have been made to classify equipment into various

categories according to its function and fragility. One example of such

a classification is found in Reference 7.10. Only the lowest vulner­

ability level and equipment frequencies obtained from Reference 7.10 are

presented in Table 7.3, because the details of the equipment design and

test data are largely unknown. A fair amount of equipment used in a

typical facility will fall into one of the categories listed in Table 7.3.

Use of the above values will usually lead to conservative shock isqlation

design requirements.

7.3.2 Interpretation of test data. A word of caution is given to the de­

signer using shock test data so that he will not accept the test d&ta with­

out evaluati ng the test condi tio':\s and fai lure cri teria. In addi tipn to

knOWing the acceleration respons l : capability it is desirable to kno¥ the

natural frequencies of the equi~nent, the directions along which th~ dis­

turbance was appUed, and wha t Wl:re the fai lure cri teria.

Shock spectra have been reported for the standard shock machines for

various loadings ~nd modes of opl:ration, which can be used to determine ac­

celeration response capabi 11 ty (:,ee Reference 7.8). Figure 7.3 shows

typical shock spectra for several shock testing machines. The natural fre­

que.1cies of equipment are determIned by analysis or by finding resonances

with vibration test machines. Therefore if (1) it is known that the equip­

ment or similar equipment has all~eady passe'd a shock test which produced
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TABLE 7.3: ESTIMATES OF FREQUENCY AND VULNERABILITY

OF TYPICAL EQUIPMENT ITEMS

Item

Heavy Machinery--Motors
Generators, Transformers,
etc. (:> 4000 lb)

Medium Wt. Machinery-­
Pumps, Condensers, Air
Conditioning, etc. (1000
to 4000 10)

Light Machinery--Fans
Small Motors, etc.
( < 1000 lb)

Racks of Communication
Equipment, Relays, Rotating
Magnetic Drum Units, Large
Electronic Equipment with
Vacuum Tubes

Small Electronic Equipment
Radios, Incandescent Lamps
and Light Bulbs

Cathode Ray Display Tubes

Transistorized Computers,
Fluorescent Lamps and
Fixtures, Nuclear Reactors

Storage Batteries (All
Types), Piping, and Duct Work

Lowest Fundamenta~
Natural

Frequency
cps

5

10

15

10

20

5

10

5
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Estimated
Vulnerabi Ii ty

Level
g

10

15

30

2

20

1.5

5

20



a known shock spectrum and (2) H the lowest natural frequency of the

equipment is known, then the aceeleration response capability can be es­

timated. For examPle, if the lowest frequency of an equipment module is

15 cps, and it passed the machine shock test denoted by Curve B in Figure

7.3, then the acceleration response capability is about 20 g's or greater.

1,000

500

u
w
V> 200....
z

.,: 100
>--
u
0
-J

50w
>
w
>
>--
<! 20-J
W
0::

;,.
10::>

;,.
x
<!
;,. 5

2

FIGURE 7.3: TYPICAL SHOCK SPECTRA (REFERENCE 7.9)

Th1~ approach in defining a fragility level Obv10usly must be u~ed with

caution for two reasons:

(a) Since the actual equipment is a multi-mass multi-degree-of­

freedom system, then unless it is identical in every respect to the equip­

ment that was tested, there may be higher mode resonant conditions Of the

internal components which may fail; even though the equipment modul~ at

its lowest frequency does have the capability specified by the test machine.

(b) Most tests are perforned so that the shock is delivered to the

equipment's vertical and horizontal axes separately. In order to dUPli­

cate the field input, it is necessary to combine horizontal and vertical
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shock inputs by proper orientation of the equipment on the test bed.

Therefore, if test data are not available for combined shock loading, it

is good practice to assume that the fragility level for the horizontal and

vertical component is 0.707 times the rated fragility level in Table 7.3

or that obtained from shock test data.

Modes of failure vary for different equipment and operational re­

quirements. The mode of failure for an air conditioning compressor might

be structural, while that for a relay could be purely operational, such as

chattering of the contacts under dynamic conditions. With some equipment

it will be necessary to know whether it is to be operating at the time of

attack, in order to determine the possible ways of failure. In high speed

rotating equipment, for instance, gyroscopic moments could be developed and

cause a failure which might not otherwise occur. On the other hand. the

deformations which would occur in a bearing due to an overload often can

be better tolerated if rotation occurs in the bearing than if it is in a

static condition.

It is always desirable to know whether the equipment is to be in

operation during an attack. Thus, if there are uninsulated conductors that

can contact one another during shock, a short circuit could occur. It is

apparent, then, that the determination of various failure criteria must be

considered when evaluating shock test reports on the equipment to be used,

7.3.3 Design and test for shock. After assessing the equipment fragility

level, it is necessary to determine if a resilient element between the

structure and equipment module or between the structure and the ground is

required to obtain an acceptable acceleration response. If the equipment

tolerance level is believed to exceed the given shock-spectra criteria for

items mounted directly to the structure, the designer must design equipment

anchors to the structure of sufficient strength to resist the inertia

forces caused by the acceleration response. He must also write a shock­

test specification for the equipment with anchors to validate that the

equipment as anchored will indeed survive the shock-spectra criteria.

7.3.3.1 Test specifications. Two methods of specification may be employed

in defining a shock test: (1) a specification of the input shock motions
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to which the item under test is to be subjected, or (2) a test specifica­

tion for a particular shock machine whose shock spectrum is known; the

method of mounting the test iteul; and the procedure for operating the

machine.

The first method of specification can be used only when the input

shock motion can be defined in a reasonably simple manner. (See Section 3

for typical ground motion pulses.)

The second method of specification for a shock test assumes that it

is impractical to specify a shock motion because of its complexity; in­

stead, the specification states that the shock test shall be performed in

a given manner with a specified shock spectrum or on a particular machine

with a known shock spectrum. If a machine is specified, then it should be

known that the shock machine will generate appropriate shock response mo­

tions. This method avoids a difficulty that arises in the first method in

that the undefined input shock ffiJtions need not be specified.

An example of the second method of specifying a shock test is pre­

sented below (Reference 7.11):

"Equipment to be mounted without individual isolators in structures

which are not shock isolated shall be subjected to six shock machine shocks,

which produce the shock spectrum specified in Figure 7.4, and shall show

no failure, malfunction, or out-of-tolerance performance. Shocks shall be

applied at the point of attachment of the equipment to the structure. The

shock test shall consist of two ::;hocks in each of three mutually perpen­

dicular directions. II In this case the peak acceleration response of 200 g's

(Figure 7.4) is the resultant of the horizontal and vertical acceleration

components, which is applied as a single component in the six shock tests

specified. Since combined horizontal and vertical shock inputs are not

usually feasible, the above test of applying a shock input along each axis

to produce a response equal to the resultant of the specified criteria

values, will induce acceptable critical test conditions. Instead of de­

fining the shock spectrum a specification describing a shock machine with

a known shock spectrum and the procedure for operating the machine may be

desirable. Mi Ii tary Speci fications and Standards which involve the use of
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700

MIL-STD-202C

standard shock-test machines and procedures are listed below:

MIL-S-90lC High Impact Shock Test Requirements for

Shipboard Machinery, Equipment and Systems

Test Methods for Electronic and Electrical

Component Parts

7.3.3.2 Shock-testing machines. A detailed description of shock-testing

machines can be found in Chapter 26 of Reference 7.9 and Section 4 of

Reference 7.3. The shock machine characteristics, such as the nominal ac­

celeration, velocity change, shock duration and maxdmum load, have been

tabulated. Most important, the limitations and applications of the various

machines and methods are discussed.

A number of shock testing machines have been developed for general

and for special purposes; they see continued use in the qualification of

equipment for military service. Several of these machines produce shock

motions whose spectra are generally equivalent to the spectra that define

the shock used as a basis for design of equipment for hardened facilities.

This is a fortunate circumstance for several reasons:

(1) The testing machines are available and considerable exper­

ience in their use has been accumulated. It is thus possible
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to conduct the tE:sts necessary to qualify equipment, using

existing test facilities and personnel.

(2) To the extent that equipment commonly used for military

applications will be used, shock tests may have already

been conducted and qualification records may be available.

The eXisting shock machines are limited in their time duration, and

therefore only produce the acceleration due to the initial velocity rise of

the air slap induced ground motion. The actual motion input to the equip­

ment may be a high frequency random oscillation or a forced transient

followed by a free steady-state vibration due to the motions of the sup­

porting structure produced by either induced ground motion or air blast

striking an aboveground structure. This oscillating motion may be detri­

mental to internal components in the equipment, whereas these same compon­

ents may survive the shock pulse generated by existing shock machines. As

the dynamic motions of the soil and structure become better defined, shock

machines will undoubtedly be dev,=loped to produce oscillatory acceleration

motions more closely matching st:ructure response motions.

7.3.4 Design and test for vibration. When a shock isolation system is re­

qUired, the system will usually be designed for low frequency response. The

supported equipment will be expo:,ed to a steady-state vibration instead of

the high acceleration shock which will now be filtered by the shock isola­

tion system, but ,in the process of attenuating the shock, other high fre­

quency low amplitude vibrations tnay be 'superimposed upon the steady state

vibration due to surging or chattering in the spring isolators themselves.

The equipment fragility le',el must be verified by a vibration test

for low frequency as well as high frequency vibration. Resonant response

of both internal components and the equipment as a rigid body will be

limiting factors in determining fragility levels. It is recommended that

manufacturer's data be consulted and a test specification be written that

covers the range of predicted vilrrations.

7.3.4.1 Vibration testing specifications. A specification for vibration

testing usually includes: (1) a description of the motion, whether it is

rectilinear, or elliptical; whether the waveform is sinpsoidal or otherwise;
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whether the plane of motion is horizontal or vertical; (2) the amplitude

of the motion, possibly as a function of the frequency at which the motion

should occur; and (3) the duration of the test, possibly the rate of change

of frequency or sweep rate. A very good description of environmental test­

ing as related to simulated vibration conditions can be found in Chapter

24 of Reference 7.9.

An example of a vibration specification used and relating to a rack

~f equipment is presented below (Reference 7.11):

Amplitude

3 g rms (limit to 6 inch double amplitude)

2 to 8 cps (applicable to entire rack at attach points to floor)

2 g rms

8 to 2000 cps (applicable to rack contained equipment and

accessories at attach points to rack)

Duration

One sweep at one-half octave per minute both increasing and

decreasing in frequency.

Military Specifications and Standards which describe typical vibra­

tion tests are listed below:

MIL-STD-202C

MIL-STD-167

MIL-E-5272C

Test Methods for Electronic and Electrical

Component Parts

Mechanical Vibrations of Shipboard Equipment

Environmental Testing of Aeronautical and

Associated Equipment

7.3.4.2 Vibration testing machines. A detailed description of available

vibration testing machines can be found in Chapter 25 of Reference 7.9. The

performance characteristics, such as the frequency range, maximum load, ac­

celeration, displacement and frequency cycling period, for various vibra­

tion machines have been tabulated.

Vibration testing machines are characterized by the type of drive mech­

anism employed, such as, direct drive mechanical, reaction-type mechanical,

electrodynamic, hydraulic, electromagnetic, piezoelectric and pneumatic.

500



Testing speci fications fall into three categories: low-frequency

(l to 60 cps), intermediate-frequency (5 to 500 cps), and wide-band (5 to

2,000 or 3,000 cps). In general, in the low-frequency category, the mech­

anical direct-drive and hydraulic vibration machines are suitable for the

lowest frequencies and largest c.isplacements. If displacements a~e less

than 1 inch and frequencies above 5 cps, the mechanical reaction-type

machine may be considered. All three of these machines can be fitted with

large massive tables, simpli fyi r:g the attachment of the test article to

the vibration table. The electrodynamic vibration machine can be used for

displacements below 1 inch and frequencies above 3 to 5 cps. However,

large, heavy test items in this case may require external flexible supports

to avoid forcing the table against its stops. In the intermediate-frequency

range, the electrodynamic and hydraulic vibration machines may be used. In

the wide-band range, the electrodynamic machine is most widely used.

The above testing machines produce steady-state vibration motions

along one axis only. A vibration table to specifically simulate vibration

motions resulting from ground shock has been studied in Reference 7.12.

The system that is proposed consists of a table supported by horizontal and

vertical springs. The spring rates are adjustable so that frequencies can

be varied between I and 10 cps. The equipment is mounted to the table which

is displaced horizontally and vertically (simultaneously) and a quick re­

lease mechanism sets the table in motion. This test simulates the low fre­

quency vibration caused by ground shock. However, the effect of surging

and chattering of the prototype isolators are not simulated in this test.

A second test fixture such as the impact test apparatus used to test Minute­

man isolation systems (see Section 9.5) is necessary to simulate the effects

of the isolator surging and chattering due to the initial ground accelera­

tion.
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SECTION 8: DESIGN PROCEDURES

8.1 Introduction

The shock isolation system(s) is an important element in the overall

protective system, and it should perform in a specified manner in an air

blast or ground shock environment of a given nuclear weapon. It is import­

ant to consider the 'isolation system through every major phase of the over­

all system design. Figure 8.1 shows a typical System Design Sequence start­

ing with the broad requirements for the system design and weapon effects

criteria, and proceeding through several steps to the final system verifi­

cation program. It can be seen that the shock isolation problem is a major

consideration in every phase.

a. When free-field motions are estimated for a proposed site, the

feasibility of an isolation system is an important factor in selecting the

facility location. If the input motions exceed the capability of shock

isolation systems, alternate sites or greater burial depths must be con­

sidered. (The choice of an aboveground structure is primarily dependent

on the structure design capability at the specified overpressure level.)

b. During the development of preliminary equipment layout concepts,

the equipment fragility levels and personnel functions will influence

groupings of various components for proper shock isolation.

c. Shock isolation systems play an important part in the selection

of a protective structural enclosure. For example, the feasibility and

cost of isolating a large multilevel-platform supporting equipment versus

individual isolation of many small equipments is a major consideration in

selecting the protective enclosure (or enclosures) necessary to house the

overall system.

d. During the preliminary design phase the performance character­

istics of a shock isolation system, the optimum arrangement of springs,

as well as a preliminary design of the springs must be determined in order

that sufficient rattlespace requirements can be established.

e. The isolation system and springs must be designed (after a de­

tailed dynamic analysis if reqUired) in the final phase and the technical
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specifications for procurement r~st be written.

f. A system verification p,ogram will involve a dynamic test simu­

lating true operational conditiC$ in order to verify the adequacy of com­

plete system performance (equipme~t performance as well as isolation system
\

performance) .

The step-by-step procedure Wi~l be demonstrated in the following sec­

tion with a numerical example. Only the phases which influence the shock

isolation system are considered anc:!'~here procedures and data given in var-
,

ious sections of this report are use~, appropriate references are made to

section or equation numbers.

8.2 Step-by-step Procedure

8.2.1 Step 1 criteria

Step 1 (a) system descript~ A facility is required to provide

power and command functions for a hardened communication system. The

facility must be capable of su~riving two attack conditions. After the

first attack the facility must have a 50-day operational capability wherein

a second attack may occur of magnitude equal to the first attack.

Step I (b) proposed site: The proposed site for the command and

power faci lity has soi I charactE!ristics as follows:

From surface to 300' depth:

Below 300'

c 4000 fps

c = 15000 fps

Step I (c) weapons effects '~ri teria: Two attack conditions are postu­

lated; both may be the result of ,:I contact surface burst wi th a weapon yield

of I MT to 20 MT and inducing pea:< overpressures up to 500 psi at the pro­

posed facility. The blast wave characteristics at the 500 psi overpressure

level are from Reference 3.2.

503



ST
E

P
1

W
ea

po
n

E
ff

e
c
ts

C
ri

te
ri

a

c

r
l

ST
E

P
2

F
re

e
-

F
ie

ld

M
o

ti
o

n
s

ST
EP

3
ST

EP
4

H
f

F
ac

iI
it

y
L

ay
o

u
t

F
a
c
il

it
y

H
~
1

an
d

S
tu

d
y

M
F

u
n

ct
io

n
s

W
ea

po
n

Y
ie

ld

P
ar

am
et

er
s

a

P
ea

k

In
te

n
s
it

ie
s

b

E
la

st
ic

o
r

E
la

st
ic

-P
la

st
ic

~
-
-
-
-
-
-
-
~

E
qu

ip
m

en
t

i

L
ay

o
u

t
-
-
-

1

a

E
qu

ip
m

en
t

C
h

a
ra

c
te

ri
st

ic
s

,
I

[
1

_
r

1
-
-
-
-
-

-
-

-
,

r
-

-
'
~

I
S

in
g

le
I

I
M

u
lt

ip
le

'
F

a
c
il

it
v

i
;

F
a
c
il

it
ie

s
,

-
I
.

~
l"

...
..

_
_

-
-
,
-
-

_
_

_
1

_

\

5
)t

ru
ct

u
re

F
e
a
si

b
il

it
y

1
-
-
-
-
-
-

-
-
-
-

/'
-

-
-
-
-
-
-
­

O
p

er
at

io
n

I
i

F
e
a
S

ib
il

it
y

I
L

_

I
a

~
h
o
c
k

Is
o

la
ti

o
n

IF
ea

s
i
h

i1
it

y
1

--
-.-

J
a

-
1

H
ar

d
M

O
'_J

n
t

h
g

I
'I

S
-

~
I

So
f
t.

-~
l0

':
l~

-!
-~

a
-

2
I

~1

,'P
o

st
A

tt
ac

k
:

-
-

-_
._

•.
.
-
-
-

-
"--

_.
-

b

F
u

n
ct

io
n

s

P
er

so
n

n
el

~
p
e
r
a
t
i
n
g
-
-
:

R
eq

u
ir

em
en

ts
:

-
.
-
r
-
-
-
-
-

co
n

ti
n

u
ed

on
p

ag
e

50
5

FI
G

U
R

E
8

.1
:

SY
ST

EM
D

ES
IG

N
SE

Q
U

EN
CE

S
tr

u
c
tu

re

C
-

-:
--

--
:-

--
I

o
m

m
u

n
lc

at
lo

n

S
ho

ck
Is

o
la

ti
o

n

c ed

G
Z

In
d

u
ce

d

S
ei

sm
ic

M
o

ti
o

n
s

~
i
r

S
la

p
In

d
u

ce
d

S
ei

sm
ic

M
o

ti
o

n
s

F
e
a
si

b
le

J
J?

up
~
_
Q
e
P
t
,
~
2

t-
--
-
-
~
-
-
-
-
-
-
,

A
bo

ve
gr

ou
nd

v
s

B
u

rl
ed

S
tr

u
c
tu

re
_

_
_

_
_

_
_

--
-J

I L
_

b

A
tt

ac
k

S
o

il

C
o

n
d

it
io

n
s

a

S
y

st
em

D
e
sc

ri
p

ti
o

n

C
h

a
ra

c
te

ri
st

ic
s

U
1 o ~



.0
-

ST
EP

5

P
re

li
m

in
a
ry

D
es

ig
n

~
-
-
-
-
-
-

F
in

a
li

z
e

I
F

a
c
il

it
y

L
ay

ou
t

:
~
-
-
-
-
-
-

ST
EP

6

F
in

al

D
es

ig
n

-
F

a
c
il

it
y
-
,

E
n

cl
o

su
re

!
I-

--
_

_
.

I

-

ST
EP

7

S
y

st
em

V
e
ri

fi
c
a
ti

o
n

1
-
-
-
-
-
-
-
~

N
or

m
al

O
p

er
at

io
n

I

T
e
st

s
I

I
-
-
-
-
-
-
J

FI
G

U
R

E
8

.1
:

(c
o

n
ti

n
u

ed
)

S
ho

ck
Is

o
la

ti
o

n

S
y

st
em

T
es

ts

N
O

TE
:

T
he

d
o

tt
e
d

li
n

e
b

lo
ck

s
in

d
ic

a
te

fu
n

c
ti

o
n

s
w

h
ic

h
ar

e
ta

sk
s

in
d

ep
en

d
en

t
o

f
an

d
p

a
ra

ll
e
l

w
it

h
th

e
sh

o
ck

is
o

la
ti

o
n

sy
st

em
d

es
ig

n
se

q
u

en
ce

.

-
F

a
c
i
l
i
t
y

-
i I

E
n

cl
o

su
re

I
1

-
-
-
-
-
-
-

-.:
t:

V
t

0
0

0
IJ

"l
V

t
tI 0

0
,

a
I
ll

'
S

ho
ck

Is
o

la
ti

o
n

Po
. 5

S
ys

te
m

~ il
r;-

-
1

D
es

ig
n

c
.

...
.

1
C

o
n

si
d

er
at

io
n

s
~
l

c
'

o
I

Ia
-

2
(
)

i !
P

re
li

m
in

ar
y

I
S

ys
te

m
D

es
ig

n

Ia
-

3
I I

I
]

I
P

re
li

m
in

ar
y

I.

S
p

ri
n

g
D

es
ig

n

-
-
-
-
-
1

E
qu

ip
m

en
t

I
r
-
-
-
-
-
-
.
-
J

a

S
hm

.:
k

Is
o

la
ti

o
n

S
ys

te
m I
a
-
I

V
a
ri

a
ti

o
n

o
f

P
ar

am
et

er
s

Ia
-

2

D
yn

am
ic

A
n

al
y

si
s

I
a

-
3

F
in

a
l

S
p

ri
n

g
1

D
es

ig
n

j
f I

a
-

4

S
pa

ce
E

nv
el

op
e

a
-

5

ISp
ee

if
i~

~~
~~

~~
S_

_
J

E
qu

ip
m

en
t

T
e
st

s

-
, I I

_
~
I



d 0 9 p 1/2 c -1 Wl / 3
vse • so r

6. 7"

2000 fps

506

1/2 (c + c.)
P 1

c 1/2 c.
p 1

3000 fps

0.9 (500)1/2
3

a homogeneous soil. The postulated condition for

a homogeneous layer in the upper 300 feet with seismic

fps. Displacements to depths of 100 feet will be cal­

(3.22) through (3.26). The average velocity cr '

is assumed to be:

1 MT 20 MT---

Pso (peak overpressure) 500 psi 500 psi

+
(positive phase duration - p )D 1.1 sec 3.0 sec

p s

t. (equivalent triangular pulse duration - p ) 0.16 sec 0.435 sec
1 s

(]s (peak dynamic pressure) 1000 psi 1000 ps i

+
(positive phase duration - q) 2.5 6.8 secD sec

u

t. (equivalent triangular pulse duration - q) 0.. 04 sec 0.11 sec
1

r (range from ground zero) 1.9 k-ft 5.2 k-ft
p

t (arrival time) 0.103 sec 0.28 sec
a

8.2.2 Step 2 free-field motions

Step 2 (a) air blast induced motions: The peak ground motion inten­

sities are first calculated for the direct air blast slap at the 500 psi

overpressure level. (Seismic motions due to G.Z. induced and air blast in­

considered in steps 2 (c) and 2 (d) respectively). The peak in­

at 0,25', 50', 75', and 100' burial depth are calculated.

The elastic displacement at the surface, from



For W = 20 MT

d 18.2"vse

The residual displacement at the surface is given by Equation (3.23).

= 6.8"
p 40

d = so - (c -2)
vsr 30 0

500 - 40

30 0.52)

The value for c at the surface is assumed to be 1500 fps.
a

The residual displacements at the other depths are, from Equation (3.24)

*
d

V"I
d (l -

z )-vzr - vsr 100 ft

*z 25' d = 5. 1"vzr

*z 50' d 3.4"vzr

*z 75' d L 7"vzr

*z = 100' d = 0"vzr

The elastic component of the relative displacement between the surface and

the depths of interest is given by Equation (3.25)

For

dvre

*z

= 4.8 x 10-2
p

so

25'

C
r

-2 *z
TOO

dvre

*z

*z

4.8 x 10-2(500) 25
.67 "

(3)2 TOO

.. 50' d 1. 3'Ilire

75' d = 2.0"lire

depths are:

2.6"=dvre
elastic plus residual, at the specified

off to the nearest whole number)

= 100'*z

The peak displacements,

(the values are rounded
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1 MT 20 MT

z 0' d 14" 25"vz

z 25' d 11" 23 "vz

z 50' d 9" 20"vz

z = 75' d 6" 18"vz

z 100' d 4" 16"vz

The above values (especially for the 20 MT case) are conservative because

Equat ion 0.22) does not account for attenuation of stress and impulse

with depth. A displacement analysis taking small depth increments and

adding relative displacements in each increment (as demonstrated in the

Air Force Design Manual, Reference 3.2) will give less conservative values.

The 20 MT yield gives the maximum displacements.

The horizontal displacement components are taken as 1/3 of the

vertical displacements.

Peak velocity: The peak vertical velocity is given by Equation (3.21)

0.5 Pso
v (a ) a is defined in Figure 3.31

c z zp

z a (l MT) a (20 MT) v (l MT) v (20 MT)
z z

0' 1.0 1.0 125 ips 125 ips

25' 0.8 0.91 100 ips 114 ips

50 ' 0.67 0.83 84 ips IDS ips

75' 0.57 O. 79 71 ips 99 ips

100' 0.50 O. 72 63 ips 90 ips

A constant value of c 2.0 kfps was assumed in the above calculations
p

for velocity.

The horizontal component of the velocity is taken as 2/3 of the

vertical component.

Peak acceleration: The peak vertical acceleration is given by

Equation 0.23)

a
5 Pso
-- (a)

z z
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z a (l MT) a (20 MT)---

*5' 500 g 500 g

25' 80 g 91 g

50' 34 g 42 g

75' 19 g 26 g

100' 13 g 18 g
,<c

The 5' depth is used in this equation as an indication of the accelera-

tion near the surface.

The horizontal accelerations are assumed to be equal to the vertical

accelerations.

It can be seen that the peak intensities are maximum for the highest

yield weapon. The displacements are significantly higher,whereas the

velocity and acceleration are only slightly higher in varying the yield

from 1 MT to 20 MT.

Step 2 (b) idealized velocity pulse due to airblast: It can be seen

from the previous calculations for displacement, at the 20 MT level, that

the predominant motion is elastic even at shallow burial depths of 25 to

50 feet. Therefore, the ground 'notion ve10ci ty time-hi story graph wi 11 have
I

a negative area which is approximately equal to the positive area. The

duration of this velocity pulse is important because of the possible

resonance condition for isolati~n systems with periods near the duration

of the ground motion.

A ground motion time history characteristic can be estimated from

Equations (3.42) and (3.43) for a triangular velocity pulse. Three depths,

25', 50', and 75', are considered at 20 MT weapon yield only.

v
114 105 99t = vz . . . = (. 0032 ~5 ; (. 0058)50 ; (.01)75-- 9lx386 25

,
42x386 SO

,
26x386 75

,
r avz

+ 2d 2x23 2x20 2x18vz
(.4) 25 (.38)50 ; (.36)75t = -=

114 25 105
.

99
. = ., , ,

v 50 75vz

Assuming that the duration of the negative velocity is 3 times the positive

phase duration,
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then the peak negative velocity is 1/3 the peak positive velocity for com­

plete ground return. The pulse shown in Figure 8.2 defines the important

characteristics of the velocity pulse due to the direct air slap.

A response amplification due to resonance in the frequency band

1 $;f-< 2
2 t

d
- t

d

1
:$ f :s 2

20.5) 1.5

0.3 ~ f :::; 1.3

must be considered as shown in Figure 3.57.

II

!~
I·,I

~il'l

~t:I'CJ .
a ~

~'

0.5 0.6 0.8 1.0

Time (sec)

" 25 '

'75'

FIGURE 8.2: IDEALIZED VELOCITY PULSE

Step 2 (c) significance of G.Z. seismic induced motion; The G.Z. in­

duced motions are important if the peak intensities are of the same order of

magnitude as the motions due to the direct air slap or if G.Z. motion arrives

at or near the same time as the direct slap. First the peak intensities are

calculated from Equations(3.l4a), applicable for R ~ 2.5 wl / 3 = 7.3 kft
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which is greater than R at 500 psi for W= 20 MT. For seismic velocity

of 4000 fps and W : 20 MT,

a
r

v
r

d
r

5/6
0.4(20) (4)2
(5.2)3.5

12 (24)
62

4 (12)
11.9

.24 g

9.4 in/sec

= 4 inches

The acceleration and the velocity are small compared to the direct slap of

the air blast and can be neglected. The displacement may have to be con­

sidered.

The hard soil layer at dE!pths of greater than 300' (c = 15,000 fps)

may transmit a signi ficant shock pulse wi th refracted waves into the softer

layers near the surface. The peak displacement will be no greater than the

4 inches calculated above but the peak accelerations and velocity maybe

greater because both acceleration and velocity are functions of seismic

velocity. For example at the ~iOO psi overpressure level distance from

ground zero, the peak acceleration and velocity transmitted through the

hard layer are:

a 3.4 g

v ~ c:) 9.4 = 35 in/sec

It is seen that the peak intensities are still small compared to those due

to the direct air slap. If the arrival time of the two motions coincide,

the combined effect may induce a resultant motion which exceeds the air

blast effect separately.

The arrival time of the shock pulse through the hard layer is of im­

portance. Direct G.Z. and air blast induced seismic pulses may be re­

fracted and arrive at the targElt location near simultaneously with the air

blast arrival time (see Figure 8.3). The critical arrival times can be cal­

culated by the method described in Section 3.2.2.4.
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direct induced motion

p =500 psi
so

-

~critical air blast
{ induced motion

-- R

4000 fps

~

( Cz = 15000 fps

(critiCal G.Z.
r

o'­
I

h=300'

')
j

r
p

5200 ft (20 MT)

!

I S
G.Z

FIGURE 8.3: CRITICAL SEISMIC MOTIONS

The G.Z. direct induced motion arrival time is

t
c

+

t 2(.3) ,/152 _ 42 + 5
1
•
5
2 = .145 + .346 = 0.49 sec

c 4x15 V
whereas the arrival time of the air blast at r = 5200 ft is t = 0.28

P a
seconds. Therefore,the air blast tront is superseismic with respect to

the G.Z. induced seismic motion (leads by 0.2 seconds). It can be seen

that the G.Z. motion (which may have an initial upward vertical component)

may occur in phase with the negative portion of the air slap velocity

pulse, see Figure 8.2. Let us assume for this particular example the

vertical and horizontal components of the motion are equal to the maximum

radial motions calculated
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a
~

a 3.4 g
z r

v v
h

v = 35 in/sec
z r

d = dh
d 4 inches

z r

The velocity pulse time characteristics are (assuming a systematic pulse)

t 35
.027

3.4.x386
sec

r

+ 2x4
0.23t = -:r5 sec

4 x + 0.92t d t = sec

Superimposing this pulse on the air slap pulse shown in Figure 8.2 shows

the signi ficance of the G. Z. induced motion. It can be seen from Figure

8.4 that the initial peak acceleration and velocity are not altered. The

G.Z. effect is probably insignificant in this particular case for design

of the shock isolation systems since the maximum displacement is not

Si~ficantlY altered.

r- Air Blast Slap Velocity Pulse

)

Net G.Z. Induced Velocity Pulse

FIGURE 8.4: AIR BLAST PULSE PHASED WITH C.Z. PULSE
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Step 2 (d) significance of air slap seismic induced motion: The

shock front velocity at the 500 psi overpressure level is 6300 fps. A

refracted wave at the layer interface, also shown in Figure 8.3, may lead

or lag the direct air blast at the 500 psi location. A refracted wave is

induced when the shock front velocity U c 15,000 fps (see Section 3.4).

From Reference 3.1 the distance and arrival time of the air blast from

G.Z. when U = 15,000 fps are

r
o

2. 7 kft t ao .068 sec

The distance between this location and the 500 psi location is

R r - r 5.2 - 2.7 2.5 kftP 0

The critical time to travel the distance R through the layer interface is:

2h Vc2
2 2 R = .145 2.5 .312t -- c

l + - + 15 sec
C C

I
C2 C2

The time to travel this critical path from G. Z. is

t + t = .312 + .068 0.38 secondsc ao

which lags the direct air slap by 0.10 seconds. The peak intensities will

be less than the air blast slap motions (for the superseismic case) and

therefore the peak acceleration, velocity, and displacement are not sig­

nificantly amplified. It has been seen in ~est data (Reference 3.3) that

when seismic induced motions (G.Z. induced or air blast induced) slightly

lead the air blast slap (the outrunning condition) then amplified inten­

sities, Equations (3.38) through (3.40), should be considered possible.

In this particular case both the G.Z. and air blast induced seismic motions

lag the air slap motion at the 500 psi overpressure level.

Step 2 (f) feasible burial depths: The shock isolation requirements

must be considered in arriving at a burial depth of the enclosures. An

indication of shock response can be seen by plotting a shock spectrum en­

velope for the burial depths of interest using the standard amplification

factors of Equation (3.55) and the relationships of Equation (3.37). The

resulting spectrum envelopes are shown in Figures 8.5 and 8.6. It can be

seen that the constant displacement and constant velocity bounds are not
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significantly attenuated with increase in burial depth. Also shown on

Figures 8.5 and 8.6 is a rectangular envelope encompassing the fragility

levels for hard-mounted equipment (see Section 7). This rectangular en­

velope falls in the constant velocity region indicating that increases in

burial depth (up to 100 feet) will not provide enough shock attenuation.

Therefore,shock isolating the equipment so that the equipment response

frequencies are shifted to the Low frequency region of the shock spectra

is necessary. The burial depth does not significantly affect the isola­

tion system design in the constant displacement region of the shock spectra.

Conversely, if the equipment is ruggedized so that the response falls in

the constant acceleration region, significant attenuation is achieved by

increasing burial depth.

Both the low frequency and high frequency envelope spectra for aver­

age burial depths from 25 feet to 100 feet are within practical design

limits for either soft isolation systems or hard-mounting of ruggedized

equipment.

8.2.3 Step 3: facility layout and functions

Step 3 (a) equipment characteristics: During the facility layout

phase,it is important to consider the fragility levels of the equipment as

well as the operational functions. Thus, the shock isolation requirements

may be an important factor in eBtab1ishing equipment arrangements. For

example, equipments with similar survival operational requirements should

be grouped together if possible. Also,it would be desirable to locate

equipment with similar fragility levels in the same area.

The equipment is usually classified into two categories:

(1) System Equipment - electronics, consoles, cables, and

operational hardware.

(2) Facility Equipment - power generation, environmental

control, lighting, and support hardware.

The equipment in category (1) is usually a unique design for the specific

application at hand and therefore requires a stringent specification for

design, fabrication, and test. The equipment in category (2) will usually

be selected from commercially a,'ai1ab1e (conventional or ruggedized)
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equipment which mayor may not have passed military shock tests.

An estimate must then be made of probable fragility levels even

though the equipment design or type is not established. The system and

facility equipment assumed for this example are listed below with an es­

timate of the fragility level and lowest mode frequency based on data

prOVided in Section 7. The values shown are considered reasonable for

this hypothetical example, and although they may be used as probable values

during preliminary design, more specific data should be sought from using

agencies or manufacturers when an actual facility is being designed.

The list is arbitrary and incomplete and represents the type of

equipment often required in each category. It can be seen that the system

equipments have lower fragility levels than the facility equipments. This

is generally true for a communication system but may not be true for other

systems such as a power plant.

System Equipment

Estimated
Wt. Lowest Freg. Fragi Ii ty Leve 1

Message Authentication System (Rack) 1000 lbs 10 cps 10 (>
0

Signal Data Converter (Rack) 1000 lbs 10 cps 10 g

Data Analysis (Rack) 1000 Ibs 10 cps 10 g

Alarm and Monitor Rack 1000 lbs 10 cps 10 g

Radio Rack 1000 lbs 10 cps 10 g

HF Communication Rack 1000 lbs 10 cps 10 g

VHG Communication Rack 1000 lbs 10 cps 10 g

Power and Distribution Rack 1000 Ibs 10 cps 10 g

Command Console 3000 lbs 8 cps 6 G
0

Status Console 1500 lbs 8 cps 6 g

HF Pop-up Antenna 8000 lbs 10 cps 10 g

UHF Fixed Stub Antenna 6000 lbs 150 cps 500 g
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Fac i Ii ty Equipment
Estimated

Wt. Lowest Freq. Fragi 1i ty Leve 1
Diesel Generator 10000 lbs 30 cps 15 g

Fuel Oi 1 Tank 2000 lbs 60 cps 100 g

Air Compressor 1000 lbs 40 cps 20 g

Air Supply Fan 1000 lbs 40 cps 20 g

Air Exhaust Fan 1000 lbs 40 cps 20 g

Batteries (Emergency Power) 12 rE!qd 1500 lbs each 60 cps 60 g

Electrical Panels (6 reqd) 500 lbs each 20 cps 10 g

Brine Chiller 8000 lbs 30 cps 15 g

Duct Work 20 cps 20 g

Misc. piping wi th ruggedized supports 50 cps 100 g

Cable trays with ruggedized supports 50 cps 100 g

Step 3 (b) personnel functions: It is assumed that two people are re-

quired to operate the conununication system. While on duty the operators will

be seated in chairs at the conunand console and status console. A crew will

consist of four people in the hardened facility with duty rotation as requir­

ed. Two bunks wi 11 be necessar~l for off-duty rest periods.

The personnel fragi Ii ty fc,ctor must be based on three conditions:

(1) operator seated in chair (strapped in)

(2) personnel walking in equipment area

(3) personnel resting on a bunk

It is also customary to assume that the shock motion will occur without any

prior warning. For condi tions (2) and 0) a low acceleration level (less

than 1 g dynamic) of the support: platform is required to insure reasonable

safety to all personnel. Since there will be two operators in chairs at all

times, a higher acceleration (approximately 3 g) level may be tolerated which

still represents acceptable safety to the two operators but definitely repre­

sents danger to the off.. duty personnel. For this example a maximum accelera­

tion of 3 g of the supporting pJ.atform will be considered acceptable for per­

sonnel safety (see Section 7).

It can be seen that the personnel functions are closely coupled with

the system equipment functions and shock isolation will be required for both
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system equipment and personnel. Consequently from a shock isolation stand­

point it is desirable to arrange the system equipment in a compact area so

that a single in-structure platform can support both system equipment and per­

sonnel. The trade off studies in step 4 will consider the advantage of the

close proximity of the facility equipment with the system equipment.

8.2.4 Step 4: facility study

Step 4 (a) shock isolation feasibility: The design of the facility

structure(s) must consider the shock isolation requirements as an important

factor in adopting the number and size of facility enclosures. Let us con­

sider various concepts which might be proposed by the facility designer and

investigate the merit of each concept with respect to shock isolation only.

Figure 8. 7 shows concept 1 in which the complete system is integrated into

one enclosure. Figures 8.8 and 8.9 (concept 2 and 2a) separate the system

into three enclosures; one enclosure for the antenna hardware, one enclosure

for the system equipment, and one enclosure for the faci Ii ty equipment. Con­

cept 2a is a variation of concept 2 where the facility equipment is placed in

a fairly deep buried enclosure so that possibly the equipment can be hard

mounted directly to the foundation slab.

Concept 1 requires a low frequency shock isolation system to support a

maximum dead load (estimated to be 250,000 lbs). If a pendulous system can

be positioned symmetrically about the mass C.G., the peak dynamic relative

displacements will be close to the peak ground displacements (approximately

21" vertically and 7" horizontally). In a pendulous system (with long pendu­

lum rods) it is desirable to attenuate the dynamic acceleration to less than

1 g vertically so that the pendulum rods are tension members only. Liquid

springs are feasible for this design.

Concept 2 requires 3 separate shock isolation systems: antenna isola­

tion system and 2 equipment platform isolation systems. Smaller spring ele­

ments are now required,but more spring elements are necessary. A pendulous

system for all three platforms is feasible. Coil spring elements may also

be practical, as well as liquid springs and pneumatic springs.

Concept 2a is a modification of concept 2 where the equipment facility
<'

is at a burial depth where the shock/effect is within the equipment tolerance
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-Pop-up Antenna

~----Facility Equipment

I~--r---- System Equipment

.'--'-------
.()

Concept 1

FIGURE 8. 7: ONE ENCLOSURE FOR OVERALL SYSTEM
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level. The equipment can be hard mounted to the base slab, thus eliminating

the need of a shock isolation system for the equipment facility.

From the above discussion we can conclude that all 3 concepts are

feasible for shock isolation. Concept 1 has the advantages of one shock

isolation system and minimum total rattlespace. Concept 2 has the advantage

of using smaller spring elements, and it is very probable that the isolators

required for the two equipment platforms will be identical. Concept 2a min­

imizes the isolation costs since cost is a function of the required total

energy capacity of the isolators.

Consequently concept 2a is preferred as the optimum layout for shock

isolating the fragile equipment. Concept 2 is slightly better than concep~

1 because there is more flexibility in selecting the type of springs in the

isolation system, but it should be pointed out that a trade-off study with

costs of structural enclosure and excavation may result in a different con­

clusion.

8.2.5 Step 5: preliminary design

Step 5 (a) shock isolation system: Concept 2 is now assumed to be thE'

layout chosen for preliminary design.

Step 5 (a-I) design considerations: The three required isolation sys­

tems will all be low frequency systems. The flexibility of the structure is

therefore not an important factor and the isolation system response is most

sensitive to the total ground displacement and peak velocity. (Any high fre­

quency vibration effect due to the initial shock should be considered in the

final design.) A response amplification must be considered in the vertical

frequency range of 0.3 Sf::..: 1. 3 and horizontal frequency range 0.6':: f < 2.3

This vertical frequency range is definitely in the anticipated design range

whereas the horizontal frequency range can be avoided without introducing any

di sadvantage.

Step 5 (a-2) optimum spring arrangement and preliminary system design:

(1) HF antenna system: The erectable antenna is supported in a tall

slender frame, approximately 2'-6" square by 24' long. The mass e.g. is at

approximately the geometrical e.g. The arrangement of springs must consider
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the operational condition of the antenna in the fully erected position

(approximately 100 feet above grade). The frame support points in the

silo must be capable of restraining the cantilever moments of the antenna

in the erected position. Therefore a symmetrical arrangement of vertical

and horizontal springs are well suited for this sytem as shown in

Fi gure 8. 10.

The horizontal springs are located at the top and bottom of the antenna

frame and provide excellent stability for dynamic response during groundshock

*and also excellent reaction points for resisting the overturning moment when

the antenna is in the erected position.

A fragility level of 109 i:; estimated for the crib and internal compon­

ents, and moreover the 25 feet dl~pth shock spectra is considered applicable.

Because of the amplified vertical response occurring in the 1 g region (35

inches instead of 23.2 inches,) :;ee the vertical shock spectra, (Figure 8.5)

it may be judged that a higher g system (approximately 4 g dynamic system)

will be more economical than a 1 g system.

k i k

~2 ,k ~r2_ t'
q2 1\MN'"1 -
-- --_.-

I 24" 30" 24"
r- +- + --,

PROPOSED ANTENNA ISOLATION SYSTEMFIGURE 8. J.O:

,- ... X
1288"
I

•, " 200"
I

i

J

-1
I
,I

120"

2k /,
ql

8000 lbsw

-- x\k2
(--~~SO t

1
PLAN

k represents 2k
afta is assumed Z

to behave as a single
spring in the x
direction

~'(

This factor is included to point out that shock isolation may not be the
only consideration in choosing 8 spring arrangement.

525



For a 4 g dynamic system vertically (approximately 1.5 cps),

16" /::'z s 4"

where /::,zd is the peak dynamic displacement and /::,zs is the static displace­

ment.

The maximum vertical force in the vertical springs is:

(4g + Ig) w 5 x 8 40 kips.

The resultant peak stored energy is:

U 1/2 Ft (~zs + ~zd) 400 inch kips

For a 1 g dynamic system (0.55 cps)

30"

2 x 8

t..z
s 30"

16 kips

U 1/2 (16)(60) 480 inch kips

Less energy storage capacity is required in the 4 g system, but tension­

compression springs are required. In the preliminary design the 1 g system

vertically is chosen since this will dictate the maximum rattlespace re­

quirements. If negligible coupling between translation vibration modes

exists, the vertical ratt1espace required at the top and bottom for dynamic

response is approximately 30 inches.

The horizontal frequency can be selected so that the peak horizontal

response displacement is approximately equal to the peak ground displacement

(i.e. no amplification due to resonance). An acceleration response of less

than 1 g is also desirable so that a simple pre loaded compression spring can

be used. To get below the amplified response region (Figure 8.6) a frequency

of 0.4 cps is required. This will give a dynamic response of less than 0.2g.

The peak horizontal response displacement, from shock spectra of Figure 8.6,

is less than 8 inches. A preliminary system design will now be performed

to establish a space envelope for the antenna system.

The spring rates are first estimated by the method described in Sec­

tion 5.2.5. The non-linearity of the problem is ignored in this phase of

the design.
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0.55 cps and f 0.4 cps
x

4k
rl

+ 4k
q2 4n

2 f 2m = 250 lbs/in
z

4kql
+ 4k

r2 4n
2 f 2m 134 lbs/in

x
k
x

k z

Vertical and Horizontal Spring Rates

(The small inclination angle in the vertical springs is ignored)

for f
z

8000
200

40 lbs/in

0.15 x 8000
24

50 lbs/in

where PpL = preload in horizontal springs.

The above lateral spring rates will vary as a function of dynamic displace­

ment (see Section 5.2.1) but for preliminary design this non-linear effect

can be neglected.

Therefore the required axial spring rates are:

4k
rl

200 lbs/in, 4kr2 = 94 lbs/in

The effect of eccentricity of C.G. with respect to the Center of

Rigidity, C.R., is now investigated by the method described in Section 5.3.

The uncoupled freguency parameters are:

2
w

Z

2
w

x

k 250 x 386z 12/ 2
m 8000 sec

k 134 x 386x 6.5/ 2- =m 8000 sec

200 + 50
2

61.4x 10 in.lbs
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J 13 ,500 in.
2

lbs sec

140
1. 35 104/ 2sec

,, 10.2/sec

The radius of gyration is:

I 13500 x 386
e. = V 8000 25.6"

The amount of eccentricity, R, and pitch frequency parameter, we' that

can be tolerated without significant coupling is given by Equations 5.24 and

5.25

R 12"

The

6.5/sec

for the assumed configuration is greater than 6.5.

in plan and therefore very little eccentricity (R ) is
x

espected in the horizontal direction, The distribution of weight in the ver-

We >1.5 {Wx
2

+ Wz
2

The value of Wo = 10.5

antenna is symmetrical

tical direction may vary as the hardware design is finalized but it probably
+

wili not vary the C,Go location (R ) by more than - 12 inches. Therefore
z

pitch response is considered negligible in establishing rattlespace require-

ments.

Step 5 (a-3) preliminary spring design

The required spring characteristics for the Antenna system based on

the preliminary system design are:

Vertical Spring Rate 4krl
200 pounds/inch

[;z 30 inches
s

L'lzd 30 inches

Horizontal Spring Rate 4kr2
100 pounds/inch

L'lz 12 inches
p

6Z
d

8 inches

where z equals the preload displacenlent required in the spring.
p
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"-- vertical springs mounted in spring
cans attached to antenna crib.

I

I I TI

I ~
~

I
~ f

I
I I

I I'-c

I

i
\ mTiON A-A

~vertical springs
(8 total)

horizontal springs
(8 total)

A

--U

"",.

Ii
il

II

II

Jl
, I

A 'II

l,

FIGURE 8.11: ANTENNA SHOCK ISOLATION SYSTEM
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Four vertical and eight horizontal spring elements have been assumed.

krl 50 pounds/inch

kr2 22.5 pounds/inch

If eight vertical spring elements are used instead of the assumed four,

k
rl

= 25 pounds/inch.

Coil springs are feasible for this system, and the springs may be mounted

in cans attached to the antenna; cables run from springs to supporting

structure, as shown in Figure 8.10. See Example 6.1 in Section 6 for the

detailed steps for spring design. The springs are mounted in spring cans

and cable suspended from the facility enclosure as shown in Figure 8.11.

(2) System equipment platform: The assumed platform geometry is

shown in Figure 8.12. In plan the mass C.G. is assumed to be fairly close

to the geometrical C.G. and in elevation the mass C.G. is assumed to be 25

inches maximum from the top of the platform. This geometry is well suited

for a pendulous (low C.G.) system. Four point suspension symmetrically

placed about the geometrical C.G. position may be feasible. A preliminary

design will be performed based on the method described in Section 5.7. Mo­

tions in the x - z plane will be considered since this is the weak axis in

pitch. The model with assumed characteristics is shown in Figure 8.13.

2k
r

--,R ~.

IX

b b---_._--...,.........- .._-_. __.~--~-~ ....

R
z

-=
b

0.4

I

172 lb 2;. J 731,000 lb-in-sec
2

(' = 65 inm sec In

b 63 in J~ = 240 in R = 10 in R = 25 inx(max) z(max)

FIGURE 8.13: ASSUMED PLATFORM CHARACTERISTICS
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The design objective is to keep the vertical and horizontal response accel­

eration to less than 1 g. From shock spectra~Figure 8.5 (50 foot depth level)

the vertical frequency is selected based on SDOF response.

f = 0.5 cps
z

A
z

0.8 g , D
z

30 inches

For a pendulum length of 240 inches the uncoupled horizontal frequency and

response accelerations are:

f
x

-L Ii =
2rr V1:

_1_ ,-386 _
6.28 V 240 - O. 20 cps, A

x
7 inches

The uncoupled frequency parameters are

w VI 1. 3/sec
x

w J :z 3. 14/sec k Z/ 2 850 Ibs/in (2k k z / Z)z r

Ik b2
-WR

sec- l = -1
= V z J

z V7(1) 2.65 sec
e

The inequality of Equation 5.37 is now checked to make certain that the re­

sponse can be bounded by this approximate method to ensure that a stable sys­

tem is obtained.

+ _ WR i
zJ

1.32 x 10
6 < 5.1 x 10

6

7aLet

The inequality is not completely satisfied (i.e. the "much greater than" is

not satisfied). Therefore, the dynamic stabi lity must be crmsidered. From the

discussion in Section 5.7.3~the expression on the lef~hand side of the in­

equality is related to the constant,2 q,in the stability equation,and the

expression on the right-hand side is equal to the constant,a.

5.1 x 106

10
6

• 73 x

532

)



since

WRAz z
2J

6
.:: 1.32 x 10

6
2 x • 73 x 10

= 0.9

From the Ince-Strutt stability chart (Figure 8. 14 , the point defined by the

values a = 7 and q .,0.9 is well, within the stable region indicating that the

response is bounded. Also q is relatively small (less than 1) so that as the

coefficient a, varies, the unstable regions are small finite widths (for the

variable a greater than 2). Damping in the system will also eliminate the

lower level unstable regions, i. e., for small values of q, and thus the system

is stable for any value of a when q is small. Therefore. it is concluded that

the response bound can be predicted by the method of Section 5.7.2•

4,

Stable
, --.

;-_ ,/. // "'- /(/ '- /~..t_--~_

4 6: 8

./

10 12 a

FIGURE 8.14: STABLE REGION OF MATHIEU EQUATION
INDICATED BY SHADED AREA. (See Section 5.7.3)

The uncoupled frequency ratios are:

w
1.3x .49-=

we 2.65

w
3.14z 1. 26

we 2.48 =

From the transmissibility chart of Figure 5.48

T
x

1.3 T
z
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The angular response is then computed from Equation 5.38 and 5.40

66400
731000

..
8

8

Q1. 3x. 030 x 251

2
1.35 rad/sec

+ 11.75 x 0.8 x l~

8 = • 18 rad

The peak accelerations and displacements are
,

63
3
;6

10
(1. 35)=A 0.8 + 1. 65 g

z

, 25 x 1. 01
A 0.030 +

386
.098 g

x

,
D = 30 + (63 + 10) • 18 = 44 inches

z

,
D 7 + (25) . 18 11.5 inchesx

The above vertical acceleration is near the tolerable value of 1 g. By

looking at Example 5.12, it can be seen that if the coupled frequencies are

used in the above calculations the vertical acceleration will be signifi­

cantly greater but the displacements will not be altered appreciably.

Therefore, no further iterations are required at this time to establish dis­

placement rattlespace requirements.

Preliminary spring design. The required spring characteristics for the

equipment platform based on the preliminary design are:

total vertical spring rate

Assuming a 4 point suspension

k 400 lbs/in (per spring)
z

1600 1bs/in

The pendulum length in the static position is:

240 inches

and static and dynamic deflections recommended for design are:

6z 45 inchess
6zd 40 inches

6Xd 12 inches
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A liquid spring isolator in the vertical pendulum rod is well suited

for this system, For instance, if a lower acceleration response is desired

in the final design the force accounting for the increase in static dis­

placement, ~zs- ~zd,can be obtained by pre-pressurizing the fluid in the

no-load position so that no increase in isolator free length is required.

The liquid spring design is given in Example 6.7 in Section 6.

8.2.6 Step 6 final design

The equipment layout is now finalized, the facility enclosure dimensions

are fixed, and space envelopes are established for each spring isolator.

Equipment weights and inertia c~aracteristics are estimated with upper and

lower bounds for each item so th.at the final spring design can now account

for the maximum and minimum weight conditions the variation in C.G. location,

and required damping characteristics.

The shock isolation systeln designer must define the platform vibration

characteristics for the equipment designer. The vibration requirement may be

specified in the form of a specific vibration test to demonstrate adequacy or

an analysis may he specified in addition to or in lieu of a test to demonstrate

equipment adequacy. It is recornmended that the shock isolation system de­

signer be cognizant of the equipment design and test specifications so that

resonant conditions (equipment frequency with platform frequency) can he

avoided and to make certain that: testing or analysis adequately represents

the vibration of the platform during ground shock.

Step 6 (a-I) parameter variations: Since equipment and platform weights

and center of gravity locations are not accurately known, tolerances will

usually be placed on nominal assigned values which will hopefully bound the

as-built condition. The weight and center of gravity analysis is an import­

ant task and the greater accuracy in the analyses here will enable the shock

isolation system designer to assume only nominal variations in the values

calculated. For the two isolation systems considered in this section the

following parameter variations ,are reasonable.
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(1) Antenna Crib

W = 8000 ~ 500 Ibs.

R
+

2 inchesx
+

R Is inchesz

(2) System Equipment Platform

Figure 8.15 shows the assumed variations in weight and

inertia data.

x

o o

---+-~--

1. 64":1 180" 180"

I
63 " 192 "

r- ---- ._-y

63 "

0 I

L_
J.

Envelope (Max. Vert. Offset above floor 25")

WEIGHT AND INERTIA DATA

MAX.WT.(+lO PERCENT) NOMINAL WT.ITEM

WEIGHT

J
x

J
Y

J
z

73,000

2,800,000

800,000

3,300,000

66,000

2,500,000

730,000

3,000,000

MIN.WT.(-lO PERCENT)

60,000

2,300,000

660,000

2,700,000

UNITS

Lbs.

Lb-in_sec
2

Lb-in_sec 2

Lb-in_sec
2

FIGURE 8.15: SYSTEM EQUIPMENT PLATFORM WEIGHT AND INERTIA DATA

Step 6 (a-2) dynamic analysis: A dynamic analysis is usually necessary

to adequately demonstrate that the system will respond in a normal manner

with variations in ground motion characteristics and system characteristics.

The total ground motion in a layered soil media may result in complex

vertical and horizontal velocity wave forms. When these complex wave forms
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are applied to a multi-degree-of-freedom system the response may be greater

than the values predicted by the approximate methods in the preliminary de­

sign. More than one type of vel.oci ty wave form may be necessary to account

for a range of soil properties. The following conditions should be assumed

to account for the range of soil properties:

(1) Air blast induced velocity pulse with negligible ground return

Horizontal Hnd vertical components in phase

Horizontal component lead and lag vertical component

(2) Air blast induced velocity pulse with ground return

Horizontal and vertical components in phase

Horizontal component lead and lag vertical component

(3) Superposition of refracted and reflected pulses onto the air

blast induced ve].ocity pulses in conditions (1) and (2)

Superseismic: combination

Outrunning combination

For the weapon effects condition assumed for this design example, the

outrunning combination was not considered since the analysis in step 2

demonstrated that the conditionB cited were superseismic.

The linear undamped isolation system assumed during preliminary design

may be adequate for simple sYmmetrical systems with small displacements. A

dynamic analysis is needed to accurately account for (1) variation in weight

and inertia properties, (2) non-linear system behavior and spring behavior,

and (3) damping effects both viscous and Coulomb. For example,in the an­

tenna system,the weight and center-of-gravity location variation may be in­

significant, but the non-linear characteristics may be significant. For the

equipment platform isolation system both non-linear behavior and weight and

center-of-gravity location variations may be significant. Damping is im­

portant as it affects response acceleration, time to damp out the residual

motion, and final rest position. The allowable maximum and minimum damping

characteristics of the system are determined by varying the damping values

in the dynamic analysis until an unacceptable response is obtained.

The above discussion points out situations where a dynamic analysis

may be necessary. The two systE:ms considered in this section would require
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a dynamic analysis. The equations of motion are s~milar to Equations

(5.27), (5.28) and (5.29) for a three-degree-of-freedom system and the

numerical procedure for solving the equations is given in Appendix C. This

three-degree-of-freedom system is based on a two-dimensional model. More de ..

grees-of-freedom must be considered when there is significant eccentricity in

plan and the isolators are non-linear spring damper systems.

Step 6 (a-3) final spring design: The dynamic analysis provides the

final spring properties required for final spring design. In addition to

spring stiffness, k, and static and dynamic displacements, the allowable vis­

cous and Coulomb damping requirements are specified.

The viscous damping factor will usually have an upper and lower allow­

able. The lower limit is governed by the time required to reduce the resid­

ual oscillatory motion to a specified value (see Section 5.8). The upper

limit for damping is governed by the dynamic response.

The Coulomb damping will have an upper limit allowable which may be

governed by post attack operational requirements or dynamic response. In

most cases the, amount of damping in an isolator system cannot be determined

by analysis but must be determined by prototype testing.

Prototype testing is a very important part of the final spring design

phase. Two types of tests are required:

(1) a shock-displacement test to determine damping characteris­

tics. A twang test is sufficient to evaluate the residual

damping properties but a high velocity initial displacement

stroke is required to measure damping in the initial stroke

which is especially important in liquid springs.

(2) a shock-displacement test with the isolator suspending an

eqUivalent mass to determine high frequency vibrations of

items attached to the suspended mass. The weight of the

equivalent mass is based on the tributary load supported

in the actual system.

Both tests may influence the final spring design details. If measured values

of damping in test (1) are too low, auxiliary dampers (pneumatic dash-pots)

may be required. Test (2) may indicate unacceptable high frequency vibrations
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caused by chattering or surging of the spring elements. The high frequency

vibration response can be minimized by eliminating loose elements in the is­

olator assembly.

In a system such as the equipment platform isolation system, the isola­

tor assembly is attached to the facility enclosure at one end. The initial

shock motion of the facility enclosure is transmitted directly to the isolator

facility attachment causing the upper portion of the isolator to be acceler­

ated.· Therefore,the isolator rod design must consider the stresses resulting

from the horizontal and vertical acceleration components at the facility

attachment points. The horizont.al acceleration component may induce very

high bending stresses in a pendulous hanger rod. This can be attenuated by

adding a flexible element such ElS a chain or cable betweE3:1 the rod and the

facility anchor point. The horizontal acceleration motion of the isolator can

be assumed to vary linearly from the faci Ii ty attachment point to the plat­

form attachment point as shown in Figure 8.16.

.-- Horizontal Acceleration

Attachment Point

/- Faci 1i ty Attachment Point

-r
I

•

Rod

FIGURE 8.16: ASSUMED ACCELERATION MOTION OF PENDULOUS ISOLATORS
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The acceleration at the top is the free-field peak acceleration and the ac­

celeration at the bottom is the peak platform acceleration.

Step 6 (a-4) space envelope: As noted above, one end of the isolator

is attached to the facility enclosure and the other end is attached to the

platform or crib which is suspended. The differential motion between these

two points requires that a free space be provided around the isolator or

cable. This space envelope must be defined dimensionally and given to the

equipment layout designer so that there will not be any encroachment in this

space. For example, the space envelope required, including the dimensions of

the isolator, around the equipment platform pendulous isolators would be sim­

ilar to the envelope shown in Figure 8.17.

Step 6 (a-5) specifications: A good design and technical specifica-

tion will usually result in acceptable production isolators. The final

spring design, which includes prototype testing, establishes the required

characteristics of the isolator. The specification makes provision for de­

tailed hardware design and production testing to insure that each isolator

will perform as specified. The requirements in a specification should include

the following:

(1) Control drawings for detailed hardware design and construction

(2) Performance

(a) Spring rate with tolerance

(b) Damping factors with tolerance

(c) Static load; upper and lower limits

(d) Peak dynamic displacements

(e) Operational functioning requirements

(3) Environments

(a) Non-operating (environments encountered in trans­

portation, handling and storage)

(b) Operating (environments encountered in the

installed condition)

(4) Performance tests (to verify the characteristics listed in (2).

(5) Environmental tests (on preproduction article onlyL,
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8.2.7 Step 7 system verification: After the isolation system is installed

and the total system is connected and checked, a complete system verifica­

tion test program is performed. A dynamic response test is included in this

program with the equipment (and personnel) in the operational status.

A true dynamic response test which will simulate the ground shock con­

ditions due to weapon effects can only be achieved by exposing the facility

enclosure to the predicted ground motions. Obviously this is not feasible.

A twang test is usually an acceptable compromise for soft linear shock is­

olation systems. The platform or crib is displaced vertically and horizon­

tally to the predicted peak response displacements and a quick release mech­

anism allows the system to freely oscillate and eventually return to the or­

iginal position. All the operating functions are monitored during and after

the test to verify acceptable performance.

Conclusion: The steps described in this section demonstrate a typical

design cycle for a system (in particular a shock isolation system) exposed to

a specified weapon effects condition. The steps may slightly deviate from

this procedure to suit each particular situation but in general the sequence

is considered typical for any major system. The shock isolation system de­

signer may also get involved in other aspects of the overall project such as

the preparation of maintenance manuals, preparation of installation procedure,

and field supervision for installation and checkout of the shock isolation

system. Therefore, it can be conclusively stated that shock isolation systems

are an important part of the overall system and shock isolation must be con­

sidered in every phase (all 7 steps in this section) of the complete design

cycle.
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SECTION 9. SHOCK ISOLATION SYSTEMS USED
FOR HARDENED FACILITIES

9.1 Introduction

A survey of the shock isolation techniques presently employed in var­

ious hardened faci Ii ties providE~s useful information for the engineer who

must determine the most appropriate shock isolation design to use in a new

facility. This section presents, a description of the shock isolation sys­

tems used for several ICBM launch facilities and for the NORAD facilities;

it is founded on published information t and where available t on unclass~

ified data developed by the cognizant military agencies and design contract­

ors. It is not intended to be a complete documentation of all the features

of the shock isolation systems that are discussed.

Information summarized for these examples of shock isolation systems

was compiled from many published sources. Cognizant design agencies are:

Air Force Systems Command Ballistic Systems Division for the ICBM Systems

and Corps of Engineers, Department of the Army for the NORAD Center. Weapon

System Contractors and Architect Engineer organizations in key roles were:

General Dynamics/Astronautics, Martin-Marietta Company, Boeing, TRW Systems,

Bechtel Corporation, Daniel Mann Johnson and Mendenhall, The Ralph M. Parsons

Company, and Parsons, Brinkerhoff, Quade and Douglas.

In addition to the descriptions of the shock isolation systems, in­

formation on analytical methods used for design, alternate designs consider­

ed, test results obtained, and problems encountered, are included when it is

available. Table 9.1 lists the various shock isolation systems described in

this section.

9.2 Atlas F ICBM Facilities

9.2.1 Atlas silo crib

a. Description. The Atlas missile, fuel storage tanks, and accessory

equipment are mounted on a struc'~ural steel framework; the silo crib

is suspended within an underground reinforced concrete silo by a shock
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isolation system. The fuel tanks and equipment are located on floors at

eight different levels within the crib.

The crib is approximately 150 feet high, and is octagonal in plan with

a width across the points of 49 feet. The total weight of the crib and its

contents is approximately 1500 tons. The missile is the most fragile item

supported by the crib, and therefore, the design of the shock isolation sys­

tem is governed by the peak accelerations, 0.4 g vertical and 0.1 g horizon­

tal, tolerated by the missile.

b. Shock criteria. The ground-shock response spectra envelope at low

frequency is in' the low-to-moderate displacement region (approximately 6

inches vertical and 2 inches hor:Lzontal). The vertical shock spectrum

response curve used for design 0:: the shock isolation system is shown in

Figure 9.1.
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FIGURE 9.1: VERTICAL GROUNDSHOCK SPECTRlM FOR ATLAS F CRIB SUSPENSION
DESIGN
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c. Shock isolation design. The silo crib is supported and shock isol­

ated by four pendulous springs, referred to as shock struts, which are

equally spaced around the periphery of the crib; one end of each strut is at­

tached to the crib a few feet below the center of gravity, and the other end

of each strut is attached to the silo wall about 10 feet below the silo roof.

Figure 9.2 is a cross-section view of the silo-crib suspension system, which

also shows the relative positions of other items in the crib.

Each shock strut is usually composed of seven spring elements mounted

in series around a common compression rod. Each spring element contains an

inner and outer spring. The outer spring is approximately 2 feet in diameter

and is made from a 3 1/2 inch diameter chrome molybdenum spring steel stock.

Vertical shock attenuation is provided by the coil springs, while hori­

zontal attenuation is provided by the pendulum action of the shock struts.

Vertical dampers are located on each strut near the top coil springs. Hori­

zontal dampers are located between the Silo crib and silo walls at the point

of attachment for the shock struts.

An 18 inch rattlespace provides sufficient clearance for the predicted

pitch motions and tilt angle of the crib. The change in the silo-crib tilt

angle due to shifting of the center of gravity during fueling of the missile

amounts to 1/4 degree. Support of the crib near its center of gravity mini­

mizes the pitch motion.

Additional spring connections are provided between the missile launch

platform and the silo crib to attenuate the higher frequency vibrations from

the ground shock.

Hydraulically operated positioning and locking mechanisms are used to

align the crib prior to missile launch.

d. Alternate designs considered. Since the Atlas missile was one of

the first ICBM requiring a shock isolation design for the launch facility,

considerable study went into the consideration of alternate approaches to the

problem of hardening the launch facility.

Development of new equipment that could be hard mounted was discarded

because of the cost of the test program required to qualify the equipment.
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Shock isolation of individual pieces of equipment YJas discarded because

of the large amount of space required to prevent impacting betYJeen adjacent

pieces of equipment, the need for flexible connections betYJeen all items, and

other operational problems.

Mounting all the equipment on one shock isolated frameYJork appeared not

only to solve the problems mentioned above, but also provided the folloYJing

advantages:

(1) Permitted use of standard equipment.

(2) Reduced number of flexible connections to a minimum.

(3) Provided a total mass sufficient to insure stable operation

of all equipment.

(4) Protected operating personnel from shock.

Other types of springs YJere considered, such as hydraulic and pneumatic

springs. HOYJever, at that time the coil spring design promised the most re­

liable operation and the lowest maintQnance effort.

e. Design analysis. Vertical spring rates and rattlespace requirements

YJere established by the use of shock spectra. A dynamic analysis was used to

study the missile response, the critical design element was the pitch

motion due to coupling of modes. The model used for this analysis is shown

in Figure 9.3.

I
: I,

'1r f;!-· CR'Bh CG of Missile

I ~ "~and Platform
I, I C G of Entire /

.,..---.-+-- System--;~ ~
~ : f,;( i; ~ Suspension SprlnQs"--1) Elasllc Center 0 LJ'" '1"-

'" ' $usP.nSI~~ SpnnQs l /- v !
~ I '--.--/
j C2J'+(~C.G of Missile .-
i " : ,. , and Platform
L...-J' i SECTIONAL PLAN____--, i

I OF CRIBI
/ ....' _-:I

FIGURE 9.3: ANALYTICAL MODEL OF ATLAS F CRIB SUSPENSION SYSTEM
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f. Problems encountered. A characteristic of coil springs is that the

spring rate cannot be adjusted after installation. Moreover, the adjust-

ment of the spring rate by adding or removing springs in series during in­

stallation affects the spring load carrying capabi Ii ty and the system pitch

characteristics.

In the Atlas system design, the load capability of the springs was

fully utilized; this made it inpossible to increase the system weight or

shift the center-of-gravity. Spring failures occurred in some of the first

installations because of poor qllality control during spring manufacture and

due to the high stress level uneler the static load condition.

When a lighter weight alloy was substi tuted for the fuel tanks, it was

necessary to add ballast to maintain the center-of-gravity position. Through­

out the assembly of the crib, it was necessary to maintain a close check on

the equipment weights, because there was no tolerance in the system's load

capability and because the crib tilt angle was very sensitive to changes in

weight and center-of-gravity location.

9.2.2 Atlas launch control center (LCC)

a. Description. The equipment and personnel tequired to control the

missile launch operation are located in an underground structure, the launch

control center being connected to the missile silo via a tunnel. The

equipment is mounted on two floors that are shock isolated from the under­

ground chamber. Figure 9.4 is a cross-section view of the control center,

showing the floor and shock isolation system arrangement.

The shock isolated floors are integrally connected by peripheral truss

work. The floors are constructed of decking over steel beams, and are approx­

imately thirty-eight feet in dic~eter. The entire floor system is suspended

from the top of the LCC chamber. The total weight supported by the shock

isolation system is approximately 25 tons.

The operating personnel, yrho might be seated, standing, or lying on a

bunk, are the critical element in the isolator design and must be isolated

from ground shock. A value of 1.0 g for the peak vertical and horizontal

floor accelerations was chosen to prevent injury to the operating personnel

and malfunction of the fragile operating equipment.
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b. Shock criteria. Same as silo crib shock criteria (see Section

9. 2. 1. b).

c. Shock isolation design.. The LCC floor assembly is supported by

four pendulous springs spaced eVE!nly around the floor periphery. Pneumatic

springs are used for vertical shock attenuation;they are supplied by the Com­

pressed air system in the missilE! silo. Horizontal shock attenuation is pro­

vided by the pendulum action of the isolator support rods.

Adequate rattlespace is provided between the isolated floors and the

cavi ty surfaces for the predictec. ground shock displacements.

An advantage of this suspension system is that the floors will level

themselves with a shift in the cEnter-of-gravity. This feature permitted the

design and construction of the LeC to proceed while the weight and location

of certain vital control equipment were still under consideration.

d. Alternate designs conSidered. Pneumatic isolators were chosen over

coil springs, because the former can be automatically controlled after in­

stallation to maintain a level floor with changes in weight distribution. The

presence of operating personnel prOVides the necessary monitoring to detect

failures in the air supply.

e. Design analysis. The design analysis was based on shock spectra.

The peak horizontal and vertical response~re assumed to occur simultaneously,

and the pitch response was considered to be negligible. The non-linear be­

havior of the spring was considered in the spring design so that the dynamic

response would not exceed I g.

f. Tests performed. The Atlas sit'e installation at the Operational

System Test Faci Ii ty located at Vandenberg Air Force Base was equipped wi th

speCial devices to carry out a complete functional test program which would

insure compliance with the specified performance standards. The test facility

prOVided a means for displacing the isolated systems to the predicted peak

vertical and horizontal response distances simultaneously, prior to a sudden

release. However, there are no published reports presenting the results of

the dynamic tests.
g. Problems encountered. A pneumatic spring requires a continuous

compressed air supply. A leak in a pneumatic system will cause a drop of the

supported platform. The Lee has some essential equipment mounted on the
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underside of the lower floor level. Therefore a loss of air pressure can

cause damage to this equipment. To correct this problem pads were installed

at the periphery of the platform so that the resilient pads would .mitigate

equipment impacts with the chamber floor.

9.3 Titan I ICBM Launch Facilities

9.3.1 Missile launcher system

a. Description. The Titan missile and the missile elevator are mount­

ed on a crib structure, which is supported within an underground reinforced

concrete silo by a shock isolation system. The total weight isolated is ap­

proximately 500 tons. Figure 9.5 is a cross-section view showing the arrange­

ment of the Titan I missile and supporting structure within the silo.

SilO

MISSILE

CRIB

PlllfORM

ISOlHiON
SYSHM

FIGURE 9.5: THE TITAN I LAUNCHER SYSTEM

The missile is the most fragile item supported by the crib, and, there­

fore, the design of the shock isolation system is governed by the peak accel­

erations (0.8 g vertical and 0.2 g horizontal) tolerated by the missile.
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b. Shock criteria. The g'round shock spectra envelope at low frequen­

cy was in the low-to-moderate diBplacement region (approximately 6 inches

vertical and 2 inches horizontal).

c. Shock isolation design,~ The silo crib is supported and shock isol­

ated by four pendulous springs, '''hich are equally spaced around the periphe'ry

of the crib; one end of each spring assembly is attached to the base of the

crib, and the other end is attached to the side of the silo. The vertical

center-of-gravity is above the spring attachment level on the crib, but well

below the missile center-of-gravity because of the elevator weight.

Vertical shock attenuation is provided by the spring assemblies, which

consist of four coil springs mounted in series around a common compression

rod. Horizontal shock attenuation is prOVided by the pendulum action of the

spring assemblies.

d. Alternate designs cons:.dered•. In preliminary studies it was detel'­

mined that the launcher facility should be separated into three subsystems

in order to use smaller spring e:lements with simpler shock isolation systems.

The three subsystems are: the launcher silo; the equipment terminal; and

the propellant terminal. The latter two subsystems are discussed separately

(see Sections 9.3.4 and 9.3.5).

Several shock isolation deBigns were considered for the silo crib. Base

mounted and side mounted springs were considered for pitch stability, but were

rejected because of the need for a releveling system to compensate for any

permanent set of the silo following a ground shock. Pendulous systems offered

a simpler solution to the permammt set problem.

It was originally felt necessary to attach the shock isolation system

as close to the silo bottom as possible to take advantage of depth attenuation

of the shock. However, it was dE~termined later that the entire si 10 moves as

a rigid body.

When the vertical center-of-gravity of the missile and crib structure

is higher than the point of attachment of the shock isolation system on the

crib, pitch stability is more difficult to attain. Initial studies indicated

that it was necessary to cross-couple the vertical springs to obtain pitch

stability. Later on reduced grot:.nd shock crj teria allowed the use of stiffer

553



springs that did not require cross-coupling for pi tch stabi Ii ty. Coi 1

springs were chosen over pneumatic springs, because of their higher reliab­

iIi ty.

e. Design analysis. The shock spectra criteria were used in the pre­

liminary design to establish vertical spring rates and rough estimates of

the rattlespace required. Velocity pulses were derived based on the given

shock spectra and these pulses were used to finalize and verify the design.

f. Problems encountered. Poor quality control in the spring fabri­

cation resulted in spring failures during installation of the first units.

Improved specifications corrected this situation.

9.3.2 Titan I launch control center

a. Description. The equipment and personnel needed to control the

missile launch operation are located in an underground launch control center,

which consists of a shock isolated two story structure within a hemispherically

shaped chamber. The floors are circular shaped with the lower floor having a

diameter of approximately 90 feet. The total weight supported by the isola­

tion system is approximately 200 tons.

The shock isolation system requirement of less than 3 g vertical and

horizontal acceleration for the peak floor response was considered acceptable

for both personnel and electronic equipment. Some designers have used lower

values for personnel who may be unrestrained during ground shock.

b. Shock criteria. Same as silo crib shock criteria (see Section

9.3.1. b).

c. Shock isolation design. The LeC floors are integrally connected

via a steel framework and are shock isolated from the LCC chamber by means of

a base mounted pendulous spring-beam assembly. Figure 9.6 shows a cross­

section view of the LCC structural configuration.

Vertical shock attenuation is achieved by beam flexure, while the hori­

zontal shock attenuation is achieved by the pendulous supports in the spring

beam system.

The spring-beam system was considered adequate for the low shock magni­

tude, because a low frequency system was not required. Coil springs could be

used in place of the spring-beam system.
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d. Design analysis. The design an.alys,is was based on shock spectra

response. The coupling effect was considerej to be negligible.

e. Comments. From an economical stanjpoint, the use of base mounted

coil springs may have been cheaper than the spring-beam system.

9.3.3 Titan I powerhouse

a. Description. A housing for all t'te uti Ii ties nec,2ssary to sustain

the launch facility for a 2 week emergency period is provid,2d by the under­

ground powerhouse, which has a structure ver~' simi lar to th'2 LCC. The lower

floor is approximately 115 feet in diameter. The weight sUlJPorted by the

shock isolation system is apprOXimately 200 tons.

The same shock attenuation c:ri teria \irere used for the powerhouse as

were used for the LCC (see Section 9.3.2.a.).

b. Shock criteria. Same as silo crib shock criteria (see Section

9.3.l.b.). 555



c. Shock isolation system. The equipment is located on two integrally

structured floors, which are shock isolated by a base mounted spring-beam

assembly, similar to the one used for the LCC.

Coil springs were placed between the heavy equipment and the platform

to prevent the transmission of operating vibrations from the equipment to the

platform.

d. Design analysis. Same as LCC design analysis (see Section 9.3.2.d.).

e. Comments. It is possible that the addition of coil spring mounts

to the heavy equipment may cause amplification of the relative displacement

between equipment and platform due to resonance and coupling of vibration

modes during ground shock.

9.3.4 Titan I equipment terminal

a. Description. Various equipment items required for the missile

launch operation are separately housed in the underground equipment terminal.

The equipment is mounted on four shock isolated circular tloors located within

a vertical cylindrical chamber.

The same shock attenuation criteria were used for the equipment terminal

as were used for the LCC and powerhouse (see Section 9.3.2.a.).

b. Shock criteria. Same as silo crib shock criteria (see Section

9.3.l.b.).

c. Shock isolation system. Spring-beam shock isolation systems, simi­

lar to those used for the LCC and powerhouse, were used for the equipment

terminal, except that each floor has a separate shock i solation system. ThE'

upper three floors are connected by hanger rods to spring-beam assemblies

mounted on the chamber wall just below the floor above. Figure 9.7 shows a

cross-section view of the equipment terminal.

Additional shock mounts were used for attaching individual equipment

items to the floors.

d. Design analysis. Same as LCC design analysis (see Section 9.3.2.d.).

e. Comments. Refer to comments for LCC and powerhouse. (See Sections

9.3.2.e. and 9.3.3.e.)
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9.3.5 Titan I propellant terminal

a. Description. The LOX propellant is stored in a separate underground

chamber called the propellant terminal. The associated equipment and propell­

ant storage tanks are supported by a shock isolated two-Iev,el rigid frame

structure. The total weight supported by eal~h floor shock isolation system

is approximately 150 tons.

The ground shock attenuation requirement for the propellant terminal

equipment allowed a peak vertical ,and hori zontal platform r1esponse of 3 g r s.

b. Shock criteria. Same as silo crib shock criteria (see Section

9.3.l.b.).

c. Shock isolation system. The rigid frame support structure is shock

isolated by means of base mounted ,and wall mounted coil springs for vertical

and horizontal shock attenuation, respectively. Universal joint connections
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are used at the spring attachment points. Figure 9.8 is a cross-section view

of the propellant terminal showing the arrangement of the shock isolation

system.

I I
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Shock Isolated
Structure

Facility Enclosure

FIGURE 9.8: PROPELLANT TERMINAL

d. Design analysis. Same as LeC design analysis (see Section 9.3.2.d.).

e. Comments. The center-of-rigidity will fall below the vertical

center-of-gravity due to the static load on the vertical springs. If the

springs are symmetrically located, vertically and horizontally, about the

system center-of-gravity, it is possible to have a pitch response (see Section

5.2). It is not known whether or not this was considered for the spring

travel and rattlespace requirements.

9.3.6 Titan I antenna system

a. Description. The antenna system is housed in a shallow underground

silo and is mounted on a shock isolated crib. The system includes a mechanism

for raising the antenna above ground level during the missile launch operation.

The total weight supported by the shock isolation system is approximately 30 tons.

A fragility level similar to that for the missile was used for design

of the antenna crib shock isolation system (see Section 9.3.1.a.).
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b. Shock criteria. Same as silo crib shock criteria (see Section

9.3.1. b. ).

c. Shock isolation system,_ The anterna crib is shock isolated by a

pendulous spring system attached to the crib at the vertical center-of-gravity

level, in order to minimize pi tch responsE'" Coi 1 springs are used to atten­

uate the vertical ground shock, \~hi1e thE: horizontal ground shock is atten­

uated by the pendulum action of the spring ::,ystem. Figure 9.9 is a cross­

section view of the antenna syst~~m.

Results of the missile silo crib shock isolation system design studies

were instructive in the design 0': the antel1r,a crib shock isolation system.

UHMMj
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FIGURE 9.9: ANTENNA SYSTa1

d. Design analysis. Same as for silo crib design analysis (see

Section 90 3.I.e.).
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9.4 Titan II ICBM Launch Facilities

9.4.1 Missile launcher system

a. Description. The Titan II missile is supported by a shock isolatEd

thrust mount within an underground Silo. The missile is not elevated to the

ground surface level prior to launch, but is launched from within the silo.

The thrust mount is locked in place prior to the missile launch.

The thrust mount has a circular ring, upon which the skirt of the miss­

ile rests prior to launch. The fueled missile weighs approximately 150 tons.

The missile must be shock isolated so that it will experience no rigid

body acceleration greater than 0.8 g vertically and 0.1 g horizontally. Os­

cillations must be damped within 60 seconds to allow lockup for launch. The

alignment tolerances for the missile 60 seconds after the ground shock are:

(1) + 0.25within - inch of the vertical neutral posi tion,

(2)
+

within - 0.40 inch of the horizontal neuural position,

0) within 0.25 degree from verticality for the missile axis.

b. Shock criteria. The input motion was defined by a shock spectra

envelope predicting constant peak response displacements at low frequency

in the order of 12 inches vertically and 4 inches horizontally.

c. Shock isolation design. The Titan II missile mount is supported by

four pendulous springs equally spaced around the missile periphery. One end

of each spring assembly is attached to the silo wall near the mid-point of the

missile, and the other end of each spring assembly is attached to the thrust

ring. Figure 9.10 is a detailed diagram of the shock isolation system.

Each spring assembly consists of four coil springs mounted in series.

The coil diameter is approximately 20 inches and the wire diameter is approx­

imately 3 inches. Vertical and horizontal dampers are attached between the

thrust ring and silo wall, in order to subdue oscillations within 60 seconds.

A lockup mechanism, which is part of the damper assembly, prevents motion of

the thrust mount during missile launch.

The missile center-of-gravity is well above the point of attachment for

the shock isolation system; this introduces the possibility of missile pitch

motions.
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d. Design analysis. The design analysis was very similar to that used

for the Titan I missile mount system (see Section 9.3.1.e.).

e. Tests performed. A series of tests was performed at an operational

site with a missile ballasted with water. The tests were classified into

three categories; Natural Frequency Response Tests, Stickout and Lock-up

Demonstration Tests, and Twang (initial displacement and quick release)

Response Tests. Each test category will be briefly described with any signi­

ficant results summarized.

(1) Natural frequency response tests. With the isolation system locked

the thrust mount assembly was manually excited by personnel pushing against

the re-entry vehicle tip, in order to obtain the first elastic mode frequency

of the assembly. The apparent first elastic mode frequency was seen to be

0.40 cps. Evidence of higher modes, at 1.63 cps and 7.7 cps existed in the

equivalent viscous damping of 0.47 percent of critical was evident.

Stickout and lock-up demonstration tests. The rotational and

>6~~'~~~~][a,~~(~na1 differences between the position of undamped static equilibrium

ons of damped static equi 1ibrium are referred to as the amount

tests were performed where the thrust assembly was

The dampers were unlocked and the damper

the jacking pressure allm>Js the assembly

equilibrium which could be compared to

The maximum horizontal and vertical stick­

respectively. This was well within

was performed to demonstrate that

at the extreme locking range limits.

locking the system

n the specified locking range

hrust mount assembly was dis­

edicted single-degree-of­

was restrained in

nU.l:t:::aDeously fired to allow the



sudden release and ensuing motion of the as::embly. The rigid body vertical

(longitudinal) frequency of 0.86 cps was lTll~;Jsured, which confirmed the fre­

quency predicted by analysis. Tlw pitch Erequency and pendulum frequency

were observed at about 0.3 cps and 0.1 cps, respectively. Dynamic instab­

ility was not observed in any of these test~:"

All perceptible oscillatory motion ~~s terminated 29 seconds after re­

lease when the damper shoes were engaged. X1so all dampers had returned to

within the locking range specifiE!d. When H.e damper shoes were disengaged

all perceptible oscillatory motion terminated 67 seconds after release.

9.4.2 Titan II launch control cEmter

a. Description. The equipment and personnel required to control the

missile launch operation are located in a sl'ock isolated three level framed

structure within an underground cylindrical chamber. The ICC structure, re­

ferred to as the cage, has a cir<~lar floor plan. The total weight supported

by the shock isolation system is 80 tons.

Figure 9.11 shows the layollt of the U:C cage and shock isolation system.

The ground shock must be attenuated tc less than 1. 0 g at the cage in

both the vertical and horizontal direction Eor protection of the operating

personnel.

b. Shock crt teria. The input motion lNas defined by a shock spectra

envelope predicting constant peak response displacements at low frequency

on the order of 12 inches vertically and 4 inches horizontally.

c. Shock isolation design,_ The Lee cage is supported by eight pendu­

lous spring assemblies evenly spaced around the periphery of the cage. Each

spring assembly consists of one coil spring within a cylindrical can. One

end of each spring assembly is attached to the LCe chamber roof and the other

end is attached to the second floor level of the cage, which is near the

vertical center-of-gravity to minimize coupling of modes.

The coil springs provide vertical shock attenuation at a frequency of

O. 75 cps. Universal joints at each end of the spring assemblies provide hori­

zontal shock attenuation by pendulum oscillations at a frecuency of about

0.3 cps.

The rattlespace prOVided fo!' ground shock displacements of the LCe cham-

ber is 12 inches at the top and bottom, c::tnl: is 4 inches around the periphery

of the cage. 563
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d. Design analysis. The response predicted by shock spectra was con­

sidered adequate for design, because the system symmetry tended to minimize

coupling of modes. The Titan I studies indicated the advantage of having

the center-of-rigidity located near the cent2r-of-gravity.

e. Tests performed. A series of tw,an~; tests was peJeformed at an oper­

ational site to verify the design adequacy oE the system. In the vertical

twang tests horizontal motions werl~ observ I2:d. Neoprene sheets had been

placed between the Lee chamber wall and th:rt:12 of the first level parti tion

walls and corresponding floors, in order to "Jorovide air conciitioning for the

operating personnel. Figure 9.12 shows th'2 layout plan for the first level

\

\Horizontal force
due to differential
pressure during
drop test.

, .." i Neoprene Sh€et
,filii' ,. , ~" ,-

'---'/ .J}-- ;...
'1:-.- 1-'

\ I'-
Kitchen and
Dining Room

Partition

FIGURE 9.12: Lee FIRST LEVEL
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of the LCC cage. These sheets caused unsymmetrical air pressures on the floor

and walls as the air, above and below the "cage, was alternately compressed

and expanded by the vertical motion of the cage within the chamber. When the

neoprene sheets, weFeopened at three places, the horizontal motion was consid­

erably reduced during subsequent tests.

A pneumatic damping as well as spring effect was also observed during

vertical oscillation, damping out the motion after two cycles. The major por­

tion of the damping was due to the viscous effects of the air trapped above

the third level. When several floor plates on the third level were removed,

the motion was completely damped in three cycles. The pneumatic damping ef­

fect did not significantly alter the spring characteristics as the frequency

remained close to the calculated value.

f. Problems encountered. The pneumatic effects caused by the neoprene

sheets were discussed above under the twang test results.

The rattlespace in some areas was found to be less than the specified

12 inches vertically and 4 inches horizontally.

9.4.3 Titan II equipment platforms

a. Description. There are several equipment items located on plat­

forms in the launch silo adjacent to the launch duct that are supported by

individual shock isolation systems.

The equipment tolerance required that the ground shock be attenuated to

3 g vertically and horizontally.

b. Shock criteria. Same as missile silo (see Section 9.4. l.b.).

c. Shock isolation design. All equipment platforms were supported by

pendulous spring assemblies. Figure 9.13 shows two arrangements used for

supporting the equipment. Coil springs located within cans welded to the

supporting structure provide vertical shock attenuation, while horizontal

shock attenuation is provided by the pendulum action of hanger rods with uni­

versal joints connecting the coil springs to the equipment platform.

d. Design analysis. The vertical and horizontal responses were assumed

to be independent single-degree-of-freedom systems predicted by the correspond­

ing shock spectra. Coupling of modes was neglected. Neglecting the combined

horizontal and vertical response underestimates the peak stresses at the spring

can attachments to the facility.
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--t.

~

FIGURE 9.13: SCHEMATIC /JrRANGEMENT OF ISOLATORS

FOR INDIVIDUAL EQUIP~U:NT

e. Tests performed. 1\,Jang tests were performed on all equipment plat­

form isolation systems. The accelerations were within the specified criteria

values. During the combined horizontal and ·vertical twang tests, the horizon­

tal displacements were amplified after a fE!l< cycles by about 25 percent over

the peak displacements predicted by shock s~ectra. This clearly indicated the

importance of considering the coupling response in a non-synunetrical system.

Fortunately the rattlespace was sufficient t) accomodate this amplified re-

sponse.

L Problems encountered. Coupling 0 E modes ampli Bed horizontal di s­

placements, but the rattlespace was adequate (see discussion of twang tests

above) •
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9.5 Minuteman ICBM Launch Facilities

9.5.1 Missile mount system (Wing I)

a. Description. The missile is centrally located in the underground

launch silo, and rests on a receiver ring ~ith no tie-down bet~een the missile

skirt and missile mount. The receiver ring rests concentrically on a support

ring, which is attached to a shock isolating support system. The missile is

launched directly from the silo. The total weight supported by the shock

isolation system is about 83,000 pounds.

The missile fragility determines the maximum allowable system response.

The maximum permissible axial loading on the missile skirt is the limiting

criteria.

b. Shock criteria. The ground shock spectra envelope used for design

of the shock isolation system was in the low frequency region. Originally,

the nuclear shock criteria were interpreted as follows:

(1) Input pulses to fit shock spectra envelope were positive

velocity pulses only, i.e.,no ground return.

(2) Vertical and horizontal inputs were in-phase.

Later on the criteria interpretation was revised as follows:

(1) The missile mount design must assume that the horizontal and

vertical ground shock input can occur ~ith any phasing.

(2) The design must be satisfactory for inputs of any velocity

pulse that fits the shock spectra envelope.

In addition to being capable of surviving loads and motions implied by

the velocity pulses, it was also reqUired that the system survive the loads

and motions implied by a direct application of shock spectra response.

c. Shock isolation design. The shock isolation system is shown in

Figure 9.14. It consists of three 100 inches long pendulum rods connecting

the missile support ring to one end of rocker arms, the other ends of which

are connected via rods to vertical coil springs within cans anchored to the

silo wall about 300 inches below the rocker arms. The three pendulum rods

have universal joints at each end and are spaced at equal intervals around th0

missile. The brackets supporting the rocker arm fulcrums are also attached Lo

the silo wall.
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FIGURE 9.14:

~'I"eti g Bra~,~.Mount n

Pendulum

N SYSTEM FOR
SHOCK ISO~~~~ILE (WING I)MINUTEMAN

Spring and
A'~semblyCan ,~,
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The vertical,compression loaded coil. springs provide isolation against

vertical ground motion and the pendulum rods provide isolation against hori­

zontal ground motion. No additional damping is used, since sufficient damp­

ing occurs through the inherent frictional energy losses of the isolation sys­

tem. The total vertical spring stiffness is 18.000 pounds per inch.

Vertical displacement is limited to 4.3 inches by the rocker arm and

snubber block arrangement. Horizontal motion at the mount is limited to 6.0

inches by the rattlespace. Snubbers were added to the rocker arm to prevent

support ring movement after the springs were unloaded, in order to avoid im­

pact of the support ring with the missile nozzles during launch.

The support and isolation system hardware was designed for three times

the maximum load obtained from the dynamic analysis. The hard mounted struc­

tural elements were designed to take the unattenuated shock loads.

d. Design analysis. Design of the missile shock isolation system was

based on the following criteria:

(1) The minimum missile axial load must be greater than 0.2 times

the missile weight, and no separation must occur between the

missile skirt and the mount under combined axial load and

pitch motion.

(2) Missile and mount displacements must be less than the

available ratt1espace.

(3) Eccentric axial loading on the missile skirt must not exceed

the allowable bending moment. If this criteria is met the

missile will not impact the silo or tip over.

(4) All oscillations must be damped within the specified time period.

(5) Factor of safety for the missile structure is 1.5.

After the system is exposed to the specified shock the missile must re­

turn to within the folloWing limits of its initial position:

(1) Verticality. The missile axis shall be within a 15 minute angle

from the vertical.

(2) Lateral positioning. The missile axis shall be within 0.5 inch

of the silo centerline in the plane of the missile base.

(3) Vertical positioning. The missile elevation shall be maintain­
+

ed to within - 0.25 inch.
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These positioning cri teria restrict: the amount of Coulomb damping per­

mi tted in the isolation system.

In a preliminary design study using '5C inch pendulum arms, the vertical

frequency was twice the pitch frequency, so that there was coupling between

the vertical mode and pitch mode. The pendulum arms were extended to 100

inches to decouple the two modes.

A two-dimensional analysis model was found to be adequate for establish-

ing final design. The model is characterized by:

(1) two-dimensions

(2) three-degrees-of-freedom

(3) linear springs

(4) rigid missile

(5) non-linear motiom:

(6) initial tilts and center of gravi ty offsets

(7) damping values frem test program

The values used for the analysis model are shown in Figure 9.15. Using

feed-back from the test program th,e analytical model was able to predict the

test results with a high degree of accuracy. The flow diag:ram for the design

and qualification procedure is Sh01rJTl in Fi guxe 9.16.

The effect of missile bending was found to be negligible in relation to

the mount behavior because of sufficient fr12,~uency separation. A three dimen­

sional analysis showed that the frequency r.3ti08 were such that vertical energy

could not be transferred to the missile pitch mode or lateral mode.

It was assumed that horizontal inputs lagged the vertical. A study of

input phasing indicated that the minimum margin of safety occurs at zero phas­

ing with 0.5 inch center-of-gravity offset, 0.25 degree initial tilt, and the

damping value obtained from system testing.

e. Tests performed. The dynamic characteristics of the missile mount

system were determined by testing. Motion Was initiated by statically dis­

placing the missile mount to the design shock values, and suddenly releasing

it.

Originally, excess friction due to rubbing of the springs and vertical

rods, plus friction in the rocker arm bearings, prevented v~~rtical alignment
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after simulated ground shock. That condition was fixed by relieving binding

in the springs, and improving the rocker arm bearings.

Vertical oscillations were damped out in about 6 seconds. Lateral os­

cillations persisted longer, but were damped within the 5 minute limit. The

missile was within verticality limits after oscillations ceased.

The structural capability of the missile skirt under axial loading was

not exceeded, and the missile was stable.

f. Comments. The system is displacement limited in the vertical di­

rection to about 4.3 inches because of the rocker arm design.

9.5.2 Missile mount system (Wings II-VI)

a. Description. The Minuteman missile design used for these wings is

essentially the same as the missile design used for Wing I. However, the

shock isolation system had to be redesigned for higher ground shock require-

ments.

b. Shock criteria. The ground shock spectra envelope used for design

of the shock isolation system was in the intermediate displacement region

(see Section 9.5.I.b).
c. Shock isolation design. The rods and rocker arms of the Wing I

system are replaced by a cable and pulley arrangement with the same vertical

dimensions. The vertical spring stiffness is reduced to 4500 pounds per inch

to allow for the higher shock levels. The lower spring stiffness made it ne~­

essary to add torsion bars between the springs to increase the net pitch stiff­

ness. The shock isolation system is shown in Figure 9.17 c

Vertical displacement is limited to 12.5 inches by snubber cables. lIor­

izonta1 displacement at the mount is limited to 6 inches by the rattlespace.

d. Alternate designs considered. Liquid springs were given serious

consideration for use in place of the coil springs. A shock isolation systern

design for the Minuteman missile incorporating liquid springs is shown in

Figure 9.18. Vertical shock attenuation is achieved by a piston movement,

which causes expansion and contraction of the liquid within a cylinder. Hori­

zontal shock attenuation is achieved by the pendulum action of the spring

assembly. Three liquid springs are hydraulically interconnected to achieve

the required pitch stiffness.
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It is possible to obtain equivalent spring rates with liquid springs

of a smaller diameter th~m the di.:lmeter of the corresponding coil springs.

This is important where space is limited.

The liqUid spring system fo:c the Minuteman missile mount was shown to

have a lower production cost than the coil spring system. However, the liquid

spri ng system was not adopted because of t:h~! longer time rE!quired to obtain

a qualified design.

e. Design analysis. The 11.::sign cri te'ria for the Wings II - VI missile

shock isolation system are the Silme as the::ri teria used for the Wing I system

except the i ni tial ground shock i1mpli tudes are higher for I-fings II - VI. (See

Section 9.S.1.d.)

A two-dimensional analysis model was found to be adecuate for establish­

ing final design. The values used for the analysis model 8.re shown in Figure

9. 19.

The reduction in the vertical spring ~,tiffness required by the larger

displacements for Wings II - VI "I:esulted in pitch instability, which made it

necessary to add torsional stiffener bars bEtween the vertical compression

springs to increase pitch stabillty.

The support and isolation Bystem hardware was designed for three times

the maximum load obtained from the dynamic i:nalysis, except the cables, which

are designed to have an ultimate strength six times the static load.

f. Tests performed. The dynamic cba:racteri sties of the missi Ie mount

system were determined by testing. The system was pulled down because of the

larger displacements.

Osci llations were damped out wi thin tte speci fled tirre period.

g. Comments. The complex!.ty of the coil spring system results in very

high production costs (see Section 9.5.2.d).

9.5.3 Minuteman launch equipment.room (LER)(Wings I-V)

a. Description. Several of the equipment items required for missile

launch are mounted on a shock isolated platform in the annular space around

the top of the missile silo. The platform tas an inner radius of about 7 feet,

an outside radius of about 12 feet, extends annularly for apprOXimately 1500

of arc ,and weighs 17 ,000 pounds. Plan and !,ection views of the platform are

shown in Figure 9.20.
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FIGURE 9.20; PLAN AND SECTION VIEWS OF LER PLATFORN

Eight electrqnlc equipment racks are located along the outer periphery

of the platform. l'he shock isolation SYSt~111 was designed to protect the most

fragi Ie piece of eqllipment mountl~d on the platform, and the design was based

on an allowable mli~lmum incrementi3.1 acceleration load of 3. g's in any di­

rection.
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b. Shock criteria. The shock input was given in terms of shock re­

sponse spectra. Input velocity pulses were derived consistent with the given

shock spectra for an evaluation analysis after the design was complete.

c. Shock isolation design. Twelve hanger rod and compression spring

assemblies attached to the LER ceiling and uniformly spaced around the edges

of the platform, support and isolate the platform. A combination of five

spring rates were used in an attempt to obtain dynamic symmetry throughout

the platform (i.e. to get the center-of-rigidity to coincide with the center­

of- gravi ty).

The isolators utilize a rod and support can that confine a coil

spring; end plates and stops are attached to the rod and can, which cause the

spring to be loaded in compression from either axial direction (see Figure

9.21). Transfer of force from one set of plates and stops to the other occurs

at the no load position. The spring wire sizes varied from 5/8 to 1 3/8 inches

in diameter and mean diameters varied from 4 to 7 5/8 inches in diameter in

the different assemblies. The hanger rods are made of 2 inch diameter pipe.

- Facility Ceiling

Stop,

Ring Plate

- Tension~Compression Spring

FIGURE 9.21: TYPICAL COMPRESSION
SPRING CAN ASSEMBLY

- Hanger Rod
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The horizontalrattlespace is 6 inches. Vertical displacement is lim­

i ted to about 12 inches by the fu 1.1 compresdon of the spri ngs. Pneumatic

sway dampers are attached between the platform and capsule wall for qUick

post-attack capability.

d. Design analysis. The initial design was based on shock spectra

response only. Coupling was assumed to be negligible.

After the system was designed, a dynamic analysis was performed so that

the design adequacy or deficiency could be established.

A comprehensive analysis included (1) synthesized wave forms, (2) 5 per­

cent vertical damping, (3) non-linear stiffness curve and viscous damping to

represent the sway dampers, (4) horizontal shock inputs from eight directions,

(5) different phasing of vertical and horizontal shock inputs, and (6) center­

of-gravity eccentricity.

e. Tests performed. The s\Vay dampE!:r characteristics were measured at

the Air Foree Weapons Laboratory (AFWL) shock-displacement test facility at

frequencies and displacement~ used for an(1)'s1s. The non-linear stiffness

and damping factors were then used for a final analysis.

The isolators were also teBted at AE~~rL and found to have less than 5

percent critical damping.

9.5.4 Minuteman launch equipment~.room (Wi2~~; VI)

a. Description. Only the configuration design changes from Wings I-V

will be mentioned here. The weight of the LER platform was increased to

29,000 pounds.

b. Shock criteria. The criteria were the same as for Wings I-V (see

Section 9.S.3.b).

c. Shock isolation design.. The number of isolators was reduced to

eight with 3 different spring rates, 62S, 1210, and 1940 1bs./in. The ratt1e­

space was increased to 12 inches horizontally and 14 inches vertica1~y. The

hanger rods were increased to 5" clUtside diameter. Sway dampers were re­

moved. Modifications were made in the spring assembly after testing (see

Section 9.S.4.e). The double con~ression springs were replaced by tension­

compression springs, and teflon E:pacers were uti lized at the rod-to-can

interfaces. (A tension-compression spring ~s illustrated in Figure 9.21.)



d. Design Analysis. An attempt was made to put a I g floor in the

LER, but the spring was too large for the available space and the floor be­

came too sensitive to small changes in weight.

A dynamic analysis program was used, which handled 3-dimensional analy­

sis of floors, various combinations of geometry, center-oE-gravity location,

linear and non-linear isolators, friction damping and shock phasing. A lat­

eral shock analysis of each isolator was conducted to determine bending mo­

ments in the isolator rod and lateral acceleration history of the platform.

The results were used to size the hanger rods.

e. Tests performed. Tests were conducted to determine high frequency

shock transmission of the isolators. The high frequency equipment fragility

level was around 109. A floor segment including two cabinets was suspended by

two isolators from the input beam. The input beam was made to move in a

prescribed acceleration-time history to create the input environment. A pen­

dulum struck this beam to produce horizontal impact. The pulse was varied

by placing rubber pads between the pendulum and beam, foam rubber between the

beam and support structure, and by adjusting the pendulum drop height.

The vertical impact was provided by four double acting air jacks

that support the beam vertically. Initial air pressure and cavity volume in

the jacks plus foam between the beam and support structure shape the vertical

pulse. A hydraulic-mechanical quick-release device was used to restrain and

release the jacks. The test configuration is shown in Figure 9.22.

Initial tests conducted on the double compression-spring isolators dem­

onstrated that impacting of the isolators internal parts created unacceptable

high frequency accelerations at the LER floor equipment tie-down locations.

A modified design utilized tension-compression springs and teflon spac­

ers at the two rod-to-can interfaces. Incorporation of the tension-compression

isolator reduced the floor environment during vertical testing approximately

3 times for frequencies above 100 cps, which are induced mainly by internal parts

impact (see Figure 9.23). The tension-compression design may aggravate the

floor response below 100 cps, due to changes in spring surge frequencies and

load path transmission.

The floor environment due to horizontal impact is well within the crit­

eria for the tension-compression design. The teflon spacers between the rod
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and can were responsible for a reduction in floor acceleration during ho:tizon­

tal testing of approximately 4 titm:s.

Tests with elastomer isolatOl~ pads indicated that they are most effect­

ive when loaded in shear. However, the equipment environmer,t will be in­

creased at frequencies near the b50lated equipment-an-pad frequencies.

9. S. 5 Minuteman launch equipment l~ui1ding _L~~~m) (Wings II-V).

a. Description. The power !3upply and air conditioning equipment need­

ed for the missile launch facility are locatE~d in the underground launch equip­

ment bui lding. The equipment is placed on ,8 rectangular platform approximate­

ly 15 by 25 feet in size. The tot1l1 weight Is about 30,000 pounds.

It was necessary for the shock isolation system to attenuate the peak

ground accelerations to a level less than 3 ~;'s vertically and horizontally.

b. Shock criteria. The input to thE~ ::hock isolation .system was defin­

ed in terms of shock spectra, which were VeT)' low.

c. Shock isolation design. The LEB platform is supported by ten vert­

ical spring isolators. Figure 9. :~Il· shows the LEB platform plan and isolator

, Typical Compression Spring

~ Typical Rubber Spring

Plan

~. Faci li ty
t"la 11

r Rubber Spring

=

Section

FIGURE 9.24: LEB PLATFORt1 SHOCK ISOLATION SYSTEM
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locations. The basic LEB isolator design utilized a compression spring and

support can, similar to LER Wing I-V isolator design (see Figure 9.21).

Horizontally there are rubber bumpers between the platform and side walls.

d. Design analysis. The system was assumed to be uncoupled in the

vertical and horizontal directions and, thus, shock spectra were directly ap­

plicable. A dynamic analysis was not performed.

9.5.6 Minuteman launch eguipment building (Wing VI)

a. Description. The loaded LEB platform weight increased to 60,000

pounds for Wing VI. Increased ground shock magnitude made it necessary to re­

design the shock isolation system.

The shock attenuation requirement was the same as that for Wings II-V,

namely, less than 3 g's vertically and horizontally.

b. Shock criteria. The input was defined in terms of shock spectra,

and the input levels are in the moderate to high level region.

c. Shock isolation design. The Wing VI shock isolation system consists

of four pendulous spring isolators which support the LEB platform at the cor­

ners. It is a low center-of-gravity pendulous system. The isolator design

utilized coil springs, compression mounted in a can assembly, and cable sup­

ported from the facility roof slab. A schematic of the isolator is shown in

Figure 9.25.

d. Design analysis. A comparison study was performed to determine the

most economical isolator design. A vertical response of 3 g's versus a verti­

cal response of 1 g was considered. It was found that the I g coil spring

isolator was most feasible, especially since a flexible cable can be used to

support the spring elements. The flexible cable can tolerate the initial

horizontal shock without inducing significant bending stresses in the spring

can. Conversely a rigid rod would have to be stiff enough to resist elastic­

ally the bending due to the high initial horizontal shock.

A dynamic analysis was performed to determine the maximum coupled re­

sponse. Velocity pulses derived from the given shock spectra were used as

inputs at the support points. It was found that the maximum coupled displac~­

ment response was about 20 percent greater than the single-degree-of-freedom

response, when the horizontal and vertical pulses were in phase. When the

vertical pulse leads the horizontal pulse by about I second, the horizontal

displacement responSe is amplified by about 75 percent.
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Cable

Upper Coil
Spring

Lower Coil
Spring

FIGURE 9.25: LI:1I SHOCK ISOLATOR
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e. Tests performed. Impact testing was conducted on the LEB isolator, nnd

data was obtained to determine the adequacy of the isola.tor for high frequency

shock transmissibility characteristics.

Initial testing was conducted when no positive means of attachment had been

provided between the three load interfaces within the can; namely the cable­

to-bottom coil, coil-to-coil, and top coil-to-can interfaces.

The second series of LEB tests were conducted on isolators modified to

include four bolts fixing the top coil-to-can interface.

The third series of LEB tests included a rubber ring on the bottom coil­

to-cable interface plate, bolting of this "damping" plate to the bottom coi 1,

banding straps to provide a fixed coil-to-coil interface, and load cells in­

corporated on the top coil-to-can bolted interface.

The LEE isolator design does not transmit the input accelerations to

the floor. The floor vibrations are induced by cable-to-can contact in the

horizontal axes, and surging and rubbing in the vertical axis.

The horizontal floor vibrations are within acceptable limits (less than

10 g in the high frequency region) as shown in Figure 9.26. Release of the

compressive load in the isolator excites the natural vibration modes of the

coil springs. This would occur even if the cable were replaced by a rod and

the coil were forced to expand at the input velocity. This rate is high

enough to excite the coil spring'sinherent modes of response. The floor vi­

bration environment during vertical testing can be attributed to this phen­

omenon(referred to as surging of the spring) in conjunction with impacting and

rubbing of the coil and damping plate on the can. The data shows that the

surging amplitudes are high enough to overcome the static compressive load in

the spring. The upper coil spring and can recorded loss of contact at 70

milliseconds after time zero, and impact at ISO milliseconds. Figure 9.26

shows the severity of thi s impact. It is important to note that thi s floor

environment is relatively independent of the ground motion, or input level.

To induce spring surging, only a sufficient relative ground - floor velocity

is required.

FiXing the upper coil-to-can interface eliminated the impact which oc­

curred at 150 milliseconds. By reducing the floor response resulting from

this impact, the spectra in Figure 9.26 indicate that the high frequency vi­

bration levels can be reduced to about one fifth.
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9.5.7 Minuteman launch control equipment building (LCEB)(Wings I-V)

a. Description. The power supply and air conditioning equipment need­

ed for the launch control center are located in the underground launch con-

trol equipment building on an equipment platform,

LCEB enclosure.

shock isolated within the

The peak acceleration response of the platform must not exceed 3 g's

vertically and horizontally.

b. Shock criteria. The shock input was defined in terms of shock

spectra in the moderate to high ground motion region.

c. Shock isolation design. The LCEB platform is supported by 12 pen­

dulous spring isolators. Lateral restraint is provided by leaf springs which

rub against the side walls of the enclosure. The leaf spring is shown in

Figure 9.27. The vertical isolators utilize a coil spring-in~an arrangement

very similar to the LER spring design (see Figure 9.21).

Faci Ii ty Wall

.'

, ,

e:, I,'

,

Wc; ,:£

[

I,, ,
, .

" I
Leaf Spring

.'....,
I

Top of Shock
Isolated Platform

, .~

FIGURE 9.27: TYPICAL LEAF SPRING DETAIL
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This system seemed desirable based on previous designs, because the

vertical and horizontal spring syst4:!ms were uncoupled for all practical pur­

poses.

d. Design analysis. The isolator sys:t2m was designed by estimating

natural frequencies, assuming the system was 'Jncoupled. Spring forces and

stl ffness were established on the b~lSis of e:stimated center-of-gravi ty loca­

tion, assuming a single-degree-of-freedom re:nonse based on shock spectra.

The peak responses were reevaluated after wei~hts and eccentricities had been

measured, they were found to be hishly stable.

e. Conrnents. The isolator assembly impact motions induce high fre­

quency vibrations of the platform as were des:::ribed for the LER platform

(see Section 9.5.4.e). The equipment was not sensitive to high frequency

vibrations, therefore modifications were not required to eliminate the chatter

of the isolator components during dynamic re:';:.onse.

9.5.8 Minuteman launch control egu~ipment ~L~!ding (Wing VI)

a. Description. Increased ground shock criteria required redesign of

the shock isolation system. The allowable p13tform response remained the same,

b. Shock criteria. The shock input v,'a::, defined in te:rms of shock spec­

tra in the high ground-motion region. Since the system is not linear, veloc­

ity pulses were defined for initial downward 9nd initial upward motion.

c. Shock isolator design. The LCER p19tform is supported within its

enclosure by four pendulous bi linear liquid ;'3Pri ng assemblie:3. Figure 9.28

is a schematic diagram showing the 1..CER shock isolation system layout. Fig­

ure 9.29 shows a cross-sectional view of the liquid spring,

The maximum rattlespace of the platform from its static position is 33

inches upward, 11 inches downward, and 20 inc'1es horizontally relative to the

enclosure~

In the static position, the isolator acts as a tension spring support­

ing the platform in space by the action of pressurized liquid in the cylinder.

Two types of ground shock are assumed to be encountered:

(1) Positive Pulse - During a positive pulse, the enclosure

ini tially moves dOwnward allowi ng the low rate piston (upper

rod) to move down relative to the platform du,e to the reaction
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of the liquid pressure on the face of the piston. The high

rate piston (lower rod) moves up relative to the isolator

body.

As the platform returns to, or travels beyond its relative

static position,the piston compresses the liquid in the

cylinders increasing resistance to the downward movement of

the platform.

(2) Negative Pulse - During a negative pulse the enclosure

initially moves upward. This moves the isolator upward rela­

tive to the platform, thereby extending the high rate piston.

As the piston extends,the liquid in the lower cylinder is com­

pressed tending to return the platform to the relative static

position.

d. Design analysis. The system studies (and conclusions) performed

for the Minuteman Launch Control Center (see Section 9.5.11) isolation system

were the basis for selection of the isolation system for the LCEB.

A 3-dimensional model of the total system was used to establish the de­

sign for the rigid body motions (see Figure 9.30). Vertical and horizontal

velocity pulses with and without ground return were used and phased within

reasonable limits to obtain the maximum response.

A model of a single isolator was also used to evaluate the effect of

the isolator component characteristics. This model is shown in Figure 9.31

with definitions of all the symbols.

e. Tests performed. A test program was implemented to verify that the

dynamic analysis model (single isolator as shown in Figure 9.31) satisfact­

orily predicts the dynamic response of the single isolator. Displacement

tests were performed by first displacing the floor mass, and then quickly re­

leasing the mass, allowing free oscillations. Satisfactory correlation was

obtained. It is interesting to compare the floor acceleration for (1) an

initial relative upward displacement of 33 inches (equivalent to an initial

downward ground motion) and (2) an initial relative downward displacement of

10 inches (equivalent to an initial upward ground motion) as shown in Figure

9.32. The maximum acceleration for case (1) above is 0.6 g, and for case
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Vertical ground displacement

Upper rod vertical displacement relative to static position
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Damping coefficient between upper rod and isolator body.
Subscripts P and N denote positive and negative damping
respectively. Damping coefficient is function of position
Damping coefficient between lower rod and isolator body

Where KA

~
K
C

Kl
K

2
Dist.l--

Dist.2--

Spring rate of chain

Spring rate of soft liquid spring

Spring rate of hard liquid spri ng

Spring rate of stop between isolator body and upper rod
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FIGURE 9.31: SINGLE ISOLATOR DYNAMIC MODEL
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(2) the maximum acceleration is 1.75 g, indicating a lower response acceler­

ation for the platform if the initial ground motion is down. In most prac­

tical situations,at high overpressure levels,the significant initial motion

is down. Therefore, this design minimizes the total vertical rattlespace by

using bilinear characteristics in the isolator design.

9.5.9 Minuteman launch control center (LCC)(Wing I)

a. Description. The launch control center consists of the facility

control consoles and associated electronic equipment needed for operational

control of the missile site and launch sequence. The platform supporting

the above equipment and operating personnel is roughly 12 feet wide by 30

feet long, weighing approximately 80,000 pounds, and is located within the

LCC enclosure.

The maximum platform acceleration permitted was 3 g in any direction.

However, the downward acceleration was limited to 0.5 g to prevent an un­

supported man from falling.

b. Shock criteria. The shock input was defined in terms of shock

spectra.

c. Shock isolation design. The LCC platform is supported by 4 pendu~

lous pneumatic shock isolators attached to the LCC enclosure roof. There are

4 pneumatic sway dampers attached horizontally between the platform and en­

closure walls. The rattlespace is 34 inches up, 11 inches down, and 11 inch­

es in any lateral direction.

Figure 9.33 is a cross-section view of the pneumatic spring. Each

pneumatic shock isolator consists of a piston, cylinder, air storage tank,

coil spring, and several check valves and bleed holes. A compressed air

supply is connected to each storage tank. The piston rod is attached to the

capsule roof, and the bottom of the cylinder to the platform. A neutral pos­

ition is maintained by the action of the compression coil spring and sliding

valve located between the piston and cylinder end plate. In the neutral posi­

tion, the isolator acts as a conventional ppeumatic spring, and platform weight

is supported by the pressurized air in the cylinder.

During a ground shock the enclosure moves downward, forcing the piston

to move down. Thus,the air pressure in the cylinder is reduced, and air

bleeds through the check valves into the cy~inder from the storage tank. The

598

\



Piston Rod End .. -"".-" Bleed Forts

Indicator

Spring Guide
Sliding Valve

Tank

Pressure Relief
Valve

'- Air Inlet

SVJivel

: \
I,
I
I

1 -.---

, '
. .... ...--r.-' i

I

:
--,.~ '._-,
.,~ 1.- __

1
\

!I,

I'
I.,
ii"
"

i
i \

II
II .
, '
il-----

~-A Ii
, I
i \
, I
; i
:i

I: 'II

" Ii, I

! i II' I

Ii I
" 1

I I
I I

: 'I

- ')Jl~"i~}~l)~,;~,-
C" ,.--....-.------
- ----__ .._,1

Breather
Openings

Check
Valve

Bleed Valve
---..... n

'--,,~ }.i~,
~ ~\.J,. \\

---==1-1'~\~

I! ~.'
I '.

~rL',_i:,',,11 C"r C":

I 1'1 c.:',
i I c·

I

II' II ;" -. ,,'.

" ic--',' 'J

II -- i / ,.-'

C :! .../':~:':)
I' I _...-- 'i,·.~·

I -t· \........ . I I~J

l'...---- i I c--= Ii,:':",_______ ! II ;.__10- J

: r j:, :, i,-"'~)II _" ,-"'-~ I '1"'- ....
il~ ;; (-_'.~, !: .... ,:)

. I I:'--~ LJj~-·--
MechanIcal i I

Spring I r-
I

Bleed Holes

FIGURE 9.33: PNEUl1ATIC SHOCK ISOLATOR
599

.,.;



entering air, together with the air initially in the cylinder, partially

supports the weight of the platform, reducing downward displacement and ac­

celeration of the platform. As the enclosure returns toward its initial pos­

ition, the piston compresses the air in the cylinder, stopping the downward

movement of the platform. However, the additional air drawn into the cylind­

er during the downward stroke of the piston must be released during the up­

ward stroke of the piston, in order to return the platform to the neutral pos­

ition. Two methods of releasing air are provided: (1) Small orifices in

the piston rod release air from the cylinder when the piston is displaced

downward from the normal position. (2) A number of pressure relief valves

release "excess pressure" in the cylinder into the storage tank and into the

LCC enclosure if required, depending upon the magnitude of the initial ground

shock.

The pneumatic sway damper utilizes a double acting piston motion in a

cylinder, which has bleed holes at either end. Maximum damping occurs under

maximum enclosure accelerations, due to friction losses when the air, com­

pressed by the rapidly moving piston, is allowed to bleed out of the cylinder.

d. Alternate designs considered. Coil springs were considered in the

preliminary stages of design. However, the space envelope required to accomo­

date the linear shock spectra response, as well as the spring elements, was

considered excessive.

e. Design analysis. Wave forms were derived by matching given shock

spectra and used as the input to the isolator support point. A single isola­

tor with a sway damper acting as a two-degree-of-freedom system was the model

used for the design analysis. Three combinations of weight and wave forms

were used to check the performance of the system under different loading con­

ditions. A separate analysis was also performed to investigate the rotation

about the vertical axis. The analysis indicated that there would be no feed­

back from the rotational mode into the transverse or vertical mode.

f. Tests performed. A test fixture capable of supporting a full-scale

Lee floor prototype was built at AFWL. Velocity pulses are applied to simu­

late ground shock conditions. The tests showed acceptable dynamic response,

but correlation of test with analysis was unattainable, because of unknown dy­

namic characteristics of the internal check valves and relief valves in the

isolator. 600



g. Problems encountered. For a pneumatic system to function satis­

factorily, the air leakage must: be kept to a minimum. The first units de­

livered to the installations had excessive leakage, requiring makeup air

bottles to be replaced on a dai.ly basis, Khereas, the design replacement

cycle was 30 days. Design modHications Kl~re made on the seals to decrease

leakage. An air compressor had to be added to the systerr, because air leak­

age could not be reduced to an acceptable value.

Leveling of the floor was a problem in the ini tia1 phases of installa­

tion, because of imperfect proC:E!dures used to adjust the air pressure.

9.5.10 Minuteman launch contre~~ center (~}ngs II-V)

a. Description. The major difference from Wing I design was in the

method of attaching the shock isolators to the LCC enclosure. A length of

chain was inserted between the ceiling and the piston rod on the pneumatic

spri ng (see Figure 9.34). In addi tion, He sway dampers were removed from

the platforms for Wings IV and V.

b. Design analysi s. A three-dime:ns ional ri gid- body dynamic analysi s

was developed in order to verify the design adequacy of the system for var­

ious phasing combinations of thE~ vertical and horizontal inputs. This analy­

sis was prograrrmed for computer solution, and acceptable correlation was ob­

tained with the test program at AFWL. Difficulty existed in obtaining good

correlation to verify the ratttElspace adequacy, because the dynamic char­

acteristics of the check valve8 and, relief valves in the isolator could not

be determined with any degree of accura,cy.

c. Tests performed. The test facility at AFWL was used to verify the

computer analysis of the system performance (see Section 9.S.9.f).

9.5.11 Minuteman launch contr()~ center ('-"ing VI)

a. Description. The shoek isolatie,n system had to be redesigned to

provide for increased weight on the LCe platform and for higher input shock

levels. The platform weight is between 80 and 8S tons.

Vertical platform accelerations are limi ted to values which produce nO

more than a 3 g vector sum for the peak vErtical and horizontal accelerations

together.

b. Shock criteria. The shock inputs were defined in terms of shock

spectra, and ve10ct ty pulses wer,e defined '.rhich produced responses wi thin the

given shock spectre (see Section 9.S.8.b).

601



C
o

n
tr

o
l

P
an

el

'.

In
d

ic
a
to

r

C
ei

li
n

g

//
1

,
-1

-.
"

'.:'.
...4

_

t;

~r
:I
I'
I

%
{"uJ

,
/

sq/,,~1
'~<...

......
~"
."

t;'!
r«

f
l<

iJ
"ll"

<
"
,
~

~
,,

'.

-;
.;

-;
/"

~
A

ir
~;:

',,-
LI

'..
/

S
u

p
p

ly
Il

""':
~

.'
-
-
J
,_

,
/'

,
r
,

~~_
;>'

.~"
.

/:
-:

:'
.~"

'J,
.

".
.~

/
/

/'
-

l;
'
"
,

"
.

Ir
-
-
-
~
-

".
.,.

;:
<

.
"
-
"
"
"
,

S
h

o
ck

ii
Is

o
la

to
r

~
/1

/
~

,
I
.
'

~
I
.
J

S
'W

ay
D

am
pe

rs

I
' I

F
IG

U
R

E
9

.3
4

:
PN

EL
Ti

>l
A

TI
C

SH
O

C
K

IS
O

L
A

T
IO

N
S

Y
S

T
E

M
,W

IN
G

S
I
I

A
N

D
I
I
I



c. 'Shock isolation desig!!~ Four bi linear liquid spring isolators

support the LCC platform. The description fOT the LCEB Wing VI isolation

system is also applicable for this system (see Section 9.5.B.c).

d. Alternate designs cor!)dered. Preliminary studies were performed

to determine the type of isolation systenls to be used for Wing VI LCC and

LCEB. The first choice 'WBS to c(mtinue the pneumatic system used for the

Wings I - V LCC, in order to eliminate the development cost of a ne'W isola­

tion system. A ne'W design 'Was requiredwhe:n it became obvious that the Wing

VI LCC platform weight 'Would bE more than t\\lice that of the Wings I - V LCC

platform. A special bilinear liquid spring isolator and an air-bag pneumatic

isolator were proposed. (A nor:,-linear system was mandatory, since the rattle­

space had already been established on the assumption that the Wing I - V non­

linear pneumatic isolators would be used. The latter produce a total ampli­

tude response less than that required for a linear system.)

The air-bag pneumatic sys,tem operati ng characteristics 'Were the same as

the Wing I - V LCC pneumatic i5:c.lators. The rolling sleeve bellows replacing

the piston cylinder 'Would reduce: air leakage. Figure 9.35 sho'Ws a schematic

of the air-bag isolator with some of the advantages and disadvantages listed.

In the liquid spring study it 'WBS found that a bilinear passive liquid

spring would satisfy the requirements of the system (acceleration attenuation

and rattlespace). Also the lic,uid spring seal design maintained leakage at

a negligible amount, and was now within the state-of-the-art. The simplicity

of the liquid spring isolator ~as preferred over the pneumatic system.

e. Design analysis and t:!::sts perf~~!~ed. The analyses and tests dis­

cussed for the Wing VI LCEB 'Were also performed on this system (see Sections

9.5.8. d and e).

9.5.12 Minuteman antenna systel)!

a. Description. The minlJteman antenna is protected from air blast ef­

fects through the use of an underground silo. Prior to missile launch the

silo cover is removed, and the telescoping antenna is extended above the

ground surface level. The antenna is mounted in a structural crib, 'Which is

shock isolated within the antenna silo.

The lowest fragility level for the antenna components was found to be

5 to 10 g's at 10'W frequencies.
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b. Shock criteria. The input moticm VJas given in terms of shock

spectra response levels. Velocity pulses 1..Jerea1so defined as input func­

tions. In addition to horizontal and ve:rtical input components, a rotation

input was also defined.

c. Shock isolation des.!..g.!~.:.. The antenna crib is shock isolated from

the silo by means of horizontal and vertical cables attached to the silo at

one end and to coil springs mounted on thl: crib at the other end. Figure

9.36 shows the cable and crib nrrangemenlt ~.jithin the antenna silo. the com­

pression coil springs are mounted within 'Jertica1 tubes attached to the outside

of the crib.

In the neutral position, the verticill springs are compressed 45 inches

and the horizontal springs are compressed 20 inches, VJhich alloVJs the springs

to remain in compression for aU. the dynarric motions postulated."

d. Design analysis. ThE! model used for dynamic analysis is shown in

Figure 9.37. In order to make a reasonable dynamic analysis of this system

the follOWing assumptions were made:

(1) All the mot ion is initially in the x-z plane, and due to damp­

ing present, only motion on this plane was considered. (This

reduces the system to a three-degree -of-freedom system.)

(2) Vertical, horizontal, and pitch shock pulses in and out of

phase should be considered.

(3) The crib and si 10 move essentially as a rigid body.

(4) Rotation of the crib in the x-z plane is about the center-of­

gravi ty.

(5) The vertical springs are conical and the horizontal springs

are truly hori zonta1 at equi Ii brium.

(6) All spri ng attachment points are fixed.

(7) All the damping forces of each type (friction or viscous) can

be combined intc (me force acting at the center-of-gravity in

the direction of the mode.

(8) Each pair of parallel vertic$l springs can be considered as one

effective spring.
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FIGURE 9.36: TRANSMIT ANTENNA
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FIGURE 9.37: SUSPENSION SYSTEM SCHEMATIC DIAGRAM
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The equations of motion that were developed are three ordinary diff­

erential equations, taking into account both the viscous and the friction

damping, and the coupling terms containing extreme non-linearities due to

the wrge displacement both in the vertical and horizontal directions. In

order to solve the equations, the Runge-Kutta numerical technique was used,

and the time increment chosen in the solution was 1/100 second.

The response was found to be less than 1 g (dynamic) vertically and

0.5 g horizontally for all variations of input and practical variations of

viscous and friction damping. These factors were verified in a test program.

The displacement response slightly exceeded the shock spectra displacements,

indicating very little coupling.

e. Tests performed. A prototype antenna was erected in a test fixture

where twang tests were performed, i.e. the antenna was given an initial dis­

placement vertically and horizontally, and a quick release allowed free os­

cillations. From these tests it was concluded that the predominating damping

was due to friction, and the viscous damping was small, approximately 5 per­

cent. This same input condition was used in the computer analysis with the

measured damping characteristics and excellent correlation was observed,

accordingly this test program verified the dynamic analysis.

f. Problems encountered. Some slack in the cable occurs during the

initial motion of the silo support points, because the springs are quite soft,

and the response is not fast enough to follow the ground surface. Protective

guards had to be put over some of the components in the region of the vertical

cables, so the cable would not snag on the components.

9.6 NORAD Facilities

a. Description. The North American Air Defense Command (NORAD) Combat

Operations Center (CDC) consists of a complex of shock isolated buildings lo­

cated within unlined rock cavities. The building complex consists of 8 three­

story buildings and various utility structures. The 8 main buildings measure

41 feet in width, 40 feet in height, and vary in length from 100 to 320 feet.

A typical section is shown in Figure 9.38. Utility buildings are one and two

story structures somewhat smaller in plan than the main buildings.
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FIGURE 9.38: NORAD FACUlTY·· TYPICAL SECTION

The shock isolation system was required to limit peak accelerations in

any direction to 1 g maximum.

b. Shock criteria. The input motions were given as two sets of ground

displacements; ground transmitted, and air induced shock displacements. Peak

displacements were considered not to be additive, but a vertical displacement

from one source could act with the horizontal displacement from the other

source. The input displacements were assurred to be instantaneous.

c. Shock isolation design. A base-mounted shock isolation system is

used to attenuate the vertical eLnd horizontal ground shock. Each of the stiff

monocoque buildings rests on two rows of relatively soft coil springs. Comm­

ercial Coulomb dampers are mounted to the base in order to damp oscillations.

The coil spring isolators were fabricated from 3 inch diameter semi-finished

hot rolled 4160 M aircraft quality steel wire. The isolator dimensions and

properties are as fQ~lows:

Vertical stiffness

Horizontal stiffness
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Free height

Coil diameter

Spring static deflection

Vertical frequency

47.4 inches

18.8 inches

10 inches

1 cps

d. Alternate designs considered. The preliminary design of the NORAD

COC complex called for a free-standing multi-winged building three stories in

height. Structurally the building was to act as one uni t. Equipment and per-

sonnel were to be shock isolated with respect to the structure. However,

further study indicated this method of isolation was not feasible, and iso1-

ation with respect to the rock chamber should be used. This necessitated the

abandonment of the multi-winged construction in favor of a complex of indi­

vidually isolated buildings.

Three schemes of shock isolation were considered: a pendulum system,

a center-of-gravity spring system, and a base supported spring system. These

three systems are schematically represented in Figure 9.39. The pendulum

system was eliminated from consideration because of the large sway space re­

quired around the periphery of the buildings. The center of gravity system

circumvents this problem, but adds uncertainties to the design, namely, the

degree to which a center-of_gravity system can be achieved, and the re1iahi1­

ity of side and overhead isolator anchoring details. The base-supported sys­

tem requires somewhat more ratt1espace than the center-of-gravity system, hut

it eliminates the need for overhead and side isolators. This compromise was

found to be feasible, and was adopted for the NORAD shock isolation system.

e. Design analysis. Three aspects of the shock isolation system de­

sign were of paramount importance,

(1) The natural frequencies of the building, its structural com­

ponents, and contents must not coincide with the vertical fre­

quency of the springs (1 cps). To insure that resonance would

not occur, a minimum natural frequency of 3 cps was specified.

(2) The loads and load distribution had to be accurately known be­

forehand. The minimum expected load to be used for determining

shock attenuation and the m&ximum load to be used in calcu­

lating stress levels in the isolators. The loading was assumed

to be symmetrically distributed with its inertia and geometric

axes coincident.
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inertia and geometric axes of building coincident,

building considered as rigid body

springs uniformly distributed along the longitudinal edges of

(3) The behavior of large coil springs under combined vertical and

lateral loads had to be established. Experimental data on the

behavior of small coil springs was available, but it was ques­

tionable whether it WaS applicable. Design procedures were

developed for these large springs, and a test program was es­

tablished for verification.

The six natural frequencies of the shock isolated system were deter-

mined under the follOWing assumptions and conditions:

(1) minimum expected load acting,

(2) load uniformly distributed,

(3)

(4)

(5)

the building.

The vertical motion and the twisting motion of the building about its

vertical axis are uncoupled motions. It was felt that the twisting motion

would not occur as a result of nuclear groundshock; therefore,it was delet­

ed from further consideration. Thus, the system reduced to a five-degrce-of­

freedom system with an uncoupled vertical motion.

The response of the system to a step displacement input pulse was deter-

mined with the aid of a digital computer. The following conclusions were made:

(1) accelerations were less than one g,

(2) rattle-space provided was adequate,

(3) twenty percent variations in the minimum expected load did not

significantly alter the response,

(4) response to the maximum expected load was not significantly

different from the response to the minimum expected load,

(5) two foot rectilinear displacements between the inertia and

geometric axes did not significantly affect the natural fre-

quencies,

(6) system will vibrate freely for a period of 70 to 140 seconds

after attack.
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It was decided to use damping devices to eliminate possible resonance

motion during the period of free vibratic·n. Viscous dampers were investigat­

ed~ and found impractical because expens:lve and complicated damper layouts

were required. Directional Coulomb dampE,rs were then considered, and found

to be adequate both in cost and construction. Damping time with Coulomb

dampers in place was calculated to be 5 to 12 seconds.

Spring design was based on the underlying assumptions of fixed ends,

and the development of an inflection point: at mid-height of the spring. The

vertical load was assumed to prc,duce the following stress resultants in the

coils:

(0 torsional moment,

(2) direct shear force,

0) bending moment (d.ue to load eccentricity),

(4) axial force.

The lateral load waS assulTled to produce a bending moment only. Stresses

resulting from these effects were combined for sizing of the springs.

£. Tests performed. Tests were mad.E~ on three full scale springs, in

order to establish the ratio of lateral to vertical spring stiffness, and to

verify the design stresses. The following results and conclusions were ob­

tained:

(1) It is not necessary to secure the end coils to their base

plates.

(2) The end coil stresses are maximum but less than calculated

stresses.

(3) The average value of the lateral to vertical spring stiffness

ratio is .44.

A scaled dynamic model was tested at: AFWL to verify a dynamic anaIysis

and predicted response. Detail:, of the test with results are described in

the Shock, Vibration, and AssocIated Environments 32nd Symposium, Bulletin No.

32, Part III, December 1963, Tel3t of a ScaJ_ed Dynamic Model of the South

Building, NORAD Combat Operations Centel:, by J. E. Johnson and R. E.

Crawford.
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g. Problems encountered. Erection of the buildings commenced by

placing the springs on their foundation in a compressed position, and

subsequently erecting the buildings on the compressed springs. Compres­

sion was applied by means of four turnbuckle rods per spring. This

scheme was to provide a stable foundation for erection. However,

considerable side sway of the springs was experienced during the initial

stages of construction. This sway was eliminated by bracing the springs

against the chamber walls. After erection was completed and the equipment

was installed, the bracing and turnbuckle rods were removed, and the

structure ballasted to a level position. Once leveling was completed,

the Coulomb dampers were installed.

The provision of ballasting is extremely important for systems of

this type and scale. Initial tilts ranging from one to two inches were

anticipated for the completed buildings. Since these tilts (or tilts

resulting from future load growths) cannot be corrected by adjusting the

mechanical coil springs, a means of ballasting was provided. Five percent

of the minimum expected load was assumed to be ballast. Ballasting is

accomplished by placing steel billets along the inside of the exterior

walls at the first floor level. (Water ballasting was considered, but

proved to be too expensive due to the required plumbing and piping systems.)
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:It
SYMBOLS

The following symbols are used in this repo:rt. Other symbols not listed

below are defined where they are used.

A

A

a

a l ,v' ,d l

a",v",d"

a"' ,v"' ,d'"

c

c

c a

cs

c
p

D

Shock spectra acceleration bound in the high frequency
region (gls)

Subscript refers to a :3pecific point on the four log
shock spectra coord:lna~e system

Impulse areas in a force-time plot (lbs-sec)

Piston head area in a pneumatic spring system (in
2

)

Ground acceleration (g's)

The prime notation rE~fers to the air blast induced
rigid body motion, air blast induced deformational
motion and ground induced rigid body motion,
respectively.

Width of structure nOl~lal to front face loading (feet)

Intercept constant for travel distance-time curves

Coefficient of friction between footing slab and soil

Viscous damping coefficient (lbs-sec/in)

Seismic velocity of shE~ar waves

Acoustic velocity in air

Seismic velocity of shear waves

Seismic velocity of Rayleigh waves

Seismic velocity of the initial part of the wave
front (ft/sE!c)

Seismic velocity of the peak stress or strain (ft/sec)

Velocity of sound in the reflected region (fps)

Drag coefficient (dimensionless)

Shock spectra displacement bound in the low
frequency region (inches)

*The symbols used in Section 6.2 are not included in this list,
but are listed separately in Section 6, TabJ.e 6.2.

615



~p

D
P

D2

d

d ,v ,a
v v v

d v avz' vz' vz

dve

d
vr

d
vzr

dvze

d
y

E

E

E1

e

e z

e
x

e
p

f

f'
cd

f
y

G

G.Z.

SYMBOLS (continued)

Subscript refers to a specific point on the four
log shock spectra coordinate system

Positive phase duration of the overpressure pulse (sec)

Negative phase duration of the overpressure pulse (sec)

Characteristic time (sec)

Ground displacement (inches)

Peak vertical ground displacement, velocity, and
acceleration at the surface, respectively

Peak vertical ground displacement, velocity, and
acceleration at depth z, respectively

Peak vertical elastic displacement at the surface
(inches)

Peak vertical residual displacement at the surface
(inches)

Peak vertical residual displacement at depth z (inches)

Peak elastic displacement at depth z (inches)

Peak horizontal ground displacement, velocity, and
acceleration at the surface, respectively

Yield deflection (inches)

Modulus of elasticity of medium

Modulus of elasticity of structural elements (psi)

Flexural rigidity: 1b-in
2

Mass density (lbs-sec2fin4
)

Vertical eccentricity between applied force and
mass center of gravity (feet)

Horizontal eccentricity between applied force and
mass center of gravity (feet)

Eccentricity between passive pressure force and
mass center of gravity (feet)

Frequency in cps

Dynamic compressive strength of concrete (psi)

Yield strength of steel

Modulus of shear of medium

Ground Zero
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g

H

h

h
c

r+
p

J

K
s

~M

k

k
P

k

k
s

Leq

L

L
w

Q,
n

Q,
o

M
P

M
r

m

SYMBOLS (continued)

Acceleratic,n due to gravity (32.2 ft/sec2 =
386 in/sec2)

. Height (feet)

Layer depth (feet)

Depth of crater (feet)

Positive impulse of the overpressure pulse (sec)

2
Mass moment of inertia (in-lbs sec )

Total soil spring rate that is effect:lve below a
structure foundation (lbs/sec)

Load-mass fal::tor (dimensionless)

Spring rate (lbs/in)

Subscript notation refers to multimasB response
parameters

Ratio of resi.dual strain to peak stra:i.n

Constant of linearity (dimensionless)

Spring rate of the soil (psi/in)

. Stiffness coefficient (i.e. k
ij

equals the force at
mass point (or joint) :I. due to a unit displacement
at mass point (or jo~nt) j).

Equiva.lent length

Length of building (feet)

Characteristic length (feet)

Equivalent layer thickness

Length of pendulum arm in a pendulous isolation
system (feet or inches)

Static length of spring or cylinder chamber (inches)

Tangent modulus of deformation at initial streliS
level (psi)

Secant mod\!.lus of deformation at peak stress level
(psi)

Unload secs.nt modulus of deformation (psi)

Mass (lbs-sec
2
/in)
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Pmax

P
x

P
z

P
P

p

p

p (t)
c

R

R(t)

SYMBOLS (continued)

Subscript notation refers to multimass response
parameters

Maximum force (lbs)

Maximum lateral force on a rigid body (lbs)

Maximum vertical force on a rigid body (lbs)

Force due to passive pressure of soil (lbs)

Cylinder pressure in a pneumatic spring system (psi)

Pressure (psi)

Peak overpressure (psi)

Ambient pressure in air (psi)

Peak overpressure when outrunning begins (psi)

Idealized flexural mode loading pressure on a dome
structure (psi)

Idealized compression mode loading pressure on a
dome structure (psi)

Horizontal pressure component (psi)

Peak dynamic pressure (psi)

Dynamic pressure (psi)

Maximum dynamic pressure at the clearing time (psi)

Equivalent normal uniform pressure for flexure mode
analysis for domes (psi)

Reflected shock wave overpressure for angle of
incident of zero degrees (psi)

Resistance capability of a dome in the compres~ion and
and flexure mode, respectively (psi)
Reflected wave from layer n-m

Slant range from G.Z. (feet)

Resisting force of a structural or structural
element as a function of time (lbs)

Initial resisting force (lbs)

Flexural resistance of a structural element (lbs)

Eccentricity between center of gravity and center
of rigidity (inches)
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r
cr

r
p

r
c

r
o

r

T

T
n

TR
n-m

T ,T
x z

t

t
cr

t
r

t
s

t.
1.

t
o

t
v

t

t
c

SYMBOLS (continued)

Critical distance when a direct wave and a reflected­
refracted "lave arrive simultaneously (ft.)

Distance from G.Z. to blast front in feet (ft)

Radius of crater (feet)

Range front G.Z. at which outrunning begins (feet)

Radius of a dome or cylindrical structure (ft)

Period of vibration, 1 = l/f (sec)

Transmitted or reflected wave from layer n

Critically refracted-reflected wave through interface
n,m

Transmissibility factor from one mode to another due
to a resonant condition (dimensionless)

Time coordinate (sec or millisec)

Time duration of the ide.alized displacement pulse
(sec or millisec)

Critical time when a direct wave and a reflected­
refracted "rave arrive simultaneously (sec. or
millisec)

Rise time (If the pressure, stress or velocity pulse
(sec or mil.lisec)

Arrival time of the blast front at a specific distance
from ground. zero (sec or millisec)

Time duration for an equivalent triangular pulse
with impulse, equal to r+ (psi-sec)

p

Positive phase duration of an idealiz·ed air blast
induced vel.Dcity pulse (sec or millisec)

Transit time of a G.Z. induced pulse (sec or millisec)

Time phasing between outrunning pulse and air blast
induced pulse

Air blast a.rrival whEm outrunning begins (sec or
millisec)

Time when maximum velocity occurs (millisec or sec)

Thickness cof wall, shell, etc (feet or inches)

Required thi.ckness in compression mode for dome
structures (inches or feet)

Required thi.ckness in flexure mode for dome structure
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t
c

t
e

u
V

V

v

W

W

w

x,x,x

x ,x ,x
s s s

x

y,,;,'}

y

y

z

z

Clearing time (sec or millisec)

Time duration for an equivalent triangular pulse
(sec or millisec)

Shock front velocity in air (fps)

Shock Spectra velocity bound in the mid-frequency
region (inches/sec)

Subscript refers to a specific point on the four
log shock spectra coordinate system

Cylinder volume in a pneumatic spring system (in3)

Ground velocity (inches/sec)

Weapon yield in MT

Weight of structure (lbs)

Weight per unit length (plf)

Absolute lateral response displacement, velocity and
acceleration respectively (inches, inches/sec,
inches/sec2)

Lateral ground or support motion: displacement,
velocity,. and acceleration respectively (inches,
inches/sec, inches/sec2)

Subscript notation refers to multimass response
paramaters

Horizontal distance (ft)

Horizontal distance between mass center of gravity
and point of rotation (feet)

Relative lateral response displacement, velocity, and
acceleration (inches, inches/sec, inches/sec2)

Subscript notation refers to multimass respon~e

parameters

Relative displacement in the lateral direction (inches)

Displacement along the axis of the spring (inch~s)

Yield deflection (inches)

Maximum transjent deflection

Vertical depth (feet)

Relative displacement in the vertical direction
(inches)
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ex
z

B

B

E
Z

n

8 ,8
s s

e

8

v

v

p

cr
z

T

cf>t

SYMBOLS (continued)

Angles of incident, re:C1ected and refracted waves·
at a boundary (in degrees or radians)

Equivalence factor

Stress attenl1ation fac·:or as a function of depth.

Ratio of recovery displacement to posftive displace­
ment

Angle between vertical axis and spring line for a
dome structure

Amplitude ratios in thl~ normal mode coordinate system

Angle of lis t due to <li;ymmetrical load

Small increment (dimensionless)

Strain at depth z (in/in)

Angle from vertical axis to an arbitnlry point on
the shell (r,adian or degrees)

Angular rotation (radians) and acceleration (g's/ft)

Angle of rct,ation about: the vertical ,axis and measured
from the hcrizontal plane parallel to the moving shock
front

Pitchrespcnse in a 3-DOF system (radians)

Ductility factor, ratio of peak displ,acement to
yield displacement

Poisson's ratio of medium

Viscous darr,ping factor

Mass density of medium

Stress at depth z (psi)

Time characteristic (sec or millisec)

Percentage of tensile reinforcing in reinforced
concrete

Angle betwE:en spring line and any point on the
dome for a domed structure

Subscript notation refers to multimass response
parameters

w Natural frequency parameter =
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APPENDIX A

EQUATIONS FOR MULTI-DEGREE-OF-FREEDOM SYSTEMS

In this Appendixf equations of motion of multi-degree-of-freedom

systems will be expressed and solved by matrix notation. Recent develop-

ments in electronic computer applications have placed great emphasis on the

formulation of response equations in matrix notation for convenience in

numerical computation. Although for a two-degree-of-freedom system, m~trix

notation is not as essential as for higner-degree-of-freedom systems,matrix

notation will first be applied to a two-mass system as an introduction to

the more involved conditions. The two-mass system has been introduced in

Section 2. The more involved cases will be discussed in Section 5.

1. Definitions of m~trix algebra.

Matrix array: A matrix CAJ is a rectangular array of m rows and

n columns.

am2

(m, n) = order

a ..
IJ

amn

m rows

n columns

a .. = a speci fie element at row i and column j.
1J

Equali ty

[A] = [B] if a ij b ..
IJ

Addition and subtraction

[A]
+ [B] = [c] +

b ..provided c
ij a ..

1J 1J
(m,n) (m, n)

628



Transposition

all a2l

T a 12 a22
[ A] =

a ln a2n amn

(A]T is the transpose of fA] when the rows and columns are inter-

changed.

Multiplication

Two matrices are conformable (can be multiplied) if

[A) [B] = [c]
(m,n) J,PI (m,p)

'-...equa1

the number of columns cd: the first matrix, n, is equal to the

number of rows of the ;sF.!cond matri.x. Thus

{ • [GJ}mm [ A ]

[81~ n

... .... .... ,;- -...,.
n p

-_.--------~

p

n

For example

c32

Unit matrix

c .. = L:
1J 1<=1

when [A) and rBJ are 3 x 3 matrices,

a
31

b
12

+ ,9
32

b
22

+ H
33

b
32

[U]
o
1

o
The matrix is a square matrix and the elements on the principal

diagonal are unity.
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Inverse matrix

Given [A] of order n, n (square). Find the reciprocal matrix [R]
such that

The matrix

[u]
defined as the inverse of matrix with

the following notation

Inverse [A] [A]-l

The bracket notation [1 refers to a rectangular (or square)

array of elements. The parenthesis notation ( ) refers to a single column

of elements.

For a complete treatment the reader is referred to the many texts

on matrix algebra.

2. Derivation of response equation for a two -degree-of-freedom system.

L..xs

The equations of motion are..
(k l + k2 ) - k2 X2 k1 (A-l)ml xl + xl = xs

m2
x

2
+ k2 x

2 - k2 xl 0 (A-2)

where xl' xl'
.,

the absolute coordinates of the twox2 ' x2 are masses.

Introducing a coordinate transformation,

Yl Xl x Yl Xl x
s s

Y2
x

2
x Y2

x
2

x
s s

equations (A-I) and (A-2) can be rewritten in terms of the relative

displacements YI and Y2 ' the relative accelerations Yl and Y2
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and the support acce1erotioti x.
8..

+ (k
1

+ k
2

) -k r (A-3a)m1 Y1 Y1 y -m
1

x
i 2 s..

k2 Y2 ,. k y (A-3b)m2 Y2 + .. -m
2

x
2 1 s

or simply

(m] (y) + [k] (Y) (A-4)

in matrix notation.

a. Norm::i1 mode vibratil~~~ Free vibrations of the two-mass

system are obtained from the homogeneous solution of Equation (A-4) by

postulating harmonic response:

'Writing Y = y sin ill t
1 1max

Y2 .. Y2 sin ill tmax

(A-5)

and substituting into Equ,ations (A-3a) and (A-3b) 1;.re obtain

o (A-6)

+ o

The natural frequencies (eigenvaluE~s) can be determined by solving

the determinant of Equation (A-6).

= 0 (A-7)

k2

4 Cl + k
2

or ill - m
1

k.,) 2+ -~, ill +
m~~

Discarding the negative :resu1ts,

o

I'm obtain two positive natural

(A-B)
-kZ= -2---

OJ m
2

.. k
2

frequencies which we de':l.ote as WI and ill
2

•

The ampli tude ratios Y2/Y1 may be found from Equation (A-6) as

2
- ill m1
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Substituting the two frequencies w1
2

, w
2

2 into either of Equation

(A-B) results in the amplitude ratios in the two modes wI and w
2

•

Thus, normalizing Y1 = 1 and at natural frequency wI' Y2 is solved

from Equation (A.6)

-k k
l

+ k
2

2
2 - wI m1Y2 2

k
2

k
2

[321
wI m2 -

At natural frequency w2

k2 kl + kZ
2

- w2 ml
Y2

=
[3222

- k
k2Wz m2 2

(A-9)

(A-IO)

Either of the two terms defining Y
2

in Equations (A-9) and (A-IO)

may be used to calculate the amplitude ratio.

where

13
21

.. ampli tude of mass 2 in frequency mode wI if

y = I
1

13 22
= amplitude of mass 2 in frequency mode w2

if

I

(A-ll)=

The above amplitude ratios define an orthogonal set of coordinates

that is called the modal matrix [13]

[:21 :2J
With the use of the modal matrix it is possible to express the

equations of motion in a coordinate system that will uncouple

(A-12)

(A-D)

where the new set of coordinates t~) are

the normal mode coordinates.

the original Equations (A-3 and A-4). Let tt be the new coordinate

system such that (y) = [fl] (~) and (Y) [ 13] (~)
Substitute into Equation (A-4) and pre-multiply by [~]

[~ ]T[m ]( ~ ] (~) + [ ~nk][ ~ ](~) • _[~]T (:~::)
orthogonal and are called
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let lMJ - r~r[m] [f.']
Cr<J • [~Y [k] [13]
[~Y(rt1) • (N)

K. 2.J: .. ill
M '1'

r

Nr r:- .Mr

GenE!ralized Mass (Diagonal)

Gerwralized StiffnE!SS (Diagonal)

GenE!ralized Forcing Function

Normal mode frequen.cy

Mode participation factor

(A-14)

Substitution into Equation (A-13) yi~lds the following

where

o.
X

S

M
2

= m
1. + m~

L.

2
1321

2
1322

K
1

= k1 + k2 (l - 13 ) 2
21

1<z = k
1

+ k
2

(l _ 13 ) 2
22

Nl = m
1 + m2 1321

N
2

= m1 + m2 13
22

Equation (A-l3) can now be wri tten in the normal m<::>de coordinate

system: .- 2
~It. 1 + WI "ll .. x

s
..

w 2 G
(A-IS)..

11. 2 + tt 2 = - x2 s.. 2- (r( "\.) .. )or + (ill ~) x.
s:
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The displacement response in each mode to the generalized forcing

function can then be determined from the convolution integral

D (t)
r

1
UJ
r

t

r
o

...
x (T) sin w (t - T) dT

s r

D (t)
r

t

fo X (T) cos W (t - T) dTs r (A-16)

X (T) cos W(t - T) dTs r
d

- dt=D (t)
r

t

J
o

D (t) Dynamic Response Factor
r

where T is a dummy variable of integration and the initial condi-

tions are all zero.

The general solution to Equation (A-15) is then the sum of two

harmonic motion components (in terms of wI and w2) and Dr(t).

Once the normal mode response is known the transformation back to

the coupled coordinate system is made through the relationships
..

(y)

••
(x) =

..
(y) + (;;)

s

(A-17a)

(A-17b)

Special Case: Velocity Pulse Input

As an example assume that the ground motion is a step-velocity

pulse

V
0

>.
,j.J

x = V (t > 0).....
() s 0
0..... .

= 0 (t <. 0)Q) x
:> s

Time
Velocity Pulse
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The dynamic response fact()r is calc:ulated from Equ~Ltion (A-16) as

V
OCt) _-....2. sinuJt

r ill r
r

(A-18)V
o_=1 __Dr(max)

and

w
r

The peak displacement response in e,3ch mode is

(A-19)

(A-20)

This response can now be l~I~lated back to the coupled. system to

find the peak absolute acc4:!lerations.

(~) - (~) + (~~) = [ ~] (h)
For the

th
accelerationi mass

..
[ t3 i J

.. ..
X. ... 00 or X

1 s

where L~i~ is the ith r01A1 matrix of l ~]

(A-2l)

Rewriting Equation (A-IS)

(il) - (A-22)

Substituting Equation (A-22) into (A-21)

- (w2Jit) - (r':x:)\ + xs'J s
or xi - - [l3 in] (w2/t) + X's { 1 - [13 i J(!.... )}

*
But [~in] (r) ... 1 from substitution of expressions (A-14).

Therefore Equation (A-24) reduces to

(A-23)

(A-24)

.. ...

* This expression holds due to orthogonality of normal modes. See
paper by Dana Young "Response of Structural Systems to Ground Shock"
in Reference 2.3 for justification of this equality.
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The response maximum acceleration is then from Equations

(A-IS) and (A-19):

(xkax"" [ ~] (r llJ Vo)

In the case of the two-mass system.

(A-Z6)

(A-27)

Letting UJIVo
0= A , max acceleration response at frequency wII

w
2
V

o
AZ max acceleration response at frequency W,2'

Thus

- x = G~
+ r; AZ

(A-28a)
lmax

x = ~21 GAl +~!2 r; A2
(A-28b)

2max

The peak responses in each mode will not usually occur simultan­

eously, but an upper bound response can be obtained by adding

the absolute values of the

xl ma~ IGAlI +

x2m~ 113 21 GAll +

peak response

IG Azi
1 1322 r; A2\

in each mode. Thus

(A-29)

These are useful general expressions for the peak acceleration

response of a two-mass system.

Special case. A special case of great interest occurs when ml -;-> rnz.
This was discussed in Section 2 as a situation that may describe

an element of small mass m
2

mounted on a flexible support as

shown below
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10 m2

determinant of Equation (A-7) for the frl~quencies

it is seen that

Let ml
...

Solving the
2 and

2
wI w2

2,.., k l
wI .'- m

l
where k >/ k

1 2

., (A-3D)

The amplitude ratios are
10 2 2

13
21

...
- Wz

",.

- Wz (A-31)
Z 10 Z

A.

2 2
w
l - IT w2 wI - (lI,),-

11
Z z

11
2 Z 2 '''~'w + U1

Z
Wz 10 (wI - Wz )

13
22

... " . (A-32)
2 ." Z

u: w
22

or in general if ml» mZ

~ 2 ')1322 ~

ml wI w:zw;c (A-33)
m2

I 1

The modal matrix [13] .. (A-34)
2

(I::Z
W

2)- w2 ml
Z 2 m

ZWI - (liZ

Solving for the

(N) we have

o
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ffi1{I
2

w/)}
w

2

10 (w1
2

-

[N]=[~r (rn) =
ffi1{I (W

1
2

_ w
2

2
) }

(A-36)

+ 2
w

2

and

(A-37)

(A-38)

Therefore: 2

~21 ~
w

2 (A-39)
2 2

wI - w2

10 (w1
2

- W/) 2 2 2

~I
w w wIIf3 22

1 2
(A-40)

2 (2 2) 2 2 2w
2 10 wI - w2 wI - w

2
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Therefore, when ml :» mZ' the peak accl::leration of mass m
Z

may be

written from Equation (A-Z9) as

2 2., Wz lli
lx =

Z 2 Al + -:r-----z A
2

(A-4l)Zmax
wI - Wz wI '. (J)

2

which is Equation (2.24) of Section :2 ':hat was derived in a more

direct manner,

3. Three-degree-of-freedom ...;systems. The mathematical methods out­

lined in the previous section of this appendix may be directly applied to

higher degree-of-freedom systems lA/i thout eli fficulty. The matrix algebra

however becomes very lengthy in tlE!rms of spE!ci fic higher order systems and

the generalized normal mode expansions of the three-degree-of-freedom system

is not formally dervied here. Instead, mOrE! useful general information is

included for two classes of Systl::111S 1. e., the three mass tbree-degree-of­

freedom system and a one mass th:rIE!e-degree-of-freedom syste,m. The frequency

equations, amplitude ratios, and 'Elpproximate response equations using single­

degree-of-freedom shock spectra ,are derived.

3.1 Three mass system. ThE! homogeneous equations of motion for the

(A-42)

mlx l
+ k

l (Xl ... x
Z

) = 0

mZxZ + 1<1 (xz xl) + k2 (x'l x
3

) 0,...
(x

3 - x Z) + k
3

x
3

0~x3 + k
2

0;
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In the usual way, the following solutions are assumed

xl x lmax sin wt

x
2

e X sin wt
2max

x sin wt
3max

(A-43)

and substituted into the equations of motion to obtain the algebraic

equations

"k -
2

- k 0 'Imlw x
I 2 1max •

(k 1 +
2

- k 0 (A-44)k2 k2- m2w ) 2 x2max

0 - k 2 x3max2 (k
2

+ k
3

- m
3

w )

The determinant of the square matrix when equated to zero reduces to

the frequency equation which after simplification becomes

where 2
kl/mlwI

2
k2/m2w2

2
k3/m3w

3

';..,/ k/k2

'>..3
2

k2/ k
3

The amplitude ratios are

2\ 22 \2 '·2
+ W l wI Wz (I + 1\ 2 - 1I /I. 2 ) +

- m/m/w/ II + '>.22'>./ +

(A-45)

(x Ix )1max 2max n
n = 1, 2, 3
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k
2

2k
2

+ k
3

•. m
3

w
n

where ware roots of Equation (A·,45)
tI

n 1, 2, 3 (A-46)
cont'd

Thus, normalizing x2max
1, the modal matrlx is derived

r k
2

k2 k
2

2 2 2
kl-ml wI kl-m l w"I ' . k - ml 'J)3

. ~. 1

~Uf312f313

~ 1321 1322f3 23
= 1 1 1 (A-47)

1331 f332 f333

k
2

k
Z

k
2

--2 - 2 2
k2+ k3- IT

3
11J

l k2+ k3 • m3w2 k2+ k3 ·• 'tn:3 11J3

3.2 One mass system. A typical one mass system taken from Section 5

is repeated in Figure A-2 for convenience

z

-x ..

FIGl1~,E A-2

The homogeneous equations of motion as derived in Section 5.3 are..
mz + k (z + R e) 0z x

mx + k (x + R e) • 0x z

••
J9 + ka 8 + k (x + R e) R + k (z + R e) R = (I

'0 X Z Z Z x x
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Let

z z sin illt
max

x ... x sin wt
max

e 8 sin illtmax

and substitute into (A-48) to obtain the algebraic equations

2 2
ill - ill

Z

o

ill 2 R
x x

~2

where

o

2 2
W ill

X

ill 2 R
x z

~2

2
ill

X

2
wz

2 2
we - w +

k 1m
x

k 1mz

w 2 R
z x

ill 2 R
x z

ill 2R 2+ ill 2R 2
x z z x

~2

z
max

Ymax

emax

o (A-49)

~2 Jim

The frequency equation after simplification becomes

222
+ ill ill W

X z 8

modal matrix is

6 4
w - w

illx
2

We
2

+ wz
2

we
2

]

and the normalized

w 2R 2+
x z

~2

13~ l 13 12 13 13

13 21 ~2 2 1323

1331 1332 1333
:/

ill 2R 21z x

o
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n 1, 2, 3

n = 1, 2, 3

2 R 2 :2
w w - OJ

where 131n
z x n x

2 • 2 -"2
w R w - (I)
x z n 2:

f32n = 1

2 2
w - w

f33n
n x= 2 Rw
x x

n 1, 2, 3 (A-50

The non-homogeneous equations of motion corresponding to foundation dis­

turbances are from Section 5.3 •
..

m7+ k z ('1 + R S) co - mzx s
..

( y + R 8)
..

(A-48a)my+ k - mxx z s
..

J8 + k88 + k (y + R 8) R + k (y + R 8) R = 0
x z .. z x X<.

Let (y) [f31 ("\)

where

n) = (~)(y) ( "\)

Substituting into (A-48a) and, prernul tip1yi n~; by [f31 T produces an equation

analogous to (A-l3)

where

(A-52)

[k) co

l
m 0

I) ]0 m 0

0 0 .J

k 0 k R
2: Z X

P
k k R
x x z

kR k R (k
S

+ k R 2 + k R 2)
~ x x z X " Z x'"
i
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Thus

where

(A-53)

or

where

LMJ [f3) T [m) t f3)

tr<~ = [f3) T lkJ l~J

(N) lf3] T (~;)
..
\1 + w1

2
~1

r; ..
G1;;s-G1' O.. - z-11 s

" 2
1";2 ~'s - G'2' 0'12

r,' ..
~ + w2 = - z-12 s
" 2

~3 ~'s - ~3 ~~ - G3' 0~3 + w3 Y\3

2 K
rw

Mr
r

ml3 n
2

+ m1321
2 2M

1 + J1331

M2 m13 12
2

+ m1322
2

+ J13
32

2

~ mf3 13
2 2

+ J1332
2

+ m13 23

rn M1 = ml3 n

~l M1
m1321

Gl M1 J1331

~2 M2
.. ml\2

G
1

2 M2
.. m13 22

~2 M2 31332
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~3 M3
.. ml3 13

G3 M3 m13 23

~3 M3
= 31333

Equations (A53a) are recognized as SOOF systems with two input displacements

~' and i: modified by the particJ.pation factors r. The maximum excursionss s
are therefore:

\'\, lmax - ruDE + ~lD21 + ~l' 0

Y't.2max
.. ~2Dl~~ + ~2D22 + ~3 '0 (A-54)

~max = ~3DD + ~3D23 + r;3' 0

where D.. are the shock spectra n~sponses il1 the jth mode due to ground
1)

movements in the ith direction i.E~.

i 1 VERTICAL

i 2 HORIZONTAL

i 3 ROTATIONAL

Since [y] = [131 (~)

(!) D'1 (~)
It follows that

0=

+
m1312Dl2 + m1322D22 + J13 23 ' 0

222
m13 12 + nB2l + J~31

m13 13
D13 + ml323

D23 + 31333 ' 0 I
222

mf3 13 + rnl321 + ~'31

11321 l(:z)~t I + 11331

l1331

11311 l(1)11 +

+

..
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Y 13 21 (0)1\ + 11322 l(2)11 +
11323 l(3)11

e 1331 (0)] I +
11323 [(2)] I + I1333 [(3)]1

3.3 Computer program. As an aid to calculating th~ coupled

natural frequencies for three-degree-of-freedom systems a c~mputer program

in Fortran language is included for the direct solution of three mass

systems (System 1) and one mass systems (System 2). It is noted that the

frequency equation solved is of the form

6
w +

4
aw + + y = o (A-55)

Although the computer program is written specifically for the two systems

discussed ~n 3.1 and 3.2 herein, other systems may be handled by an appro­

priate adjustment of the constants a, 13 and y in the program.
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133. =
134. =
135. =
136. =
137. =
138. = C
139. =
1~0. =

141. =

142 • ..
1~3. =
144. =
145. =
146. =
147. =
148. =
149. ..

101 ..
102 ..
103, =
104. =
lOS. =
106. =
107. =
108. I:

109~ =
110. =
111. =
112 ..
113 ..
114. =
115...
116. =
117. =
118. =
119. =

120. =
121. ..
122. =
123. =
124. =
125. =
126. =
127. =
128. =
129. =
130. =
131. =
132. =

CF PROGRAM CUBIC
CALL COPY(103.,106.)

* READ THE SYST8~ PARAMETERS INTO THE PROGRAM IN THE IN·LB-SEC OR
* ANY OTHER COMPATIBLE SYSTEM OF UNITS
* TO SOLVE FOR THE NATURAL FREQUENCIES OF SYSTEM 1 TYPE STARTCl08.)
* TO SOLVE FOR THE NATURAL FREQUENCIES OF SYSTEM 2 TYPE START(125.)

PAUSE
CALL COPY(109.,110.)

* ENTER THE VALUE OF THE MASSES Ml,t.12,.M3 AND THE SPRI NG CONSTANtS
* Kl,K2,K3
CF READ O,Wl,W2,W3,SI,S2,S3
C DEFINITION OF SYSTEM CONSTANTS

OMEGA1=Sl/WI
()~EGA2=S2/W2

OMEGA3=S3/\~3

N-1RDA2=Sl/S2
At-1BDA3=S2/S3
ALPHA=-(OMEGA1+0MEGA2*(I.+AMBDA2)+O~EGA3*(I.+AMBDA3»

OBETA=OMEGAI*0I-1EGA2+m1EGAl*OMEGA3* (: l. +AMBDA3) +OMEGA2*OMEGA3* (1. +At-1B
4DA2+AMBDA2*N-1BDA3)
GAfvYv1A=-(OMEGA1*OMEGA2*or~EGA3 )
GO TO 1

3 CALL COPY(123.,12~.)

* ENTER THE VALUE OF WE MASS J;1, ~10j'vlE:NT OF INERTIA J, SPRING
* cor~STANTS KX,KZ,KO AND THE ECCENTRICITIES RX,RZ
CF READ O,W,W2,SX,SZ,SO,RX,RZ
C DEFINITION OF SYSTEM CONSTANTS

Q'v1EGAl=SX/W
OMEGA2=SZ/\'J
0I,iEGA3=SO/W2
RHO=\'J2/\'J
ALPHA=- (0f\1EGAl+O~1EGA2+0MECA3+ (Or-lEGAl *RZ**2+QI·1EGA2*RX**2) /RHO)

OBETA=OMEGA1*Of·1EGA2+0IlEGAl*0~1EGA3+0ME:GA2*0""'EGA3+OMEGAl *OMEGA2* (RX**
42+RZ**2)/RHO
GM~~=-(OIqEGAl*OMEGA2*OMEGA3)

1 A=l. /3. *C3. *BETA-ALPHA**2)
B=1./27.*(2.*ALPHA**3-9.*ALPHA*BETA+27.*GAMMA)
PHI=ARCOS(B/2./SQRT(-(A**3/27.»)
PHI=PHI+3.1415927
SOLUTIONS TO WE FREQUENCY EQUATION IN CPS
F1=1./ (2. *3 .1~15927)*SQRT(2. *SQRH-(A/3. ) )*COS (PHIl3. )-ALPHA/3.)

OF2=1. / (2. *3 •1415927)*SQRT( 2. *SQRH -(A/3. ) )*COS (PH 1/3. +2. *3 .1415927
4/3. )-ALPHA/3.)
0F3=1. / (2. *3,141'5927 )*SQRT( 2. *SQRT(- (A/3.) )*COS (PH I/3. +4. *3 .1415927
4/3. )-ALPHAn. )

PRINT 100 .
100 FOR~~T(3X,9HFREQ NO 1,7X,9HFREQ NO 2,7X,9HFREQ NO 3)

PRINT 101
101 FORMAT(6X,3HCPS,13X,3HCPS,13X,3HCPS,/)

PRINT 102,Fl,F2,F3
102 FORMAT(3E16.8)

PAUSE
END
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APPENDIX B

USEFUL RELATIONSHIPS IN STRUCTURAL MECHANICS

It is beyond the scope of this report to derive analytical formulae

for design of structures exposed to air blast and ground shock; the

purpose of the report is to present design procedures for in-structure

systems. It is, however, necessary to understand the behavior of structures

under dynamic loads in order to consider their effect on the input motions

at the support points of the in-structure systems.

This appendix includes some basic relationships in structural mechanics

that are useful in calculating structure enclosure resistances and frequencies.

They are extracted from existing manuals on protective construction design; more-

over, they are used without derivation in Section 40f this report where the

effect of the structural enclosure on input motions is discussed. For

background information, the following references are recommended:

B.l Corps of Engineer Manuals &n 1110-345-413 to 418 "Design of
Structures to Resist the Effects of Atomic Weapons".

B.2 Design Manual AEC Test Structures, December 1961
Volume I: Nuclear Weapon Effects
Volume II: Structural Response Characteristics Under

Dynamic Loads

Volume III: Design of Blast Resistance Structures.

B.3 Air Force Design Manual - Principles and Practices for
Design of Hardened Structures AFWL-TDR-62-l38, December 1962.

B.4 ASeE Manual 42: Design of Structures to Resist Nuclear
Weapons Effects, 1961.

Symbols are defined where they first appear in the following subsections. The

relationships are based on consistent units.

1. Yield c.esistance. The yield resistance force R. is defined as the total

load (applied statically with uniform intensity) that will make a structural

element reach its elastic capacity. Only flexural properties of beams and

shells will be considered since most structures are designed to yield in

flexure initially.
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a. Simply supported beam.

Reinforced Concrete:

where

(B-1)

Steel:---

where

¢ = percent tension reinforcing steel at beam
centerline.

b = beam width

d '" effective depth

f y = yield strength of reinforcing steel

L = beam length

R '" 8f Z/L
Y

R '" 9.2f S/L for WF sections about stiff axis
y

Z '" plastic section modulus

S = section modulus

(B-2)

b'. Beam - one fixed suppOt:t, one hinged

Reinforced Concrete: F~ '" .075 U~ + rf;' /2) f bd2/L
y

rf;' '" percent tension reinforcing steel

at fixed support

(B-3)

Steel:--- R = 12£ Z!L
y (B-4)

c. Beam - both ends wi th ~:qua1 fix!~l

Reinforced Concrete: R = .07~' ( t/J + rf;')f bd2
!Ly (B-5)

~: R = 16 f Z/L
Y
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d. Two-way reinforced concrete slabs

R2
= C R

I

where

RI
= resistance of a one-way slab spanning

in short direction (lbs), obtained
from beam formulas.

R
2

= resistance of two-way slab.

C correction factor for two-way action

C l+a[ 1 +2- ~L +~~ J= - 4a fJ + I./J'6 2 s s

where

(B-7)

(B-8)

a ratio of short span to long span

L~s = subscripts; L refers to reinforcing steel
parallel to longest dimension, and s refers to
reinforcing steel parallel to shortest dimension.

e. Reinforced concrete dome

The yield resistance for a dome is denoted by q, and is given in

load per unit area.

t
.c

Compression Mode: qc = (1.7 f ' + 0.018 d f )c rt y r

resistance in terms of uniform radial
pressure

rt\ = total percent rein£. steel on both faces

f' = concrete compression strength
c

t concrete thickness required for compressivec mode

r = radius of dome
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e. continued

Flexural Mode: q •
f

(0.8<=;£"1
./ C

r
(B-IO)

concrete thickness required for
flexure mode.

average resistance (in psi) over one
quadrant: of the dome.

The required thickness is taken as the sum of the above two

thicknesses.

2. Natural periods and load-masE: factors. Natural periods in the flexural

modes are given for the elements described in Subsection 1 above assuming

uniform sectional properties. (For deep beam elements shear deformations

must also be considered.)

a. Simply supported beam

Reinforced Concrete: (Based on cracked section)

where

T = 1
3600(fps)

L L
d V¢: (B-ll)

Steel:

T period of vibration

L = Length of span in feet

d = effective tepth (feet)

WF Section, T ---,,.......:1:..-,,.....-_
= ~~6, 400 (fps)

L

~
L and (B-12)

rectangular section,
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2.a continued

where

Q = radius of gyration in feet

t = thickness in feet

b. Beam-one fixed support, one hinged

Reinforced Concrete:

T - 1
- 5260(fps)

L
d

L

\f1i
sec (B-14)

Steel:

(B-15 )L
L
e

WF Section
1

T - 38600( fps)

c. Beam- both ends with equal fixity

Reinforced Concrete:

(B- Hi)
1

T = 7200 (fps)

Steel:

WF Section

1 LT = ----.,;~.....--,-

52,800 (fps) e L (B-17)

d. Two-way reinforced concrete slabs for
simple support all four sides:

k = (77 + la?8~) EI
~

psi/inch (B-18)
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2.d continued

where

k = stiffness, (uniform load/area to cause unit center

deflection) all other tern.s have been previously

defined.

T = 5.3 V ~

where

a = short span/long span

m = maSs per unit area

Reinforced Concrete Slabs
For fixed supports all four sides

k = (307 + 5~0
CI:

EI.-""""4
L

(B-20)

(B-21)

e. Reinforced concrete dane

In compression mode or :flexure mode

(B-22)r
T'" 2500 fps

where

r = radius in feet
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f. Fixed-end beam with middle support

Tl 0.407 L
2 ~& seconds (first mode)

EIg

T2 0.69 Tl seconds (second mode)

T
3

0.25 Tl
seconds (third mode)

Ay = weight per unit length

3. Yield Deflections. The yield deflection is defined as the deflection

of a structural element when the stress at the critical section reaches the

yield stress valve for the material used. Some approximate relationships

are given below for typical structural elements which have predominately

flexure flexibility. The concrete and steel properties are assumed to be:

Concrete dynamic compressive strength and reinforcing steel yield

strength; f'd = 4000 psi, f = 50,000 psi.
y y

Structural steel dynamic yield and modulus;

E = 30,000,000 psi.

a. Simple supported beams
2

Reinforced Concrete: 0; = (~ )/3800

where

s. = yield deflection
y

f' = 42,000 psi,yd

(B-24)

other symbols have been previously defined

Steel:

(WF sections)

L
2

Sy =(d) 13000

d = depth of beam
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b. Beam-one fixed support~.one hinge<!

Reinforced Concrete:

-l(- 2
f) = (~ )/5430 (B-26)y

Steel:

(WF section)

2
* (~ )/4290 (B-27)COy =

c. Beam-both ends with e9!:!.!il fixit~~

Reinforced Concrete:

*
2

S = (~ )/7600 (B-28)
Y

Steel:--

(WF section)

* 2by = (~ )/6000 (B-29)

* .The yield deflections are effective values lying between the yield
deflection when yield begins at the supports and the yield deflection
when yield begins at the mid-point:.
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APPENDIX C

NUMERICAL METHODS

1. Introduction

The class of problems considered in this section are of the simul­

taneous ordinary differential equation type with constant or variable

coefficients and describe specifically the motion of single-mass three­

degree-of-freedom systems which appear in Section 5. Two methods are

presented:

(1) Approximate single-step integration methods (used in Example 5.9).
(2) More precise predictor-corrector methods.

2. Equations of Motion

A typical set of dynamical equations is taken from Section 5.4 for

the base-mounted system and for convenience are reproduced here

(C-l)

..
mx + 2k (x - x - R e) = 0

q s z

mX + 2k (z - z - R 0) = 0r s x

J9 + 2kq tlR; + Rx (x - xs )] e - Rz (x - xs)~ + 2kr 1~2
- R (z- z )J e - R (z - z)1 - mgR e + 2 k \ R (x

z s x s'J z q\.- x

+ 2kr Lb
2

- Rz (z - zs)J - mgRJ f3
0

- mgRx = 0

It will be recalled that a simpler, less accurate form of these equations

was presented in Section ~.4 as follows:

(C-2)

x - R e) = 0
s z

- R 0) = 0
x

.,
mx + 2k (x

q

mz + 2k (z - zr s

J8 + 2kq LRz2e - Rz ( x - x)] + 2kr b
2e = 0

The second set of equations (C-2) will be solved by the one step method.

The first set of equations (C-l) will be solved using the predictor-

corrector methods where the accuracy of the numerical technique is com­

patible with the accuracy of the equations.

3. Solution by One-Step Integration

The second set of equations is transformed into the following

equivalent set:
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2
.. .f

W (y - R 8) == - Yl - xx 1 z s

w2
..

(y
Z

- R e) -Yz - Zs (c-3)Z x

w2R ..
w2 e x z -ee - -- Y1 ""

p2

where

Y1 = x - x
s

YZ = z - z
s

Zk
w2 = ---S.

x m

w2 2krz = --
m

Zk RZ
+ Zk bZ

w2 9 z r=
8 J

Equations (C-3) may be integrated over a small but finite interval of time

and velocity to yield:

(C-4)
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= -

As a first approximation of the finite integration formulae, the following

derivation is presented:

dv adt

Let

a =
2

Hence

(C-S)

where

a = acceleration

b - velocity

d = displacement

Similarly

'I'he left hand side of equations (C -4) are the form

approximated as

Fdt which are

(C-6)

(C-7)
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Equations (C-4) can therefore be rE!produced a.s the difference equations in

matrix notation

+

a

2
lit

a

w211tz 2--+--
2 lit:

a

')
ll,'-!l bt

x z
2

')
(,l,'.:R l\ tz 'x
----..-

2

')

U: 13 Ll1: 2
---.--- + -

2 l\t

Y22 =

w2lit
')

6
2

w'-R
x + a x z._----_.,-- YllZ l'.t ')

t.

wLlIt ')

w'-R 6t
0

z 2 z x- --+_. ._---_.._-
YZI +2 lit ')

t.

w2R M "wt-f t
x x

0
El-' . 2._;----- + - 9

12p 2 .~ litj

2Y11 + xs1 - xs2
.

2Y21 + z - zs2sl.
28 1

(C-8)

which can be solved simultaneously for

and 82 in terms of the previous values

the ground motion velocity functions x
s

the current response values Y12'
• • •

Y1l' YZl' 81 , Yl1' Y21' 81 and
and ~ .

.s
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The problem is st:rted by assigning initial conditions usually Yll = YZI

81 = Yll = Y21 = 82 = O. The relative velocities are calculated from

equation (C-6). The absolute accelerations may be determined by direct

substitution of the relative displacements in equations (c-Z).

It should be noted that the one-step method described herein is to be used

to obtain approximate engineering results and, in general, cannot be

assumed to be accurate over a large response time. For example, the time

step is usually taken as 1/10 to 1/20 of the smallest uncoupled natural

period of the system. A comparison of the numerical solution with the exact

solution may indicate a drift in as early as the first period of oscillation.

The drift may occur in either frequency or amplitude or both. Accuracies

can usually be improved by taking a smaller time increment, however, no

simple means is available for measuring the error. The general method used

to confirm the accuracy is to compare the responses corresponding to success­

ively smaller time steps until no additional improvement in accuracy can be

obtained. Even then, instability of the numerical technique may be a prob­

lem so that the results obtained may still differ significantly from the

time response. For the case where accurate response histories are desired

the following method is recommended.

4. Solution By Predictor-Corrector Method

The solution of the equations of motion (C-1) will be obtained by a

combination of one-step (Runge-Kutta) and multi-step (Adams-Bashfortp)

methods which go to make up the predictor~correctormethod considereg here.

The original set of three second-order differential equations are reduced

to the following set of first order differential equations:

(1) x Xl

(2) X = -w2 (x - x - R 6)
1 x s z

(3) Zl
(q-9)

z =

(4) z = - w2 (z - z - R 6)
1 z s x
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(5)
•
a = e

1

(C-9)
continued

(6) 8 = -

where
Zk

w2 = --.9.
x m

Zk
w2 r

= --
z m

- x) _. w2R (z -- z )-gR +\w2IR (x - x)l
s z x S x l xlx sJ

- R (z - z ~ - gR1 s )Z 6] Z) 0

2k R
2 +

q z

p2 = Jim.

It is convenient to make a variablE~ change tn the six ~quations (C-9) to

obtain standard notation for the d:lscussion l~rbich follows.

Let

Yl x x

•
YZ Xi x

Y3 z z
(C-1O)

= ::.

Zl
•

Y4 z

Ys e e

16 81 e
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and

f l

f 2

£3
:::

f 4

f
5

f 6

-w2 (y - x - RzY5)
x 1 s

-w2
Z

(Y5 - z - R y )5 x 5

Y6

(-wiys - ~2 <t~Rx(Yl - Xs)-w~Rz (y3-ZS») yS

-w2R (y - x )-w2R (y - z )-gR
x z 1 s z x 3 s x

+ ~W~RX(Yl - xs) + w~ lb2
- RZ (Y 3 - Zs)J

l
I

I(C-11)

~
I

-gR~ 60 )j
£1

£2

£3 (C-lla)

£4

f
5

£6

so that

Yl

YZ

Y3

Y4

Y5

Y6

Equations (C-lla)

(viz. ,y. , i = 1,
1

discussed below.

may be solved directly for the variables of (C-IO),

2, ••. ,6) in both the one-step and multi-step modes to be

It is noted that these solutions correspond to the abso­

lute displacements and velocities in the prime coordinate system. The

absolute accelerations can be obtained by substitution into equations

(C-ll), (viz., £., i = 2,4,6).
1
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·if.. r

One-Step Method (Runge-Kutta}

The Fourth Order Runge-Kutta Method has become a standard numerical analyses

technique particularly when used in conjuncti.on with a predictor-corrector

method. Like all one-step methods, no readily obtainable m.~ans is avail­

able for computing errors so that the Runge·-Kutta method is seldom used as

*an independent means of solving differential equations. It is, however,

useful in starting or restarting all interrupted predictor-corrector analy­

sis. This usefulness stems from the fact tha.t current values of the vari­

able are dependent only on the immediately preceding value and differen­

tiations (undesirable in numerical analyses) need not be pelcformed.

The Fourth Order Runge-Kutta Method is definl~d by the equation

(C-12)

where

k' l fi(tm,vn,m)1,

h hk
ki2 f i (tm+ 2' Yn,m

+ _~".L)'
, 2

h
hk

k. 3 f (t + 2' Yn m
+ _~.a1.)

1, i m , 2

k. 4 = fi(tm+h, Yn,m + hk[l 3)1, ,
t time

h = step size.

The subscript i refers to the ith variable or function; the subscript m

refers to the mth time step; and the subscript n refers to the particular

variables in the ith variable.

For example, to evaluate the second variable of equations (C-lO)

(viz. 'Y2 = i:) in the first time step, equation (C-l2) becomes:

*See References C.2, C.4 and C.5 for a complete treatment of the
Runge-Kutta Method.
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where

= -W 2 (-X Ix s
t=t

o

+lylO
J '
I

I
I

! kl,l Y2 0 kS 1 Y6 0
I

, , ,
I
I

[-
I

hk 1i hkl 2
k2,3

_w2

X
s 't=t +h/2

+ Yl 0 +
,

- Rz (y5 0 + 5 I 2) I
x , 2 , 2 I

. 0 1

kl ,2
hk2,l

kS 2
hkS 2

= Y2 0 + Y6 0 + I, 2 , , 2

· -W~[ -x I + Yl,O + hkl ,3
s t=t +h

o

l
RZ{YS,O + hkS,3)J

If t = 0 and the system starts from static equilibrium and the ground
o

displacements x and z are at the point of incipient motion there follows:
s s

k2 1 = 0,

k1 1 0,

kS,l = 0

k2 2 ~ [ - x I ],
s t=h/2
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\

\

kS,2 0

k2,3 = -w~ [- Xsi 1
t = h/2

w2l 1kl ,3 = - ~. - xsl
t h/2

kS,3 = 0

--w~l- X s I
h 2w2

l]k2 4
x

('-x I---, t=h 2 . s
t=h/.2

\

\
\

Hence

Y2 1, = .!'cC2W2(-X I )-2w2 (--x' )
6 ( x s x s =h/2

-
ZW2

l-X t

l
=h /2_ h~;~ (:X , )1

1x s h I.. S J 12 jt= t= 1,

which is the velocity ~ after the first stE~P h.

The magnitude of the time increment h is initially chosen as 1/10 of the

smallest uncoupled natural period of the system. Using this step size. the

parameters of the Runge-Kutta equation are thus determined. Collatz

(Reference C-l) suggests that if

k. 2 - k. 311.. J:J__ >
k. 1 - k. 2

1. , J .•

0.03

then the step size is too large and should be reduced. Each time that the

step size is changed, the Runge-Kutta parameters must be re-evaluated.

It therefore follows that a change in step size necessitates recalculation

of the six response variables in (C-lO). Step size changes and Runge-Kutta
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restarts are required under the following conditions:

(1) to satisfy the Collatz criteria

(2) to satisfy the truncation and error criteria of the

predictor-corrector analysis discussed in the following subsection.

Predictor-Corrector Method

Predictor-corrector formulae are especially useful because they

(1) can be made computationally efficient

(2) provide error magnitudes.

On the other hand, they are not self-starting so that a one-step method

is necessary for the initial start or for restarts caused by a step-size

change.

Since most of the computation occurs in the predictor-corrector mode. care

must be taken that the results obtained are realistic. This is accomplished

by placing various restrictions on the calculations. Accuracy and effi­

ciency are maintained by varying the step size h as the program progresses.

A variety of predictor-corrector formulae are available for computation.

Each has certain advantages and disadvantages (see Reference C-2) which

make it more or less attractive for certain types of problems. For clarity,

one such method is discussed here, the Adarns-Bashforth "2/3" method, which

is accurate and also insures against instability for most applications.

The predictor equation is:

h
y. +1 = 2/3y. 1 + 1/3y. 2 + --72(19lf. - 107f. 1
~,m ~,m- ~,m- ~,m ~,m-

(C-13)

+ 109f. 2-2Sf. 3) + 2
70

16
7

0 hSyS (8)
~,m- ~,m-
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The corrector equation is

h
Yl.' ,m+l = 2/3y. 1 + l/:Jy. Z + -:~;-)(25fi +1 + 91f.1.,tn- 1.,m- 1~,In 1.,m

(C-14)
43 5 5

+ 43fi ,m_1 + 9fi ,m-Z) _. 2160 h Y (8)

It can be seen that initially the first terrr which can be operated on in the

predictor is y. 4 which requires that Yi 3' y. 2' y. l' y. 0' f. 3' f i 2'1., , 1., . 1., 1., 1., ,
f i ,l and fi,O be known. These te,rms are supplied by the Runge-Kutta Method.

between succeed:l.ng values of y. 4' i=1,2,3, •.• 6 in the
1.,

corrector equation (C-14) can be obtained.

For example, suppose that the variables and functions y. , f. , i "" 1,2,
l.,m 1.,m

•.• 6, m=0,1,2,3 are known from the Runge-Kutta analysis. Then, the predic-

tor Yi,4' i=1,2,3, ••• 6 can be evaluated from equation (C-l3). This in turn

allows the functions f i ,4' i=l,2,3~... 6 to he computed from Equation C-11).

Thenceforth, equations (C-14) and (C-l1) can be solved alternately until no

perceptible change

j th
If Yi,m+1 is the j th evaluation I)f the c()rn~ctor equation of the y i vari-

able in the m + 1 step than an idl?a of tlw convergence of the iteration is

I j+1 j Iobtained from Yi,m+l - Yi,m+l' The iteration can be carried out until the

absolute value of the difference :is less than some preassigned value. Hull

and Creemer (Reference C-3) suggest that the most efficient number of opera­

tions on the corrector is two. ~:'herefore, one method of establishing the

step size h is satisfaction of the inequality IyLm+1 - yLm+11:f E: in at most

two iterations where h is varied until the requirement is met. The value of
-~' -4

E: is allowed to vary between 10 and 10 .

The assumption of a finite number of terms in the predictor-corrector

formulae carries with it inherent truncation errors. The truncation error

in the predictor is, from (C-13), 2i~b h
5

y 5 (8) and in the corrector it is
43 5 5 .

from (C-14), - 2160 h Y (8~~l If Yi,m+l 1.8 the true value of variables at

t = t m+l , and Pi,m+l' and ci,m+l are the predicted and corrected values of

the variables from the preceding formulae then the following approximate

relationships can be asserted
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43 5 5
2160 h y (8)

Then

5 72 J'+l
Y (8) ~ ( )

25h5 c i ,m+1 - Pi,m+1

so that the absolute truncation err~r in the corrector EC ~ - ~ h5 5 (8)
T 2160 y

is given by

EC 'Y. _ 43
T 750

and the relative error is,

-43
750

j+1
c. 1 - p, 1

1. ,m+ 1. ,m+
'+1

c J
i,m+l

It is important that the relative error remain bounded within a specified

limit throughout the calculations since an expanding or oscillating relative

error indicates instability in the solution.

Finally, from the truncation error

'+1 _ -43 J'+l
E

C c: y - cJ (c p)T i,m+1 i,m+1 - 750 i,m+1 - i,m+l

the final value of the corrector can be adjusted to account for the "mop

up" error so that

5. Implementation of the Formulae

The combined utilization of the Runge-Kutta and predictor-corre~tor

methods can be systematized according to the following step-by-step

procedure:

(1) Reduce the original set of differential equations (C-l)

into an equivalent set of first order differential

equations (C-9).
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(2)
T

Assume a step size h. As a starting point h = 10 where

T is the smallest uncoupled natural period of the

system.

(3) Compute variables (C-·10) for one or two time steps using

the Runge-Kutta formulas (C-13).. Check the suitability

of the step size from the criteria.:

~~~~i,3k k > 0.,03.
i,l - ·1,2

(4) If the step size is suitable, compute variables and

functions for. three steps from ,equations (C-IO and

C-ll) .

(5) Assume a convergence factor E and absolute and relative
c c

error bounds ET and ET R. These ma.y be allowed to vary
-7 -4 'in range 10 to 10 • Some e:Kp,:rimentation may be

required.

(6) Using the step size in the last evaluation of the Runge­

Kutta computations, c:>mpute one predictor (C-13) and two

correctors (C-14) for each of the variables (C-10) and

check convergence factors and truncation errors. If the

step size is suitable compute tlw final value of the

variables from the "mop up" formula and proceed to next

time step repeating the predictor-corrector op~ration as

before.

(7) If the step size is to() large, 1.. e. convergence and
-4errors are too large (greater than 10 ), halve the step

size and repeat the above procedures beginning with the

initial conditions and Runge-Kutt'a methods. This proced­

ure is repeated until convergence factors and errors are

within acceptable limits.
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(8) If the step size is too small i.e., convergence and

errors are smaller than desired (less than 10-7), the

step size should be doubled and the Runge-Kutta­

predictor-corrector procedures repeated as before.

(9) With the proper step size, several or many steps

may be repeated in the predictor-corrector mode with

the convergence and error remaining within specified

limits. If and when a step size change becomes necess­

ary it is only necesary to go back to the last accep­

table computation, halve or double the step size h,

and begin the Runge-Kutta-predictor-corrector calcula­

tions from that point.

Additional background on numerical methods can be found in References

c.4 through C.6.
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APPENDIX D

COMPUTER PROGRAM FOR INCLINED PENDULlJE SYSTEM RESPONSE

The inclined pendulum system conside:red is described in Section 5.5.

The equations of motion are defined by Eqll.~.tions 5.18, 5.19, and 5.20 and

the configuration is shown in Figures 5.29 and 5.32.

The method of analysis is described in the following subsections and

General Flow Diagrams with necessary subro·Jtines are also presented.

(The computer step by step program is available)
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l.O I~7ROJUCTION

;HE PURPOSE OF THIS PROGR~~ IS TO ANALYZE THE RESPO~5E OF
A DYN~MIC ~ODEL TO TIME-DEPENDENT FORCING FUNC7IONS.
MAT~E~ATICALLY THE PRCBLE~ REDUCES TO THE SOLUTIONS OF
SIMULTANEOUS DIFFERE~TIAL EQUATIONS. THE RUNGE-KUTTA-GILL
:~ETHOD OF NUMERICAL SOLUTION OF FIRST DERIVATIVES IS USED
ALONG WITH THE HAMMING METHOD FOR CONTROL OF TRUNCATION
ERRORS. PROGRAMMING IS IN THE FORTRAN CODING LANGUAGE AND IS
ORGANIZED AS A SET OF SEPARATE SU3ROUTI~ES FOR EACH PHASE OF
INPUT, SOLUTION AND OUTPUT. EXTENTIONS AND/OR MODIFICATIONS
TO THE PROGRAM MAY READILY BE MADE.

2.0 DYNAMIC MODEL

THE DYNAMIC MODEL CONSISTS OF A RIGID MASS SUPPORTED AT FOUR
POINTS BY PENDULAR SUPPORTS. THE SYSTEM HAS THREE DEGREES-OF­
FREEDOM, HORIZONTAL AND VERTICAL TRANSLATION AND ROTATION
ABOUT A HORIZONTAL AXIS THROUGH THE CENTER OF GRAVITYv
SUPPORTING LINKS ARE LINEAR SPRINGS IN TENSION OR COMPRESSION
IN ADDITION TO PROVIDING PENDULUM ACTION. DAMPING HAS NOT
BEEN CONSIDERED IN THIS MODEL. A DIAGRAM OF THE SYSTEM A~D

EQUATIONS OF MOTION ANO EQUILIBRIUM CONDITIONS ARE GIVEN IN
SEcrION '5.5.

3.0 EQUATIONS OF MOTION

FOR SOLUTIONS BY THE RUNGE-KUTTA METHOD THE SEC0NJ ORDEK
EQUATIONS OF MOTIONS ARE RESTATED AS SIX FIRST ORuER EQUATIO~S

AS FOLLOWS-

LET Vel,= VERTICAL DISPLACEMENT OF MASS
Ve2,= VERTICAL VELOCITY OF MASS
Ve3l= ROTATION ANGLE OF PENDULUM
Ve4,= ANGULAR VELOCITY OF ?ENDULU~

V(5)= ROTATION Of MASS A30UT A HORIZONTA~ AXIS
THROUGH C~GQ

V(O)= ANGULAR VELOCITY ABOUT CeG.

THE FIRST DERIVATIVE OF THE ABOVE VARIABLES FORM THE EQ~ATIO~S

TO BE SOLVED.

Fel,= V(2)
F(2)= VERTICAL ACCELERATION OF MASS=GIVEN EQUAT:O~

F(3)= V(4)
F(4)= ANGULAR ACCELERATION OF PENDULUM=GIVEN EQJA~:C~

F(5)= V'S)
F(o)= ANGULAR ACCELERATION ABOUT CGG.=GIVE~ EQvATIO~

AS RESTATED, THESE EQUATIONS CAN pE
CHANGE OVER ANY INTERVAL OF TIME pY
PREVIOUS INTERVAL OF TIME. THIS IS
KUTTA METHOD OF SOLUTION.
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-.- ---.~.r:")".' TS Cr,"P~~-) 01:' FOU~1 P""';:S\ I"PU- CO'l:>UTT"G 0-,; ... ..:. ~"'V~I"r'\I"'. v,"', v,:;, c., . I 11\ MI,,\., j\ i. II. .,j,,1\. r
~~~Y:C A~O DYNAM:C PARA~ETERS~ RUNGE-~UTTA SOLUTIONS ANO
G~T?~7. INPUT AND 00TP~T PHASES A~E D~SCUSSED SEPARATELY
oELO~8 FLO~ DIAGRA~S FOR THIS PROGRAM IARE GIVEN IN
A?PE,\DrX 2. \

\
4.1 SMALL ANGLE ASSUM~TrON

THE ASSUMPTION IS MADE THAT ALL ~NG~ES ARE SMALL, SO THAT TH~

SINE OF AN ANGLE EQUALS THE ANGl~ IN RADIANS AND 'HE COSrN~ c;
AN ANGLE EQUALS ONE. \~

UNITS

ALL EQUATIONS ARE WR:TT~~ IN ~HE UNITS OF INCHES?
SEC 0,'\ DS• U;\; ITS FOR It'> PU";' DATA AIi:': ;-\0 TeD 0N r N;:> UI'

4.3 STATIC EQUILIBRIUM

IN CASES WHERE THE C8G8 DOES ~CT COINCIDE WITH TH~

GEOMETRIC CENTER OF THE ~ASS~ EQUILIBRIUM IS 08TA~~ED 8Y
HORIZONTAL TRANSLATIO~ OF THE MASS. THE RESULTING J~EQUAL

RATTLE SPACE AND THE ANG_ES THE SUPPORTING LINKS MAKE ~ITH THE
VERTICAL fV,UST BECALCULAn::D TO ,C'Of~··i THE STARTII\G Cc·.\DIT:O,\S
FOR THE RUN. ALSO, SERV~RAL FACTO~S USED IN THE EQUAT:O~S OF
MOTION ARE DERIVED FRO~ STATIC CONJITIONS. EQUATrO~S FOR
THESE PARAMETERS ARE GIVEN IN APPENDIX 1.

4.4 FORCING FUNCTIONS

SASE VELOCITY/TIME PLOTS ARE USED ~o INPUT BOT~ ~C~:ZO~;AL AND,
VERTICAL FORCING FUNCTIO~Se PLOTS ARE POINT TO ?C:~T :~ THE
FORM OF TABLES OF TIME VS~ VELOCITY~ TO OBTAIN BASE
DISPLACEMENTS THESE TABLES ARE INTEGRATED t ASSUMING STRAIGHT
LINES CONNECT EACH POINT OF THE VE_OCrTY TABLE. ACCELERATIONS
ARE COMPUTED BY CALCULATING THE CHANGE IN VELOCITIES BETWEEN
TIME INTERVALS DIVIDED BY THE INTERVAL.

4.5 RUNGE-KUTTA

REFERENCE IS MADE TO 'MATHEMATICAL IV:ETHODS FO:~ DIGITAL
COMPUTERS' BY ANTHONY RALSTON OR OTHER TEXTS ON MATHEMAT:CAL
ANALYSIS FOR DETAIL OF THIS NUMERICAL METHO~ OF SOLUTro~.
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~~C~7:G~ ~~~ORS ARE CONTROLED BY ENTRIES 24 THROUGH 26 OF
T~~ :~?JT ~ATA. EXP~RIENCE IN RUNNING THE PROGRA~ HAS SHC~~

~~~T ACCURACY GREATER THAN REQUIRED IS OBTAINED BY USI~G .GC~:

FOR THE ~AX!MUM TRUNCATION ERROR BEFORE REDUCING (H=:/2H)
THE TINE INTERVAL AND .COOOI FOR THE MAXIMUM TRUNCATION ERROR
BEFORE DOUBLING (H=2H) THE TIME INTERVAL. MINIMUM T!~E

I~TERVAL SHOULD BE 000CC01. LARGER NUMBERS MAY REDUCE
ACCURACY DEPENDING ON THE CASE. NO FAST RULE CAN BE STATED IN
THIS REGARD.

5.0 I,,,\PUT DATA

THERE ARE THREE INPUT DATA CONFIGURATIONS TO SIMPLIFY THE
PREPARATION OF INPUT DATA WHEN RUNNING A SERIES OF CASES IN
SUCCESSION.

TYPE 1, NOTED BY A ZERO IN COLUMN 4 OF THE PARAMETER CARD) :S
THE BASIC INPUT SYSTEM AND IS USED FOR IN?UT Ci- A SINGLE CASE
OR THE FIRST CASE IN A SERIES. INPUT CARDS CONSrS7S OF T~C

TITLE CARDS~ ONE PARAMETER CARD~ SIX GENERAL DATA C~RDS A~D

TA3LE C~RDS AS REQUIRED FOR THE VELOCITY INPUTS. ALL CARD~

SHOWN ON PAGES 1 TO 3 AND AT LEAST ONE CARD FRO~ PAGES 4 A~J 5
ARE REQUIRED~ A 8LANK CARD IS PLACED AT THE END OF THc DATA
CARDS FOR THIS TYPE.

TYPE 2. NOTED BY A : IN COLU~N 4 OF THE PARAMETER CARD 8 :5
DESIGNED TO RUN ADDITIONAL CASES FOLLC~:NG A TYPE 1 :~?U~.

INPUT CARDS SHOWN ON PAGE 1 ARE REQurRED. HOWEVER, CAR OS S~C~~

ON PAGES 2 TO 5 ARE O?TIONAL~ IN ADDITION SINGLE ITE~S ~AY j~

CHANGED BY THE USE OF ALTER CARDS. PAGE 6 CF THE I~P~T ~G2~~.

HJC BLANK CARDS ARE REQUIRED IN THIS SET OF DATA .. C,\:. r\T T,~E

END OF THE PAGE 1 TO 5 INPUT CARDS AND A SECO~D ON~ AT THE E~J

OF THE ALTER CARDS. USE BOTH BLANK CARDS EVEN IF ONE TyPE OF
CA;:<D IS OMITTED.

TYPE 3? NOTED 5y A 2 IN COLUMN 4 OF THE PARA~ETER CARD, :S
USED FOR RUNNING ADDITIONAL CASES ~HEN ONLY A FEW :7E~S A~~ ,0

BE CHANGED. INPUT CARDS SHOWN ON PAGE 1 ARE REQU:REDw h~~

CnANGES TO DATA FROM THE PREVIOUS CASES ARE MADE 5Y AL7E~

CARDS~ SEE PAGE 6 OF INPUT FORMS. A BLANK CARD IS ?LAC~v A7
THE END OF THE ALTER CARDS.

DATA IS SAVED BY THE PROGRAM FROM CASE TO CASE~ AL_ CHA\GE~

MADE TO BASE DATA9 TYPE 1 CASE, ARE RETAINED AND APPLY 70 ~~~

F0 LL0 IV! NG CAS ES •

DATA ENTERED ON THE PARAMETER CARD IS :~ FOUR DIGI~ F:X:'C
POINT FORMAT? THAT IS~ EACH ITE~ HAS 3EE~ ALOiTEJ FCJ~ C~~J

COLUMi\;S AND IS PU,'\(,'-:ED RIGHT JUSTIFrEJ ~~':ihOUi Dccr;'.;A~ ,ClC:,\i,)w

ALL OTHER DATA ITEIV.S ARE FLOATP';G POI,'\i ,;:"OR,\',AL, I~:S ,'-',;:,;,\:-
THE DATA CAN BE PLACED ANYWHERE WITH:~ ihE CARD COLU~XS

ALOTTED AND MUST BE ShOWN AND PUNCHED W:Tri A DECr~AL ?O:xi.
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T~E T:~:E I~TERVAL 8~TWEE~ PR!NTI~G A~D THE LE~GTH OF TI~E FOR
A RUN IS CONTRCLED BY E~TR!ES 19 THROUGh 23 AND 27 OF THE
I~PUT DATA, SEE PAGE 2 OF THE I~?UT FORMS APPENDIX S. IT WILL
bE ~OTED THAT THE INTERVAL BET~EEN PRINTING MAY BE VARIED
DURING THE RUN. THIS FEATURE PROVIDES A MEANS OF OBTAINING
GREATER DETAIL IN THE OJTPUT WHEK THE FORCING FUNCTIONS ARE
ACTING AND THEN REDUCING THE FREQUENCY OF PRINTING AND RUNNING
FOR LONG PERIODS OF Tr~E WITH LESS OUTPUT.

IN ADDITION TO LISTINGS9 OUTPUT IN THE FORM OF PUNCHED CAR8S
CAN BE OBTAINED FOR OFF-LINE PLOrTING OF RESULTS. U? TO FG0~

VARIABLES CAN BE PUNCHED IN EACH RUN. SELECTIONS ARE MA~E ~y

SUPPLING ITEM NUMBERS IN LOCATIO\ 6 THROUGH 9 ON THE ?ARA~ETER

INPUT CARD. ITEM NUMBERS HAVE B~EN ASSIGNED EACH PRINTED
RESULT BASED ON SEQUENCE OF PR~NrING, THAT IS, STARTING ON THE
FIRST PAGE, MASS HORIZONTAL DISP~ACEMENT HAS BEEN NUMBERE~ 1
AND N~MBERS CONTINUE IN SEQUENCE TO 14 FOR PHI ON THE SECOND
PAGE. THE TIME COLUMN IS NOT NU~BERED ON EITHER PAGE.

SAMPLE OUTPUT LISTING AND PLOT A~E GIVEN IN APPENDIX 6.

7.0 MACHINE REQUIREMENTS

THIS PROGRAM HAS BEEN PREPARED :\ TWO FORMS u 7~~ 3AS:C
PROGRAM WAS DEVELOPED A~D TESTED O~ A rBM 1620 ~OJEL II
COMPUTER EQUIPED WITH A :SM IS:1 DIS~ STORAGE DRIVE, 40K OF
CORE STORAGE, INDEX REGISTERS A~J FLOATING POINT HARDWARE~

A SECOND VERSION WAS PREPARED 70 RUN ON A IBM 7094 CO~PuTER.

INPUT AND OUTPUT ARE IDENTICAL FDR 80TH PROGRAMS.

8.0 OPERATING PROCEDURE

STANDARD OPERATING PROCEDURES HAVE BEEN EMPLOYED FOR BOTH
MACHINE CONFIGURATIONSu FOR RUNNI~G ON THE IBM 162C9
REFERENCE SHOULD BE MADE TO THE 1620 MONITOR II OPERATING
SYSTEM MANUAL. THE STA~DARD IB~ FORTRAN rIMONITOR IS USED
FOR THE 16M 7094 PROGRAM VERSION.
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SUBROUTINE RKG - CONTROL

SUER roF~ 'RUNGE-KUTTA SOLUTION
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, '

ROUTINE RAVEL - SVBR TO

LOOKUP BASE VELOCITIES

171MC';;;'; ~. - ~I..~,.)

J
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Ul..-r -= u I

I, I
O~:. ,--~",. ~ '0:;;1 i,
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------,
( 00", ",. - ',\~' L:--\ 'j-' .- "_. .:.,; t..: • j ~ ;.\;: ~::

I

I I 'J D"l ,/... 0;. (DV-;._;....., I oW\,/."j.V;:' I
.,. .... i "" • iJ ". _ • .) • '" j
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* UTILITY ROUTINE - REFER TO FORTRAN
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APPENDIX E

DISCUSSION OF VERTICAL STATIC STRESS AND DISPLACEMENT

In view of the relatively long duration of overpressure for large

yield detonations it is desirable to acquire an understanding of the static

aspects of soil deformations subjected to a surface pressure p which isso
assumed to attenuate with depth z according to the expression

1

1 + ~
L

(E-l)

in which p is the vertical pressure at depth z and L is a characteristic
z

length that may be a function of p as well as of other parameters.
so

If the soil is assumed to be linearly elastic and if its vertical

confined modulus M is constant, the vertical deformation of a layer of

thickness dz is given by

E: dz
Pz

= - dz
M

Pso dz

M(l + I) (E-2)

Accordingly the total deformation of a layer of vertical thickness z

wi 11 be

d
z

(E-3)

The displacement d is seen to be unlimited if z approaches infinity.z

1. Linear variation of confined modulus M with depth. If it is

assumed that the vertical stiffness of the soil varies with depth so that

M
z

f (z) (E-4)

it will be found that the total deformation d will be finite only ifz
f (z) increases with depth.

A simple linear variation of M with depth will now be assumed,
z

namely:

M = M (l + k ~)
z 0 L

, t'. M
1• e k = M

Z
- I. .

o
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This means that if the soi 1- density at depth Z iSf z the seismic veloci ty

at that depth will be given by

.. (M / ) 1/2
cz Z \z

In this case Equation (E-2) takes the fonn

(E-6)

Accordingly

6: dz
dz

,
Th\lS, if k .. 1

d
z

• 0

• 0

dz

dz
----;;-:)
( 1 + ~~).­

L

(E-7)

z
z

1. + L

This is seen to give a limiting vdue of diBplacement, namely

dz
.. L if z .- 00 • (E-7a)

,
For all posi tive values of kit can j)e shown that the solution of

(E-7) is given by:

d
z

Pso 2
• ~ L ~-r arctann

o
[

2 (k' - 1) f: ]
+ (l+k\!.

L

(E-8)

or

d
z (E-8a)

and that the limit~n8 value as z ---~ {)O "'HI be

(d ) '"Z 0<>

,
L ~~:1 arc1:~mh [~, : ~]

683

(E-9)



or

(L )
eq (E-9a)

,
A plot of (1 /1) is shown in Figure 1 for two k scale valueseq 1)0

ranging from 1 to 8, and, from 5 to 80.

Example E-1

Assume that p = 250 psi; M = 10
5

psi at surface; M = 106 psiso a z
at z = 300 ft ; and L = 200 ft. Find the surface displacement. From

Equation (E-5), and since the dimensionless

, 106 200
k = (~ - 1) 300

6

It is seen from Figure E-l that

1
(..!S) = 0.36 or (1eq) c>c'L 00

and from Equation (.E-8a) that

0.36 x 200 = 72 ft

(d )
z

z-"'"

250 72

10
5 0.180 ft 2. 16 inches

It is often desirable to find the relative displacement between the

surface and a layer at depth z. This is given by Equation (E-8) and plotted,
for the parameter k in Figure E-2 for different values of z/1.

Example E-2

Assume the same data as for Example E-l, but find the relative dis­

placement between th~ two layers at z1 = 100 ft and z2 = 300 ft. From,
Figure E-2 interpol~~e for k = 6 and find for

z2 300 1
-=-= l. ~ that ( 1eq ) = 0.28
L 200 2

1
(~) 0.07,

L
1 2 _ 1

zl 100
0.5 that (1eq) 0.21-=-=

L 200 1

684



V
A

LU
ES

O
F

L e
q

L
FO

R
C

O
M

PU
TI

N
G

TH
E

B
A

SO
LU

TE
E

L
A

ST
IC

D
IS

PL
A

C
EM

EN
T

A
T

SU
R

FA
C

E

•
Z

(1
+

k
r)

11
1

.
z

,
.

FI
G

U
R

E
E

-l

fM
z

,-
M

o

p
=

2
£

(L
)

M
e

q
o

an
d

M
'"

M
Z

0

,
k(d

) z

S
ca

le
0

.5
-8

P
so

fo
r

Pz
-
-
-

z
1

+
­ L

S
ca

le
5-

10
0

•
1

•
2.9 .81
.0 .7

I

0
'

.6
j

0
0

U
1

I .5L
-
-

·4 .3 0
.5 5

1 10
2 2
0

3
30

4
5

4
0

,
5

0
k

S
ca

le
s

6 60
7 70

8 80



.8

RATIO OF [~eqJzFOR COMPUTING THE RELATIVE

ELASTIC DISPLACEMENT BETWEEN THE SURFACE

AND A LAYER AT DEPTH z

• 7

.6

• 5

.4

.3

.2

o .5 1 1.5 2

FIGURE E-2
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0.07 x 200 14 ft

Example E-2 (continued)

Accordingly (L
eq

)
2 - 1

and (dz) 2
- 1

250
~ L,~ • 0.035 ft Z; 0.42 inches

The absolute displacement of a soil layer located at depth z is ob­

tained by subtracting Equation (E-8) from Equation (E-9). The results in

terms of (L IL) b are plotted in Figure E-3 in terms of z/L.eq a s

Example E-3

Assume the same data as for Example E-!, but find the absolute dis-
t

placement at z .. 100 ft. From Figure E-3 interpolate for k = 6 and find

for

z 100
L ... 200 OR

L
0.5 that (,~9.)

Labs 0.16

accordingly

(L) = 0.16 x 20C
eq abs

32 ft

and

(d )
z 100

.. 250 32
10

5 0.080 ft ~ 0.96 inches

(E-lO)L ..

2. Application related t(~.nuclear l~l~sts. The preceding considera­

tions, involving a pressure attEmuation with depth, expressed by Equation

(E-l), and a stiffness appreciation with depth, expressed by Equation (E-5)~,

can be applied to a pseudo-static: soil pressure situation relating to the

compressive effect of a nuclear blast. In that case the characteristic

length L in feet may be expressed by Equation (3. 17) or by

1 1
C P - '2 w3"

so

in which C is a constant and W is the yield of the nuclear device. The con­

stant may be taken as 2300 if Pc. is in psi and W is in megatons. The value
, ~O

of k is then defined by the stiffness property M of the soil at two levels

and by the value of L, see Equation (E-5). Since ordinarily the density

f z of the soil increases with dE!pth, the corresponding seismic veloei ty at

depth z can be found from Equation (E-6).
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ELASTIC DISPLACEMENT OF A LAYER AT DEPTH z •

" surface"

FIGURE E-3

"

M .. conf. mod. at depth z
z

M ..
, 0

k = 1. 1

,
k .. 1

--------==--------

RATIO OF [~e9] FOR CALCULATING ABSOLUTE
abs

• 1

.3

.4

• 7

.6

o 1 2 3 4 5 6
z/L

688



Example E-4

The plots on Figure E-4 show the data for an assumed site, exhibiting

linear increases in vertical stiffness and in density of soil. Consequent­

ly a parabolic curve for seismic velocity will result. The relationship

between the location r and the corresponding overpressure is assumed to

be given by equation &.8). i. e" by ,
1 1

r III 4.3 x 104 w3 p - I ft. (E-ll)
P so

The following Table I lists the pertinent computational data.

TABLE E-I

W '" 10 KT 100:KI' 1 MT 10 MT 100 MT
-------------..--;~ ,;.-....;;......;.;.;;:--~.;;...;~-...;;;.;;,...;.,..~----

r
r

p
; Eq (E-ll)

L ; Eq (E-IO)
100 psi \ •

I k ; Eq (E-5)

/I(L /L); Fig. E-leq

920 2000 4300

49 106 230

2.0 44 9.5

• 69 • I~l~ .26

410 895 1920

9300 20,000 ft

500 1070 ft

21 44

.16 • 10

4160 8950 ft

500 psi

1000 psi

L ; Eq (E-IO)
,

k Eq (E-5)

(L /L); Fig. E-leq

r • Eq (E-ll)
p'

L ; Eq (E-I0)
,

k Eq (E-5)

(L /L); Fig. E-leq

22

O.~O

1,0

291

L6

0.63

689

2.0

• 70

623

34

1.4

.84

103

4.2

.45

1360

73

3

.55

223

9.2 '

.27

2940

158

65

.34

480 ft

20

.16

6320 ft

340 ft

14

.20



M 5 10 15 20 25x105
psiz

4 6 8 3
fz 2 10 slugs/ft

2 4 6 8 3
c lOxIa fps

z

1

2

3

4 - •

5

6

.
,j,J 7
~

N
0
r-l

c: 8
.....
.r:
,j,J

0.. 9
2l

10

11

12

35 slugs/ft

l2.SXlO
S

psi

3
6.2 slugs/ft

ASSUMED PROPERTIES OF SOIL

M 6.25 x 100
(0

3
= 4 slugs/ft

c 1500 fps
0

6000 fps

5
26.5xl0 psi

7000 fps

FIGURE E-4

690



The elastic displacement r,esults for the assumed site are given in

Table E-II.

TABLE E-II

Elastic Displacement at Surface, in inches

10 KT 100 KT 1 tiT 10 MT 100 MT

Peo
... 100 psi 0.65 0.89 1.2 1.5 2.0

... 500 2.2 3.2 4.4 5.8 7.4

.. 1000 3.6 5.4 7.7 10.3 13.1

Since the soil ~as assumed to be linearly e:tastic no permanent deformation

will be established. The results are plotted in Figure E-5.

3. Stratified soil with cl~~stant e~~~~tic properties for each stratum.

If it is assumed that the pressu:rE! attenuati.on with depth is still given by

Equation (E-l) it is possible to .::alculate the pressure acting at the top

of each stratum. Thus, if the top of the nth stratum is at level z , then
n

(1. )
eq n

1...
z

1 + ...E.
L

Accordingly the elastic deformation in the nth stratum will be

(d
z

)

H+1

with the equivalent length given by

(E-12)

(E-13)

(E-13a)

or if

Z .<f< L,
n

the expression

L t'
eq

L
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ABSOLUTE ELASTIC DISPLACEMENTS AT THE SURFACE

FOR THE SITE CONSTANTS OF FIGURE E-4 AND FOR

VARIOUS YIELDS

100 MT

FIGURE E-5
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The equivalent length L' thus t,'lkes into ac:count the attenuation of theeq
pressure p wi thin the nth laye:r ..zn

Example E-5

Assume a specific site with hori:~(mtal laye'l's as listed below

z =

z ..

z ...

z ..

t 4o to zl = 60 ; M ... 6.25 x 10 psi (\ .. 4.0 slugs/ft c l
= 1500 fps

1

t
10460 to z2 .. 180 ; M .. 125 J( ; \2= 5.0 c2

.. 60002

t
104

180 to z3 III 780 ; M3" 382 )t . (' .. 5.5 c3
.. 10,000" 3

t 4780 to z4 ... 3780 ; M4- 875 )t 10 . P4= 5.6 c
4

.. 15,000,
I

z... 3780 to z -"> 00 ; M5 --> 00

Assume an overpressure Pso of 300 psi and a yi.eld of 10 MT. From

Equation (E-lO) it is found that:

L .. 2300 287 ft ~ 300 ft

Then, if the pressure attenuates in ac:cordance with Equation (E-12),

i.e. regardless of layering,

; Pz = 187

at
t

60

t
Z = 180

2

•, p = 250 psi
I

t

2:
3

.. 780 P3 .. 83

t
2:
4

= 3780 ; P4 = 22

Since within each layer attenuation of pressure occurs in accordance with

Equation (E-13), the equivalent thicknesses ::If the four layers, Equation

(E-13a) are

in
t

60 ft layer 1 '} = 0.182 (Leq) 1 = 54.5.~ .>

In •180 ft " 1. 4 ... 0.336 (Leq) 2 ... 101)

jn
,

600 ft " 3.0 1.100 (Leq)3 .. 330

in
•3000 ft " 11.0 = 2.397 (Leq)4 719)
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Example E-5 (continued)

Accordingly Equation (E-13) will give the results

0.2608 ft

0.0202 ft

= 0.1620 ft

0.0685 ft

Total displacement ~d = 0.5115 ft

If the average pressures of 275, 218.5, 135, 52.5 psi had been used
, " ,

for the 60 , 120 , 600 , and 3000 thick strata respectively, the results

would have been

0.2645 ft

0.0209 ft

0.2120 ft

0.1800 ft

Total displacement ~d 0.6774 ft

giving a result 32 percent larger than those obtained by the use of

Equation (E-l3). If no attenuation within the four layers had been assumed

the total displacement would have been 76 percent larger than the results

obtained by using Equation (E-13).

4. Calculations for nonlinear soil stiffness. If data for in situ

soil is available at various depths and relate to the situation of zero

overpressure at the surface, a question still arises in regard to the effect

of the attenuated overpressure on the in situ soil properties. It is de­

sirable to remember that this fact complicates any analysis of the problem.

However, it is generally accepted that for a steadily increasing load

the initial nonlinearity of some soils will manifest itself first as a re­

duction in stiffness, including a transition region of minimum stiffness.

When the external loading is removed the return of the soil to a no-load

situation is likely to occur along a reasonably straight line whose slope

corresponds apprOXimately to that of the initial stiffness except in the

"locking" region where the slope of the line is approximately the tangent

at the final point of the curve if that tangent slope is larger than the

initial slope. A typical soil curve is shown in idealized form in Figure

E-6 and the corresPQnQing slopes or stiffnesses of Figure E-6 have been

drawn in Figure E-7.
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All subsequent considerati c~ns of nonlinear soils wi 11 be based on the

assumption that the typical cur'\i'e~s in Fig~~E~s E-6 and E-6a can be adjusted

to apply to soil properties at C:.ny depth ?:._!,y modifying independently the

two coordinates, the pressure or~.stress ratio c:S / c and the stiffness or
Z 0

strain ratio E: /E:. In other words the strE!SS ordinates or pressures can
o Z

be multiplied by a constant s an.d the corresponding abscissas or strains

can then be read off in terms of € /E:. The numerical value of the strain
Z 0

ratio is then assumed to be related to the! sti ffness factor M /M. How­
o z

ever the effect of the "hydrostatic" soil pressure

(z (r,Pz
J

d dz g dz (E-14)
r z

0 0

can only be taken into account empirically ':.y a judicious variation of the

rat i os <:5 / 6 and M /M •zoo z

Example E-6

Assume a soi 1 wi th the following pr()p4~rties:

At surface:
5 ,6 .. 100 and 130 lbs/ft

3M .. 10 psi psi log ..0 a

At 53 ft depth: M .. 3xl0
5

pSi <'5 .. 150 p!;i and \zg 140 Ibs/ft
3

z z

At the surface

Referring to Figure E-6 it i S se'~n that the termi nal point of linearity or

the initial slope of unity, mark·~d (1), coincides with cS /0 .. 1 whichz 0

means that if the overpressure P:30 ordinate is taken as 100 psi, then the

corresponding abscissa, E: /E: .. 1, will he lIM .. 10-
5

in
2
/lh. Acbor4ingly

Z 0 ? -5 -3 0 '
the strain ratio will be 10-/10 .. 10 in/in. and the permanen~

strain ratio (E: /E:) will be ze:ro. When an overpressure of 300 psi 4cts
. zoo .

on the surface, c5 /6' .. 3; see point (2) and the corresponding abscissa
Z 0

E: /E: then is 5. This means that the nonlinear strain ratio is 5xlO-~1~/in.
z 0

If the 300 psi overpressure is rl!duced to ZE!rO, E: / E: wi 11 reduce to 2, andz 0

the permanent strain ratio at thl~ surface (E: /E:) is seen to be
3 zoo

2xlO in/in. Similarly if the overpressure is increased to 1000 psi at
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Example E-6 (continued)

the surface c: 16 .. 10; see point (3), and the corresponding abscissa
Z 0

€ I € is about 16.4; this means that the l:1Iol1linear strain ratio is
Z 0 -3

16.4xlO in/in. A reduction of the 1000 1':3i surface pressure to zero will

then leave a permanent strain ratio (e /.::) of 10.lxlO-3 in/in at the
Z 0 I)

surface.

At 53 ft depth the hydrostatic p!:.~ssure i~__~~.2...E!!.

The results obtained for the 100, 300, WOO psi static overpressure load­

ings of surface soil correspondi':lg to point!> (1) (2) and (3) can be

arbitrarily related to the soil at the 53 fl: depth by multiplying all

ordinates of Figure E-6 by 6 Ie' or 150/100, and all abscissas or strain
Z I) 5 -- 5

ratios of Figure E-6 by € / e or by M IM~' 10 13 x 10 .. 0.333. Thus at
zoo Z

point (1) the pressure of 150 pst will correspond to a strain ratio of
-3 -310 x 0.333 = 0.333 x 10 i nl i 11.. At poi nf: (2) the pressure of

-31.5 x 300 = 450 psi will correspond to a strain ratio of 5 x 10 x 0.333 =
6 -3 I -31. 7 x 10 in in and 'a permanent strain ratio of 2 x 10 x 0.333 ..

0.67 x 10-3 in/in. At point (3) a pressure' of 1500 psi will correspond to

a 16.4 x 10-3 x 0.333 = 5.46 x 10.-3 in/in strai.n ratio and a pennanent

strain ratio of 10.1 x 10-3 x 0.33 = 1.62 x 10-3 in/in.

SutTnllary of Example E-6

At surface At 53 ft depth

Pso e Ie (e/eo)o Pso Pz I
e 16 (6/60 )0z 0 z 0

psi 10-3
in/in. psi 10-3 , /,In In

----------- --~-- -_._-~---_._---
100 1 i 0 100 150 0.33 0

300 5

I
2 300 450 1.67 I 0.67

1000 16.4 10.1 1000 1500 2.55 11.62

Procedure for nonlinear soils

The method for finding maxirrlum and permanent strain ratios at a given

depth Z in a given soil for a given overpressure p and yield W by meansso
of Figure E-6 is as follows:
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L

Example E-6 (continued)

(1) Compute the characteristic length L from Equatipn (E-IO)

1 1

2300 - 2" w3
Pso

(2)

(3)

Compute the load pressure p at depth z from Equation (E-I)
z

z
1 + ­

L

Compute the "hydrostati c" vertical soil pressure p from
z

Equation (E-14)
z

P rz - [ j I Z dz

o

(4)

(5)

(6)

(7)

Decide on the value of M at depth z. If a linear variationz
with depth is indicated, the expression

M M (1 + az)
z 0

can be applied, a~d the strain ratio will be proportional to

M 1Mo z

By a comparison of p and p or by additional knowledge of
z fZ

soil properties decide on a stress ordinate multiplying factor

that will be appropriate for depth z, call this factor s

Divide the load pressure pby s; then for that value find the
z

corresponding abscissa, € I€ , from Figure E-6 and multiplyz 0

this abscissa by the strain ratio factor M 1M. This gives the
o z

maximum strain ratio at the depth z. The permanent strain ratio

at the depth z is found by following the appropriate return

line in Figures E-6 or E-6a to zero load and then multiplying

this strain ratio by M 1M •
o z

Having determined the maximum and the permanent strain ratios

at a number of judiciously chosen depths, either a numericql or

a graphical integration can be used to find the corresponding

vertical displacements.
700



Example E-7

A practical case will now be conside~red in which only the soil stiff­

ness is assumed to increase with depth whi Ie the 6' /6 stress factor re-
Z 0 .

mains constant. In other words the lthydr':J!static" stress effect as well as

other depth effects are neglected in regard to stress level. The case wi 11

apply to a·lO MT burst; it wi 11 be worked O'J1t for overpressure levels of

200, 300, and 1000 psi.

Table E-IIl lists the attenuated pressures at depths down to 2000 ft.

Based on the assumption that at point (1) of Figure E-6 the stress is 100

psi, Figure E-6 in conjunction with Table E-III will give the maximum and

permanent strain ratios. These have been rl~corded in Table E-IV at each

level for the three overpressures by taking into account the specific stiff­

ness increase in M as governed by the equation
Z

M
Z

= M
l

(i + 0.041Sz)

IE the same soil constants are

thl: value of M is 6.25 x 104 psL
0

oE Table E-V must be multiplied

with z in feet. Table E-V gives the results of integrating,graphicall~

with respect to depth the maximum and'pennanent strain ratios of Table E-IV.

Figures E-8, E-9, and E-IO plot the r.:sults of Tables E-IV and E..;V

for the 200, 300, and 1000 psi overpressure cases respectively, using the

two depth scales of 0-100 ft and 100-1000 ft.

It is seen that the permanent strain :catios become relatively small

for depths below 100 ft, and that the maximum strain ratios reduce to one

tenth of their surface values at depths between 100 and. 160 ft.

Table E-V or Figures E-8 to E-IO can now be used to calculate the

displacements for any given value of M •o
chosen as are represented in Figure E-4,

In this case the integrated strain ratios

by:
100 psi

Mo
6 · -31. x 10,

Accordingly the total and the permanent displacements becween the surface

and the 2000 ft depth for the 1000 psi overpressure case will be

Max. displacement 978 x 1.6 x 10-3 1.57 ft = 18.8 inches

Permanent " 552 x 1.6 x 10-3 =: .88 ft - 10.6 inches
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TABLE E-III

Attenuation of Vertical Pressure p ~ith Depth z
z

L 520 ft 368 ft 300 ft 165 ft
~______ ~__.W____.• __

Surface Z .. 0 ft 100 psi 200 psi 300 psi 1000 psi

10 98 195 291 943

20 96 190 282 893

30 95 185 273 846

40 93 181 264 806

50 91 176 257 768

60 90 172 250 735

70 88 168 243 702

80 87 164 237 673

90 85 161 231 647

'100 84 157 225 623

200 72 129 180 453

300 63 110 150 353

400 56 96 128 292

500 51 85 112 248

800 39 63 82 171

1000 34 54 69 142

2000 21 31 39 76
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TABLE E-IV

Strain Factors at Different Depths
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TABLE E-V

Integrations of Strains

200 psi 300 psi 1000 psi
10 ft depth 18.0 2.5 40.0 15.5 135 84

20 31.5 4.2 67.5 24.5 233 147

30 42.0 5.4 87.5 30.1 309 196

40 50.5 6.2 103 33.9 371 235

50 57.5 6.8 115 36.9 423 266

60 63.3 7.3 125 39.4 467 293

70 68.3 7. 7 133 41. 3 506 317

80 72.8 8.0 140 42.9 540 338

90 76.6 8.2 146 44.2 570 386

100 80.0 9.8 153 45.3 598 372

200 102. 7 1l.0 186 51. 3 768 477

300 119.7 1l.5 202 52.3 858 527

400 131. 7 1l.5 212 52.3 898 547

500 139. 7 11.5 218 52.3 918 552

800 144.5 11.5 230 52.3 948 552

1000 153.5 11.5 235 52.3 958 552

2000 157.0 11.5 245 52.3 978 552

The second factor is for permanent strain integral.
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TABLE E-VI

Results of Nonlinear Soil Ca1cuL:l.tions for 10 MT Yield

Absolute Displacements in Inches

200 psi 300 psi 1000 psi

Max. displ. at surface 3.02 (2. 70) ,~, '70 (3. 70) 18.8 (9.90)

Perm. " " " 0.22 1.00 10.6

Max. n " 50 ' level 1.80 (0.48) 2,50 (0. 70) 11. 7 (1.30)

Perm. " " 50' n 0.09 .30 5.3

Max.

Perm.
"
"

" 100' leve 1

" 100' "

1.40 (.029)

0.03

L 77 (0.42)

0, L3

7.3 (LI0)

3.5

For comparison the displacements obtained by employing the linear theory of

soil as obtained by the use of Figures E-l and E-3 are shown in brackets in

the above tabulation. It is seen that for the maximum displacement at the

surface'the linear theory gives '\Talues that are not radically different

from those obtained by the nonlinE~ar. This is due to the assumed "locking"

action of the soil which as shown in Figure E-6 renders the gross appear­

ance of the curve relatively linear. At thl~ .50 ft and 100 ft depths how-

ever the linear and nonlinear theory results are seen to differ consider-

ably, especially for the largest overpressure.

Conclusions
, I

The static deformation of a s6il is ~,~latively easy to estimate if

the soil properties are known at various depths and if the vertical load

stress is assumed to attenuate ina given mjmner. But the dynamic deforma­

tion of a soil involves considerable uncertainty, especially in a strati­

fied medium where wave reflections and refractions of dilatational as well

as of distortional waves are bound to occur,
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APPENDIX F

SOIL-STRUCTURE MODELS FOR COMPUTER SOLUTION

1. Simplified models. A mathematical model representing a structure

and its surrounding soil may be defined in terms of lumped parameters. Fig­

ure F-l shows a cylindrical structure and the analogous model consisting

of lumped masses connected by extensional straight bars (from Reference F.I).

The straight bars are assumed to be massless and rigidly connected to

each mass and they are assumed to have bending as well as extensional stiff­

nesses. Figure F-2 shows a free body diagram for a typical joint where the

soil-interface with the structure is represented by a non-linear hysteretic

type spring in parallel with a non-linear dashpot. The forcing function is

applied at each mass (in a radial direction); it can be defined in terms of

the arrival time and the force-time relationship of the stress wave passing

through the soil. The model enables the investigator to determine the

significance of the radial deformational modes in defining the input to

items attached to the structure.

In the reference above and in Reference the bending and shear

modes of the structure in its longitudinal direction are also represented by

a lumped mass model (see Figure F-3). In the case of a long silo structure

the bending and shear modes may be important. The forcing functions are

therefore applied at each mass and the soil interface with the structure is

defined in terms of springs and dashpots acting between masses. From this

analysis the effect of the transverse flexibility of a structure in mod­

ifying the input to items attached to the s~ructure may be determined.

2. Generalized model. A more generalized approach than the cited ex­
•

amples may be taken by assuming that the soil and the structure are broken

up into a finite number of discrete masses, ~ach mass connected by compress­

ion springs and sheqr springs to adjacent ones. The masses located at the

boundary will be acted upon by external forces or by ground velocities. The

in-structure systems are treated as a subsystem using as inputs the obtained

responses of the structural enclosures.
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FIGURE F-3: LUMPED PARAMETER MODEL OF SILO

Figure F-4 shows a two dimensiona 1, lumped soi I-structure model amen­

able to computer solution. The absolute horizontal and vertical response­

time histories of each mass can be computed as well as the relative displace­

ment history between adjacent masses. ThE shear springs between adjacent

soil masses may exhibit elastic··plaStic bEhavior following an elastic region.

Moreover a Coulomb type damping force equal to the yield value of the plastic

spring can be made to depend on the normal force or compression between two

lumped soil masses.

Any combination of overpressure, vertical ground shock or horizontal

ground pulses can be applied at: the boundaries of the model at any phasing

relationship desired. The response of the six masses representing the

structure itself is obtai ned in terms of dj splacement, velocity, and accel­

eration, that are expressed as functions of time. Horizontal and veriical
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displacements but no rotations are possible in the simplifi.ed model shmvTI

in Figure F-5.

The second order equations of motion for the discrete masses are ver\'

similar and a typical set for mass No.9 is given belo\-,):

Where by definition:

F
l

, F6' ...... -- , ...... , F
24

xl' x2 ' ~ .. , Xs

each are overpressure force vs time (as a travel­
ing wave)

each are horizontal displacement of freefield vs
time

each are vertical di splacement 0 f freef i.e] d vs I", "'t

each are shear springs with are represented
as coulomb dampers wi th Field = II, X normal
force y

K
ll

_
14

, K
12

_
l5

,

Kll _12' K12 -13 '

1'11_12' ••• , T 12 _13

each are vertical compressive springs which
are non-linear but defined by analytical
function

each are horizontal compressive springs \vhich
are non-linear but defined by analytic:] J

function.

are compressive springs of structure" (Lldial)

are compressive springs of structure
(longitudinal)

are shear (and bending) springs of structure

The yield values of the four shear constants (1
S

_
9

' 1
9

_
10

, 1
4

_
9

,1
9

_
7

)

will be a function of the compressions in the longitudinal springs

(K..). The effects of damping may be accounted for in the longitudinal
1-J

constants (K
4

_
9

, K
9

_
l7

, KS_
9

' K
9

_
l0

) by assuming that the springs have

bilinear force-displacement characteristics with hysteresis.

In this example, since the structure is represented by only six masses

with inter-connecting longitudinal and shear springs, it cannot give a very

complete representation of the structure's behavior. The horizontal or
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"breathing" modes involve the longitudinal springs ](11_14' K
I2

_
15

, and

K13 _16 as well as the shear springs T
l1

_
12

, T
12

_
l3

, T
14

_
l5

and T
15

_
16

, The

vertical modes involve mainly t'1.El 10ngitucUnal springs K
ll

_
12

, K
12

_
13

,

K14_l5 and KI5_16 , If the stru'::ture's bending mode is of interest it will be

inadequately represented by the indicated 1.pri ng system, but two addi tional

sets of diagonal springs of relatively high stiffness will introduce "bend­

ing" deformations.

The computed relative displacements determine the distortional config­

urations by which loads and distortions of the structure itself can be in­

ferred,

Example

A flush-buried steel reinforced concrete structure is to be investi­

gated for its response which remtlts from a surface blast wave in the 100

psi overpressure region. In Figure F-6 it :is assumed that the soil surr­

ounding the structure is less stiff than the structure itself and therefore

a frictional force is induced on the vertical walls of the structure due to

:E'IGURE F··E)

relative movement -between the seil and the structure during passage of the

blast wave. The frictional forcE: is dependent on the normal stress acting

on the vertical slabs which in turn is composed of a hydrostatic stress and

an overpressure induced stress. In addition to the friction force, the

overpressure pulse acts directly on the top slab tending to drive the entire

structure downwards.

The model chosen to represe:nt the vertical motion of the structure

is shown in Figure F-7.
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x r ml effective mass of top slab

I
= effective of vertical slabsm2 mass

m3
effective mass of bottom slab

k
l

spring constant of top slab

k2 spring constant of bottom slab
x ~.
3 k

3
spring constant of soil

FIGURE F-7

The corresponding equations of motion

mix i + kl (Xl - xZ) pet)

mZxZ + kl
(xZ Xl) + kZ (xZ - x3) F(t) (F-I)

..
- xZ)m

3
x

3
+ kZ (x

3 + k3 (x) 0

during the impulsive period are given in Equation (F-I). The friction

force between side walls and soil which resist motion of the structure

has been neglected. These equations may be solved as they stand but

for most purposes it is useful to transform them into an equivalent form

as follows:

2 .' ..
WI Yl - P/rn YI - Y2 - x31

'A Z Z 2 ..
- Z Wz Y1 T Wz Yz - F/mz YZ

x
3

A 2 Z Z
- 3 w3 YZ

+ w
3

x3 - x3

(F-2)
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where

z
k2/mZWz =

Z = k3/m3w3

AZ
Z k

1
/kZ

...

~3
Z

kz/k3
=

Yl xl - x 2

Y2 '" x2 - x3

Equation (F-2) may be rewritten in the foll,wing impulse-momentum form

•t z Y12 Y22 x32

r [w1
2

Yl - P/mJ r d'y - f dY2 - J .
dt . 1 dX3

t
1

.
Yll Y21 x

31

t z
jY22dY2

x32

f [- A2ZwzZYI + wZYZ- F/m21 dt ::: JdX3
(F-3)

. .
t l YZI x31

t 2
x32

f [- "3
2

w3
2
Y2 + w3

2
x3 J ·dt j dX3

t 1 .
x31

Using Equations (C-S) thru (C-7) of Appendix C allows a system of differ­

ence equations to be written
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. 2 2
'U 1 At

6
2
t) + Y22 ( ~t ) + x32 (-it )= Y11 (~2t -

'U L\t

) + Y2l (~t )Y12 (
1 +-+2 2

( !J2t )
• ,

" PI + P2 i'lt
x
3l + 2Y11 + 2Y2l + 2X

3l
+

m1
2

\22 2 \22
/2 w2 6t) (w2 i'lt 2) (_.2) = . ( 1"2 w2 i'lt ) +

Y12 ( - 2 + Y22. -2- + i'l t + x32 At, Y11 2

(F-4)

fit
T

2

(
1.. _ ill3 i'lt )
i'lt 2

These equations are to be solved simultaneously for the response values

Y12' Y22 , and x32 in terms of the previous values on the right hand side

of the equations.

As a numerical example, consider the structure to have a base and

height dimension of 20 feet and a length of 60 feet. The walls are 2 1/2

feet thick with 1.3 percent steel reinforcement. The mass of each slab

is

m
2.5ft x 20ft x 60ft x 150 tb/ft3

g
45 x 104

g

The equivalentmass of each slab is, fro~ Equation B-16,

me
k O. 78 x 45 x 104

Lmm = g

718
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The natural period of the slabs are (Equation B-16)

1
T = 7200 ==

( 2.C.'.f. ·.t) 3-_-:.. .-'------:~- = 0.0222 sec
7200 fps (2. 19ft) ~i:3

\

and the natural frequency is

1
f = - = 45 cps

T

In the notation of the model of Figure F-7

35xl04

g

2
lb sec

in

45x10
4

+ ,2(1-0 78)~~5x104 +. :)~~)Xl04 20 ... 140 x 104 lb 2
2 secm2

..
$.. ./ . \, • g j - g. 60 ! g in

' ...... ,~ .. ,' ...
Longitudinal Top and Bottom End Slabs

Slabs SlabEi

The spring k
3

represents the elasticity of the soil

1. 728 x 10
7

Ib/in

Let pet) represent the force on thE~ top slab caused by the overpressure pulse

in terms of a Brode overpressure function.

p(t)= 20ft x 60ft x 144 in2~t2:( P
so

(1- nt +-) (Ae - ~\ + Be - ~\ + Ce - B\)
p p p p

which for the 100 psi overpressurl: region and 1 MT yield results in

t - O. 9 se~

The average hydrostatic pressure acting on the vertical slabs is

p .. 110 1b/ft
3

x 10 ft - 1100 lb/ft
2
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The lateral stress on the soil due to the overpressure is about one-third

*the Brode overpressure. Therefore the total frictional force acting on

the structure is

F(t) = 2X20x60X144Xl~0 + 2x20x20x144xlOO (1 _ ~)(0.6e-2.1lt+ 0.4e-12.8t)
I

+ 2x20x6Ox1100 + 2x20x20x1100 f

where f = coefficient of friction, assumed to be 0.5

t :~ 0.9

which is the combination of the overpressure component and the hydro­

static component. Note that the form of F(t) is F(t) = yP(t) + constant.

Substitution of the physical parameters and the forcing functions

pet) and F(t) into Equations (F-4) where the initial conditions are zero

allows solution of the time history response of the model of Figure F-7.

These equations are solved at each increment in time where the solutions

of the variables on the left hand side become inputs on the right hand side

as time is indexed over one increment. The time increment is usually taken

as 1/10 to 1/20 of the lowest uncoupled natural period of the system - in

this case 0.002 seconds.

Included herein is a Fortran computer program which solves the diff­

erence Equations (F-4) and yields displacement and velocity time histories.

The results of the particular problem are plotted in Figures F-8 and F-9

in terms of displacements. For convenience, Figure F-8 represents the

response with both the direct air blast and fictional forces acting while

in Figure F-9 the frictional component has been neglected. This example

only illustrates a method for computing response of a soil-structure model

and therefore general conclusions should not be. drawn from the results.

*The soil mass adjacent to the structure is assumed to be moving down
relative to structure, giving a constant positive soil friction force.
This assumption is undoubtedly conservative.
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ll. = CF
J2. == C
)3. = C
)4. = CF
)5. =
)6. =
)7. ==

)8. =
19. ==

.0. =

.I. ==

.2. = C
.3 ! =
.4. =
'.5. =
.6. =
~ 7. =
.8. =
.9. =
'0. =
'I. =
~ 2• =
'3. =
.4. =
'5. =
'6. =
7. =
8. =
g. =
,0. =
,1. =
;2. =
;3. =
;4. =
J5. =
16. =
7. =
8. =
9. =
o. .=

·1. =
.2. =
3. =
4. ::;
5. =
6. =
7. =
8. =
9 11 =
O. =
1. =
2. =
3. =

4. =
5. =
6. =

PROGRN-1 SSI
ENTER THE MASSES Ml,~12,M3j THE SPRING CONSTANTS Kl,K2,K3, THE
fiRICTION CONSTANT, TI-IE TI~1[ INCREMENT,AND THE HYDROSTATIC CONSTANT
READ 0, \'1l,1'/2, \'/3,51,52,53, GA~'MA,DELl'" CONSTF
PAUSE
PRINT 101

1010 FORf'lIAT( lOX, 13HD ISPLACEMENTS, 9X, 2H**, lOX, 10HVELQC ITI ES, llX, 2H**, 2X,
44HTIf.1E)

PRINT 103
1020FORMAT(4X,2HX1,9X,2HX2,9X,2HX3,9X,3HDXl,8X,3HDX2,8X,3HDX3,9X,lHT,/

4) .
PRINT 102

103 FORMAT(15X,2HIN,30X,3HIPS,20X,3HSEC)
CQr.1PUTE CONSTANTS
OMEGAI=SI/W1
O~lEGA2=S2/\'J2

O~1EGA3=S3 /\.J3
At-1BD2=SI/S2
AMBD3=S2/S3
CI=OMEGAI*DELT/2.+2./DELT
C2=2./DELT
C3=2./DELT-OMEGA1*DElT/2.
C4=DELT/2./H1
C5=~1BD2*OMEGA2*DELT/2.

C6=OMEGA2*DELT/2.+2./DELT
C7=2./DELT-OMEGA2*DELT/2 •
C8=[)ELT/2. /~J2

C9=/\MBD3*OMEGA3*DELT/2 •
C10=OI1EGA3*DELT/2. +2. /DELT
C11=2./DELT-OMEGA3*DELT/2.
DELTA=Cl* (C6*CIO+C9*C2 )+C5'~ (C2*CIO+C9'·C2)

C INITIAL CONDITIONS
Yl1=O.
Y21=O.
X31·'0.
DYll=O.
DY21=O.
DX31=O.

C BEGIN PROBLEM SOLUTION
T=O.
Pl=FF (T)

Fl=GAt-1t'1A*PI+CON5TF
I T=T+DELT

P2=FF (n
F2=G~~*P2+CONSTF

C SOLVE DE'S
RI=C3*Y11+C2*Y21+C2*X31+2.*OYll+2.*DY21+2.*DX31+C4*(Pl+P2)
R2=C5*Yl1+C7*Y21+C2*X31t2.*OY21+2.*DX31tC8*(FI+F2)
R3=C9*Y21+Cll*X31+2.*DX31
X32=(Cl*(C6*R3+C9*R2)+C5*(C2*R3+C9*Rl»/DELTA
Y22=(Cl*(R2*ClO-R3*C2)+CS*(Rl*ClO-R3*C3»/DELTA
Y12=(Rl*(C6*ClO+C9*C2)-R2*(C2*ClO+C9*C2)+R3*(C2*C2-C6*C2»/DELTA
OY12;2.*(Y12-Yll)/DELT-DYll
DY22=2.*(Y22-Y21)/DELT-DY21
DX32;2.*(X32-X31)/DELT-DX3l
PRINT l04,YI2,Y22,X32,DY12,DY22~DX32,T

104 FORt,1J\T(7E1I.4)
Pl=P2
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157. = F1=F2
158. = Yll=Y12
159. = Y21=Y22
160. = X31=X32
161. = DYll=DY12
162. = DY21=DY22
163. = DX31=DX32
164. :I GO TO 1
165. • END

L. =
=
=

•
1U::>. =
106. =
107. •

FUNCTION FFCT)
IFCT-.9)l,1,2

10FF=60.*20.*144.*100.*(1.-T/.9)*(.6*EXP(-(1.9*T/.9»+.4*EXPC-(11.5*
4T/.9»)

GO TO 3
2 FF=O •.
3 RETURN

END
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